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Preface 


This substantially revised book is the first of two volumes that amalgamate the previous 
editions of Text & Tests 4, 5, 6 and 7 into two books for the Higher Level Leaving Certificate 
Project Maths course. Text & Tests 4 encompasses more than 55% of the course. 


As a Fifth-Year book, it introduces students to all five strands of the course and fully reflects 
the overall approach to the teaching of Maths as stated in the learning outcomes for Project 
Maths. It encourages the development of not only the students’ knowledge and skills but also 
the understanding necessary to apply these skills. 


The extensive range of imaginatively written and probing questions on each topic will help 
students understand the concepts involved and develop their problem-solving skills. 
Every attempt has been made to grade the questions in order of difficulty. 


At the beginning of each chapter, there is a list of Key Words that students are expected 
to know and understand when the chapter is completed. 


Each chapter concludes with a three-part revision exercise section consisting of 
(a) Core, (b) Advanced, and (c) Extended Response questions. 


The Higher Level course will be completed by the new edition of Text & Tests 5. 


O. D. Morris, Paul Cooke 
February 2018 


Algebra 1 


Key words 
polynomial expression equation variable linear quadratic cubic 


expanding degree factors identity — interms of simultaneous 


Section 1.1 Polynomial expressions 


Polynomial expressions are formed from the addition 
of many algebraic terms with positive integer powers. A binomial expression 


: , : contains two terms. 
5x3 — 3x? + 4x — 6 is a polynomial expression. 


A trinomial expression 


This expression consists of four terms; contains three terms. 


5x3, —3x?, 4x and —6. 


The degree of a polynomial is given by the highest 
power of x. 


(a) 4x — 6 is a linear polynomial since the highest power (degree) of x is 1. 
(b) —3x? + 4x — 6 is a quadratic polynomial of degree 2. 
(c) 530 — 33? + 4x — 6 is a cubic polynomial of degree 3. 


Each polynomial is written in order of (i) decreasing powers of x, e.g. 5x3 — 3x? + 4x — 6, 
or (ii) increasing powers of x, e.g. 9 + 3x — 4x?. 


The coefficient of x? is the number before x? in the expression. 
In 4x3 — 2x? + 5x — 6, the coefficient of x? is 4, the coefficient of x? is —2, the coefficient of x 


is 5, and —6 is the constant term. 


1. Addition and subtraction of polynomial expressions 
Each term in a polynomial represents a different quantity, e.g. 8, 6x, 4x?. 


When simplifying an expression, all like terms should be combined into a single term. 


Expand and simplify each of the following expressions. 


(4) HGS + Qe = Sx) = WO sb Ske dr d = Dee) 
Gi) sede = Sx F O) AS = 2x = 3) 


(i) (G8 te 2:9 = Si) = DO se Sie cp di? — DEO) = Th se lei? = Bie — 4. — Ge — Gy e db 
= 11x + 6x? -41x—4 


(ii) 3x2(4x2 — 5x + 6) + 4x(8x3 — 2x — 3) = 12x4 — 15x3 + 182 + 32x4 — Bx? — 12x 
= 44x^ — 15 + 10x2 — 12x 


2. Multiplying polynomial expressions 


To multiply algebraic expressions, we use the distributive law, i.e. a(b + c) = ab + ac. 


Simplify the following: (x — 5)(2x2 — 3x + 6) 


(Ge = SY Oi? = Be sb ©) e uu = She ae ©) = Sx = She =p ©) 
= 2x3 — 3x? + 6x — 10x? + 15x — 30 
= 2x3 — 13x? + 21x — 30 


Note: Multiplying polynomial expressions is often called expanding. 


3. Perfect squares 
Any polynomial of the form (x + a) is called a perfect square. 
(x + ay = (x + a)(x + a) 
= (x)(x + a) + (a)(x + a) 
=<) +ax+ax+ 
= xX? + 2ax + a? 


Similarly, (x — a)? = x? — 2ax + a’. 


For example, (2x — 3)? = (2x)* — 2(2x)(3) + (3)? = 4? — 12x + 9 


Given that 25x? + px + 16 is a perfect square and p > 0, find the value of p. 


Since 25x? = (5x)? and 16=(4)?, «25x + px +16 = (5x + 4)? 
2(5x)(4) = px 
40x = px => p- 40. 


(Note: 16=(—4)? .. 2(5x)(—4) = px = p = —40, which is not valid 
because p > 0) 


4. Expanding (x — a)(x + a) 


The expansion of (x — a)(x + a) = x + ax — ax — a? 


=p- g 


Similarly, (a — 5b)(a + 5b) = à? — 5ab + 5ab — (5b)? = a? — (5b)? 
= a — 25b? 


This expansion results in a binomial expression called the difference of two squares. 


This result is important when we need to factorise an expression of the form a? — b? as we 
will see later on in the chapter. 


5. Dividing algebraic expressions 


Algebraic quotients take many different forms. Some may be simplified as in the 
following cases. 


Case 1. The denominator is a factor of each term of the numerator. 


(i) 6x3 —8xy + 4xy? + 2x? Go 8x | Axy? 122 
2x 2X 2x 2x 2x 


= 3x? — 4xy + 2y! t x 


Case 2. The denominator is one of the factors of the numerator. 


ox. or cbXyocRy* . (B3x+y2x+y) 
(i) (2x + y) (2x + y) 


3x t y 


Case 3. The denominator divides into the numerator using long division. 


3. 92 2 
(iii) 2X 9x^ + 10x - 3 


ER ; T 
(x3) 2x* — 3x + 1 using long division. 


Long Division 


Aig = Be il 
x — 3 )2x3 — 9x? + 10x - 3 ... divide 2x3 by x to get 2x? 
2x — 6x? (subtract) ... multiply 2x? by denominator 
-3x? + 10x — 3 ... divide —3x? by x to get —3x 
-3x? + 9x (subtract) ... multiply —3x by denominator 


Kas ... divide x by x to get 1 
x —3 (subtract) 


2x3 — 9x2? + 10x — 3 


L2. 
CEE 2x" — 3x + 1. 


Hence, 


Example 4 


Divide (x? = 11x-t 6) by (232 + 4x — 3): 


Since this cubic polynomial has no power of x”, it is good practice to rewrite the 
polynomial leaving space for the x? coefficients as follows; 


a —2 


2x) + 4x — 3 )2x3 — lix +6  ...divide 2x? into 22 to get x 
ye a die = S ... multiply x by 2x? + 4x — 3 and then subtract 


—4x? —8x +6  ...divide2x?into —4x? to get —2 
—4x? —8x +6 ... multiply —2 by 2x? + 4x — 3 and then subtract 


(2x3 — 14x + 6) + (2x? + 4x — 3)  x—- 2 


Note also that when we divide 2: — 11x + 6 by x — 2 we get 2x? + 4x — 3. 


The factors of the polynomial 2x* — 11x + 6 2x? + 4x— 3 
are (x — 2) and (2x? + 4x — 3), x —2 )2x3 — lx * 6 
; 3 E 2 2x3 — 4x2 
ie. 2x7 — 11x + 6 = (x — 2)(2x? + 4x — 3). c MUN 
; ; 4x = Tix + 6 
We will use this property more fully in the chapter on djs. 
factorisation. 
-3x + 6 
-3x + 6 
Exercise 1.1 
1. Given the polynomial 4x? + 3x? — 9x + 5, write down 
(i) the coefficient of x? 
(ii) the coefficient of x 
(ii) the term independent of x (the constant term). 
2. State the degree of each of the following polynomial expressions. 
(i) —3x7+5x-1 (ii) 4X? — 4x? + 9x + 3 (D 7 + 3x = 3x? = 6xt 
3. Give two reasons why 3x? — 4 +x? is nota polynomial. 
4. Simplify each of the following. 
(i) 39 —6x +7 + 5x? + 2x - 9 (ii) x3 — 4x? — 5x + 30 + 62 — x 
(ii) x(x + 4) + 3x(2x — 3) (iv) 3(x? — 7) + 2x(3x — 1) - 7x + 2 


5. Simplify each of the following. 
(i) 3x?(4x + 2) + 5x2(2x — 5) (ii) x(x — 2) + 4x3(2x — 6) 
(ii) x + 4x? — 7x) + 3x?(2x? — 3x + 4) (iv) 3x(x? — 7x + 1) + 2x*(6x — 5) 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Expand each of the following. 


(i) (x 4)Qx + 5) (ii) (2x + 3)(x — 2) 
(iv) (3x — 2)(4x — 1) (v) (x — 1)(2x + 5) 
(vii) (x — 2)(x + 2) (viii) (2x + 5)(2x — 5) 


Expand each of the following perfect squares. 


G) Geto? (i) (x—3y 
(iv) (a + by v) x - yy 
(vii) (3x — yy (viii) (x — 5y} 


(iii) 
(vi) 
(ix) 


(iii) 
(vi) 
(ix) 


Express each of the following in the form ax? + bx + c. 


(i) @ +5) Gy saa) 


(iii) 


(3x — 2)(x + 3) 
(4x + 1)(2x — 6) 
(ax — by)(ax + by) 


(x + 5) 
(a + 2b 
(2x + 3yy 


-(1 = x) 


Which of the following are perfect squares? Explain your answers. 
(iii) 4 + 12x + 9x? 


(i) x? + 5x + 25 (ii) 92 — 6x — 1 


If px? + 4x + 1 is a perfect square for all values of x, find the value of p. 


If 25x? + tx + 4 isa perfect square for all values of x, find the value of t. 


If 9x? + 24x + s is a perfect square for all values of x, find the value of s. 


Expand and simplify each of the following. 


(i) (x + 2)(x? + 2x + 6) 
(iii) (2x + 3)(x? — 3x + 2) 


Show that (x + y)(x? — xy + y?) = à + y’. 


Verify that (x — y)(x? + xy + y?) = 8 — y 


(ii) (x — 4)(2x? + 3x — 1) 
(iv) (3x — 2)(2x? — 4x + 2) 


Find the coefficient of xin the expansion of (2x — 3)(3x* — 2x + 4). 


Expand fully and simplify (x + 3)(x — 4)(2x + 1). 


Expand fully and simplify (xà — 3x — 2)(2x? — 4x + 1). 


Find the coefficient of x? in the expansion of (3x? + 5x — 1)(2x? — 6x — 5). 


Simplify each of the following quotients: 


a 3x +6 wy x2 + 2x wy 3x3 — 6x2 
(i) (ii) mE x (iii) Um 


3 


Simplify each of the following quotients: 
6x?y + Oxy? — 3xy 


(iv) 


() ad 


3x? 


4. Oy3 2 
(ii) 6x 9x? + 12x 


15x?y — 10xy? 


5xy 


22. Simplify each of the following: 


4 122b 4 12a*bc sx 4xy’z mE E 
(i) 3ab (ii) E com (iii) (v) = xX > 


23. Simplify each of the following: 


+ 2x2 + 5x —3 2x? — 2x — 12 8x2 + 8x — 6 
ee a p x-3 M 2 


24. Divide each of the following: 


(i) x? = 82 + 19x — 12 + (x - 1) (ii) 2x3 — x? — 2x +1 = (2x - 1) 
(iii) 3x3 — 4x? — 3x +4 + (3x — 4) (iv) 4x? — 7x? — 21x + 18 + (x - 3) 
(v) x? — 22x +15 + (x + 5) (vi) 2x3 — x? — 12 + (x - 2) 


25. Perform the following operations: 
(i) x9 — 2x7 + 2x —4 + (2-2) (ii) x? — 9x? + 27x — 27 = (x* — 6x + 9) 
(iii) 3x3 + 2x? — 7x +2 - (x+ x — 2) (iv) 5x8 + 14x2 + 7x — 2 + (5x2 + 4x — 1) 


26. Divide each of these: 
(i) 3-8-(x-2) (ii) 8x° — 27y? + (2x — 3y) 


Section 1.2 Polynomial functions, an introduction ——— 


Polynomial functions arise as we try to solve day-to-day 
problems. 


Let x cm be the length of a rectangle. 


If the width of the rectangle is 5 cm shorter than the length, (x — 5)em 
then (x — 5) cem is the width. 


The area, A, of the rectangle depends on the length and width and 
by extension depends on x. 


The symbol for the area depending on x is written as A(x). 


Therefore, A(x) = x(x — 5) = x? — 5x. As x varies, the area A varies. 


x is called the independent variable and A(x) the dependent variable. 
A(x) is the quadratic polynomial x? — 5x of degree 2. 
We note that if x = 10cm, then A(10) = (10)? — 5(10) = 50cm”. 


We also note that the width is (x —5)— x -5>0 
=>x>5cm 


The length of a rectangle is (2x + 3) cm. If the area of the rectangle is given by 
the polynomial function A(x) = 2x? + 7x + 6, find 


(a) an expression for the width of the rectangle 
(b) an expression for the perimeter, P(x), of the rectangle 
(c) the minimum value of x. 
(ise dE 3) 


Let w be the width of the rectangle. 
(a) Area A(x) = 2x? + 7x + 6 = w(2x + 3) d o ee 


(b) The perimeter P(x) = 2(2x + 3) + 2(x + 2) = 4x -- 6 t 2x * 4 — 6x * 10. 
(c) Since (2x + 3) is the length of the rectangle, 

So EE 

= > 1 


Note 1: A(x) must be understood as a single concept and does not imply that A is 
multiplied by x. 
It simply tells us that the quantity A depends on a variable x. 


Note 2: Polynomial functions can be added and subtracted as before by collecting like terms 
and simplifying. 


Given f(x) = 3X? — 4x? — 3x + 4 and g(x) = 5x? + 14x? + 7x — 2, find 


(a) 2f(x) — g(x) and state its degree 
(b) f(x) + 2g(x) and state its degree. 


(@) 23/69) = gle) = WE — dle? = 3e ap 4) — (Ge dl? de 76e = 2) 
= Ge = OF = Get B = Se = ee = 754-2 
= x3 — 22x? — 13x + 10 which is of degree 3. 

(b) fx) + 22) = (v Ax = Sx 4) + S 14 —2) 
ce = abe = she ab dice ire ap 2X5 dy d 
= 13? + 24x? + 11x which is of degree 3. 


Evaluating polynomial functions 


The value of a polynomial function is obtained by substituting a given value for the 
independent variable and simplifying. 


If p(x) = 2x* — 5x + 6, then p(1) = 2(1)? — 5(1) +6 =3 
and p(—3) = 2(-3y — 5(-3) + 6 = 39. 


A new variable can also be introduced in a similar way. 
Given that p(x) = 2x? — 5x + 6, 
p(t) ^ 2? — 5t * 6. 


Also p(t?) = (Ê) — 5(2) 6 = 24 — 52 + 6 


A paint manufacturer knows that the daily cost (€C) of producing x litres of paint 
is given by the formula C(x) = 0.001x? + 0.1x + 5. 

(a) State the degree of C(x). 

(b) Find the daily cost of producing (i) 1004 of paint (ii) 400 £ of paint. 


(a) The degree of C(x) is 2. 
(b) (i) C(100) = 0.001(100)? + 0.1(100) + 5 = €25 
(ii) C(400) = 0.001(400)? + 0.1(400) + 5 = €205. 


Example 4 


An open box has dimensions x + 3,x + 1 and x, where x is the height (in cms) 
of the box. Find an expression for the external surface area of the box, S(x), and 
hence find S(5). 


Area of the sides = 2(x)(x + 3) + 2(x)(x + 1) 
= 207 + 6x + 2x? + 2x = 4x? + 8x 
Area of the base = (x + 3)(x + 1) = 32 + 4x +3 
Total surface area S(x) = x? + 4x + 3 + Ax? + 8x 
= (5x? + 12x + 3) cm? 


S(5) = 5(5)2 + 12(5) + 3 = 188 cm? 


Given the function f(x) = 2x — 4 for all x € R, find 


(a) fG), f(-2), FO 
(b) for what values of tis f(t) — t. 


(a) f(x) 22x - 49 f(3)22(3)—-4-2 
f(-2) = 2(-2) -4= -8 
f(t) * 2(t) - 4 = 2t-4 
(b) f(t) =t>2t-4=¢ 
t—4=0 
pud 


Note: 


Polynomial functions with more than one independent variable occur regularly. 
The volume of a cylinder V = s.r^.h, where r is the radius of the base and h the 
height of the cylinder. 


In function terms: V(r, h) = a.r^.h, 
that is, the volume of the cylinder depends on both the radius, r, and the height, h. 


The volume V depends on two independent variables, r, h. 
The degree of this polynomial is 2, the highest power (index) of either variable. 


Exercise 1.2 


1. 


A rectangle has one side 4 cm longer than the other. 
Let x be the length of the smaller side. 


Find (i) an expression for A(x), the area of the rectangle 
(ii) an expression for P(x), the perimeter of the rectangle. 


The area of a rectangle, A(x), is 6x? + 4x — 2. 
If the length is given by (3x — 1), find 


(i) an expression for the width of the rectangle 
(ii) an expression for the perimeter, P(x), of the rectangle. 


The dimensions (in cm) of an open rectangular (2x + 3) 
box are given in the diagram. Find p 


(a) an expression for the volume, V(x), 

of the box (x + 1) 
(b) an expression for the external surface 

area, S(x), of the box 
(c) the value of 

(i) V(x) and (ii) S(x) when x= 5. 


If f(x) = 2:8 — x? — 5x — 4, find 


(a) fO) (b) fQ) () f(-2) (d) f(a) 
If f(x) = x? — 3x + 6, find 
(a) fO) (b) f(-5) Œ) #(-5) (a) f(4) 


A rectangle has length (x — y) and width (2x + 3y). 
Find, in terms of x and y, an expression for the 


(a) area (b) perimeter ofthe rectangle. 


The width of an open rectangular box is 5 cm shorter than its length and the height of 
the box is twice the length. 

By letting the length of the box be x cm, find 

(a) an expression for the volume, V(x), of the box 

(b) an expression for the total surface area, S(x) (internal and external), of the box. 


8. The number of diagonals, d, in an n-sided polygon is given by the polynomial 


_ 1 3n 

d(n) = 7D 
Explain what is meant by (i) d(4) (ii) d(5) and find values for d(4), d(5), d(6). 
Copy each polygon below and verify your answer in each case. 


Explain why d(3) = 0. 


9. If f(x) =x +5, find, in terms of a, f(a’) — 3f(a) +2. 


10. Given f(x) = x? — 3x + 6, find 
(i) f(—21) (i) f() (iti) f(t — 2) 


State the degree of each of the polynomial functions in t. 


11. The volume of a cone, V(r, h), is given by the formula V(r, h) = iarh, where r is the 
radius and h is the perpendicular height of the cone. Find 


(i) the volume, in terms of 7, of a cone with height 21 cm and radius 14 cm 
(ii) the volume of a cone, in terms of r and 7, if the cone has the same height as 
the radius r 
(ii) the volume of a cone, in terms of h and 7, if the radius of the base is twice the height A. 


12. Arectangular piece of cardboard has dimensions 18 cm < 24cm > 
by 24 cm. Four squares each x cm by x cm are cut from 
the corners. An open box is formed by folding up 
the flaps. 


Find a function for V, which gives the volume of the 
box in terms of x. 


If a <x < b, find a and b. 


13. Use the formula T = 27 n to find the value of l, in terms of z, if T = 4s and 


g=10ms~. 


14. Use the formula V = <a to find the value of rif V = D2 m? and m= = , 


15. Inthe morning, every student in a classroom shakes hands with every other student 
as a greeting. The number of handshakes, H, between x students is given by the 


expression H(x) — 5e = 1). 


Using this formula, find 


(i) the number of handshakes between 5 students 
(ii) the number of handshakes between 6 students 
(iii) the number of handshakes between 10 students. 


Using a pattern created by the above, or otherwise, find, if on a particular morning 136 
handshakes were given, the number of students in the room. 


Section 1.3 Factorising algebraic expressions 

An algebraic factor divides evenly into a polynomial leaving no remainder. 

(x — 3) is a factor of 2x3 — 9x? + 10x — 3 

because (238 — 9x? + 10x — 3) + (x — 3) = (2x? — 3x + 1). 

(x — 4) and (x + 3) are both factors of x? — x — 12 because 

(i) (x? —x — 12) + (x-4) 2 (x +3) andalso (ii) (x? — x — 12) + (x + 3) = (x — 4). 
To solve algebraic equations, we first need to be able to factorise different 


algebraic expressions. 


Several different techniques can be used for factorising expressions and these 
are shown below. 


1. Finding the highest common factor by inspection 
(i) 3x? — 9xy = 3x(x — 3y) > the factors are 3x and (x — 3y) 
(ii) 2a*b — 4ab? + 12 abc = 2ab(a — 2b + 6c) => the factors are 2ab and (a — 2ab + 6c). 


2. Grouping terms 
6x?y + 3xy? — 12x — 6y = 3xy(2x + y) — 6(2x + y) 
= (2x + y)(3xy — 6) 
— the factors are (2x + y) and (3xy — 6) 


3. Difference of two squares 
Since (x + y)(x — y) = x? — y?, the factors of x? — y? are (x + y) and (x — y). 


Note: When simplifying quotients, it is important to be able to factorise fully 
expressions containing the difference of two squares. 


Hactorise tully (o = y 9) (0) 121 — Jay 


(GO) ele) oll 2) 2 ... write as the difference of two squares 
= (Ge = y?) (x? ar y?) ... another difference of two squares occurs 


= (x = yy + y) + y? 
(ii) 12x? — 75y? = 3(4x? — 25y?) ... find the highest common factor by inspection 
= 3[Qxy — (Sy)?] ... write as the difference of two squares 
= 3 (2x — S5y)(2x + Sy) 


, ; x—9 y? 


4. Factorising quadratic expressions 
We can factorise quadratic expressions of the form ax? + bx + c using either 


(i) trialanderror or 
(ii) when the coefficients are large or irrational, the quadratic formula. 


(i) x?-- 3x — 18 = (x + ?)(x + ?) ... checking all the factor pairs of —18 
= (x + 6)(x —3) ... (£1, £18), (£2, £9), (+3, +6) ... (4-6, —3) is the factor pair 
which, when added, produces +3 for the middle term. 
(ii) 332 — 17x +20 = a? + bx +c > a-3,b = —17,c = 20. 


=h tab 
2a 
_ 17 + y(=17} — 4.3.20 _ 17 + V289 — 240 
ii 2.3 6 
= 1027 (24 or 19) = (4 or $) 

>x 6 (24 or 2) (4 or 3 

If x =4, then (x — 4) is the factor. 

And if x = i 3x — 5, therefore the second factor is (3x — 5). 


3x? — 17x + 20 = (3x — 5)(x — 4). 


Factorise (i) 3x2+10x+8 (ii) x2 —-2/2x — 6 


(i) 3x?-- 10x + 8 = (3x + ?)(x + ?) ... the factor pairs of 8 are (+1, +8), (+2, +4) 
= (3x + 4)(x + 2) ... producing a middle term of +10x 


(ii) x2—2/2x —6 = ax? + bx +c > a=1,b = —2/2,c = —6 


x 


_=b+ Ve hac ., 2N2t*/CN2y-40)-6 _ w+ VB 
2a Dell 2 


The factors are (x + /2) and (x — 3/2). 


5. Factorising expressions of the form x? — y? and x? + y? 


We can show by long division that (x — y) isa 
factor of x? — y?, creating a second factor 
xX + xy ys 
Therefore, we can write 
X = y? = (x = y) + xy + y’). 
Similarly, we have that 
L+ y? = (x + y — xy + y3). 


If we can write a polynomial in one of these 
forms, we can use these factor pairs as templates 
to find its factors. 


For example, we can write 
(i) 27x + y? = (3x)? + y? 
(ii) 643? — 125y? = (4x? — (5yy*. 


Also 


Example 4 
Factorise (i) aà?-- 8b? (ii) 64? — 1254? 


(i) d? + 8b? = dà? + (2b ... note: let x =a and y —2b in the box on previous page 
= (a + 2b)(à? — 2ab + 4b’) 


(ii) 64c? — 125d? = (4c? — (Sd) ... note: let x = 4c and y = 5d 
= (4c — 5d)[(4cY + (4c)(5d) + (5d)?] 
= (4c — 5d)(16c? + 20cd + 25d?) 


Exercise 1.3 


Using the highest common factor, factorise each of the following: 


1. 5x? — 10x 2. 6ab — 12bc 3. 3x? — 6xy 
4. 2x]y — 6x?z 5. 2d — 4a* + 8a 6. 5xy? — 20x*y 
7. 2a°b — 4ab* + 12abc 8. 3x?y — Oxy? + 15xyz 9. 4mr?-- 6mrh 


Factorise each of the following by grouping terms. 


10. 3a(2b — c) - 4(2b — c) Ih. x= ax+3x=3a 

12. 2c? — 4cd + c — 2d 13. 8ax + 4ay — 6bx — 3by 
14. 7y? — 21by + 2ay — 6ab 15. 6xy + 12yz — 8xz — 9y? 
16. 6x? — 3y(3x — 2a) — 4ax 17. 3ax? —3ay? — 4bx? + Aby? 


Using the difference of two squares, factorise the following: 


18. a — b 19. x? — 4y? 20. 9x? — y? 

21. 16x? — 25y? 22. 36x? —25 23. 1— 36x 

24. 49a? — 4b? 25. xy-1 26. 4ab? — 16c 
27. 3x? — 27Ty* 28. 45— 5x? 29. 45a? — 20 
30. (2x + yy -— 4 31. (3a -25y -9 32. a= þ* 


Factorise each of the following quadratic expressions: 


33. x? + 9x + 14 34. 2x*+ 7x +3 35. 2x7 +11x+ 14 
36. x? - 9x +14 37. x? — 11x + 28 38. 2x2 — 7x + 3 
39. 3x? — 17x + 20 40. 7x? — 18x + 8 41. 2x2 — 7x — 15 
42. 3x? + 11x — 20 43. 12x*- 11x — 5 44. 624 x-—15 
45. 3x? + 13x — 10 46. 62 —11x *3 47. 362 — 7x - 4 


48. 15x? — 14x - 8 49. 6y?+ 11y —35 50. 12x? 17xy — Sy? 


51. Using the quadratic formula, factorise each of the following: 
(i) x2 + 3/3x + 6 (i) x? +2V/5x —15 (iti) 2x32 — 5/2x — 6 


52. Using both the sum and the difference of two cubes, factorise the following: 
(i) dà +b? Gi) =o (iii) &x? + y? 


Factorise each of the expressions in numbers (53-55): 


53. (i) 226 —y" (ii) x? — 64 (iii) 8x3 — 27y? 
54. (i) 8+ 27K (ii) 64 -125a3 (ii) 27a + 64b? 
55. (i) a — 8b (ii) 5x3 40y? (i) (x + yP- z? 


Section 1.4 Simplifying algebraic fractions 


Algebraic fractions are added, subtracted, multiplied and divided in the same way as 
numerical fractions. 


Revision: 
(i) Z + 3 = E + E = = (fractions can only be added or subtracted when they have the 
same denominator.) 


(ii) 2 x 3 EE (fractions are multiplied by multiplying the numerators and 
denominators separately.) 


(iii) 2 + i = E x i = K (fractions are divided by changing the division into a product.) 


Note: 


Similarly with algebraic terms; 


(i) 2 2x 2(2x + 3) 2x(x + 1) 


x-1 2x+3 (@+D@Qx+3) @+IQx+3) ` 


.. getting a common denominator 


ld4dxg6-2343—2*. —A4^-RXr- 5 
(x + 1)(2x + 3) (x + 1)(2x + 3) ` 


.. simplifying the numerator 


- 2 2X' — 4x 
UM cci 9209 Ga ers) 


.. multiplying numerators and multiplying denominators 


= —— X TL = ——  ... changing division to 
multiplication and then 
dividing above and below by a 


common factor 


So, in general when dealing with algebraic fractions; 


(i) Sax 
15a + 10a? E ar 2a) 8 4e 2m 


(2+ y).8=5 + 8y 


aaa each of the following 
3 _x-4 _ x-3 
eoi Ox (eoe sf d 


3 | 26) 4 3(x*4y) 


(i aiu = 4y) 2x E 2x(x + 4y) | 2x(x + 4y) 
2 269) =3644)) — 12) = 3: = 12y 
2x(x - dy) | Ax(x + 4y) 
" BOG HE =o 
2x(x + 4y) 2(x + 4y) 


s x = Al -35 = ENTE. oi NR. E cci 
(ii) = —-4 (x-2)x«1) (x-2)x-*2) 


ctor) 
z (c: = De se NE se 27) 


lx = Apt Wea Saxe eae 303 
(Ge = 2)Ge ae JOXGE 3 27) 


zu Z9 
NH = 2)y(c ar IGE aF D (sur) 


Exercise 1.4 
1. Simplify each of the following fractions: 
(2x)? 


Ty + 2y? Sax 


. 8y s 7aĵb? "T 
(1) 2y3 (ii) 14a5b4 (iii) (iv) Ty (v) 15a + 10a2 
2. Express each of the following as a single fraction: 
3x x 2x+3,x 
(a) 2 Ed x44 EN (b) 5 2 (c) 4 * 3 


Xd u2x—1 3x-4 2x-«1 3x cA KS 
Mr Ee 0785 73. 


(g) AIL xH (3623-203 1 (i) cen 
@ xx Ta Y 1-— 
ET (cra (9) 3 - 24 
grey (9 4 —3-4 © x - 
ry n E E Em mw 


. By factorising the numerator and the denominator fully, simplify each of the following. 


22-4 yl Ty +10 e+ at 
G) 573-402 Gl) “a= 95 (ii) X3 
1 +2 1 1 
eu uaque E (i) x ty-2 


. By factorising the denominator, simplify each of the following: 


10 a2 x2 1 


O -x-2 x-2 G) j3g-x-1 x-1 
. Simplify the following: 
"— "ze -——— — 
a^ —-Xx-—Ó6 n "Dx p LIE 
os 2 _ 3 Ie o d 
(iti) 6x— 5x -4. 9x? — 16 Gv) xy—-x? y =y 
. Simplify each of the following complex fractions: 
(i) (ii) (iii) : 
1 3 cod 
4 8 x 
. Simplify each of these: 
1 1 
=+1 5-4 
à) = Gi) = ei > 
UZ i) 1,1 
X X x y 


8. Byexpressing the numerator as a single fraction, simplify the following fractions: 


4y-À gu ax 4l yti 


Q —=] — 48 a (ii) — (iv) 


9. By expressing the numerator and the denominator as single fractions, write the 
following fractions in their simplest forms. 


1 1 1 1 
ZS OR +5 E x> 
à —3 (i) 2 (d) — w ——EHH 
2 4 3z 
10. Simplify each of the following. 
1+2 24.1 x4 
(i) E: (ii) Essen (iii) F 1 
x—2 (x + 2)(x — 2) 
11. Simplify each of the following. 
atb a-b 3 9-4 
— += 
a -&—b atb Gi) ac a (iii) VH 
1+4 rd 94641 
at+b x y y 
12. Show that a — S + 2 1 simplifies to a constant when x # 2. 


Section 1.5 Binomial Expansions 
We expand (a + b)? as à? + 2ab + b?. 


Also (a + b} = (a + b)(a + b = (a + b)(a? + 2ab + b?) 
=a + 2a°b + ab? + @b + 2ab? + D? 
=a + 3a*b + 3ab? + b? 
However with higher powers this method is too time consuming. 
Examining a number of expansions the following patterns are noted: 
(a + b)? = 1a? + 2ab + 1b? 
(a + b = 1a? + 3a*b + 3ab? + 1p? 
(a + b)* = 1a* + Ab + 6a7b? + dab? + 1b4 


(a + b = 1a? + 5a?b + 10D? + 104?b? + 5ab* + 1b° 


The powers of a decrease by 1 from term to term, a5, a^, a’, a’, a. 
The powers of b increase by 1 from term to term b, b?, D?, b^, b5 
. The sum of the powers of a and b for each term is 5, atb!, aà?D?, à?b?, al b^. 
. The number of terms in each expansion is 1 greater than the power. 
i.e. (a + b)? has 4 terms, (a + b)* has 5 terms, (a + b)? has 6 terms etc. 
5. The coefficients form Pascal’s triangle. 


RYN 


The coefficients can be expressed in terms of combinations (see Chapter 5 - Probability) 
where ( : ) stands for the number of ways of choosing r objects from n different objects. 


Sofa nr= (ihe ( ot «(Toe (ow «(oe (So 


All of the coefficients can be quickly evaluated using a calculator with an nCr function. 


Nn 


For example ( 7. press nCr||4||= 5 and ( 3), press 9 |[nCr||3]|2|84 


In general we can write, 


(a+ by = (0) + (te Ip + (5)m 2b? + (5)" 73b? + ... where the general term of this 


expansion is written as, ( f je" "5E 


Expand fully (i) (p + q) Gi) (Que = Sy 
o co a= (fjr (Spon re (Sp (fr (Bp (d 
= jo ar Gora sp Tyre ap Deep ae la se GyowP sr af 


(ii) (2x — 3y)* by comparison with a general expansion we let a = 2x, b = —3y 
and n = 4. 


(2x — 3y) = 
(6)e»* + (1)e29*c739 + (F)en(-syy¥ + (Ten-ayy + (4) -3»* 
= 16x* — 96x3y + 216x?y? — 216xy? + 81y4 


When calculating binomial coefficients we note that: 
1. (0) = (2) = 1, for all values of n E N 
n 


2. (1) =n, for all values of n E N 
3. (7)* (4 ,) for all values of n € N i.e. ($) = ($) ana (8) = B 


n 
0 


The binomial theorem gives a quick and efficient way to expand any binomial to a given power. 


4. Since the binomial coefficients start with ( ) the 3rd coefficient is given by ( 5 ) 


The formula for the theorem is given on page 20 of the Formulae and Tables booklet. 


(i) Find the first 3 terms of the expansion of (1 — 5y)* 
(ii) Find the fourth term of the expansion of (3a + b) 


(i) Comparing (1 — 5y)? with (x + y)", 
we let x = 1, y = —Sy andn = 8 in the general Binomial Expansion. 


a -3» = (5) (1) + (5) (sy? + 
e = sOy te 7/0502 4- s. 


(ii) In the expansion of (3a + b)! we let x = 3a, y = b,n =7 
and for the fourth term let r = 3 in the general term. (since r = 0, 1, 2, 3, ...) 


is PI | 7 Gay? = 2835a^D? 


r 


Exercise 1.5 


1. Using a calculator evaluate each of the following: 

o()  e(9 (9  e($) (M 
2. Without using a calculator evaluate each of the following: 

(9) @(P aB  &($) v 


3. If | a = ( E, find the value of k, k € N, k #3. 


4. It(16) = ( 1$), find the value of k, k € N, k #12. 
5. Expand fully (a + 2b). 
6. Using Pascal’s triangle write out the coefficients of (x + y)6. 
7. Using Pascal’s triangle find the coefficient of the 4th term in the expansion of (1 + 2x)? 
8. Use the Binomial Theorem to expand each of the following: 

(i) (a — 2b)" (ii) (2x — yy (iii) (p + 3q) (iv) (1 + 2y) 
9. Expand fully each of the following: 

(i) (2 + 3p)° (ii) (1— b) (i) (p — 4qy. 


10. Ifthe numbers, 1 6 15 20 15 6 1, form the 6th row of Pascal's triangle write down the 
numbers for the 7th row. 


11. Find the 5th term in the expansion of (x + y)’. 
12. Find the 4th term in the expansion of (x — y)’. 
13. Find the 6th term in the expansion of (2x + y)”. 


14. How many terms are in the expansion of (p + 2q)°? 
Hence find the coefficient of the middle term of this expansion. 


15. Expand fully each of the following 
(i) (2x — yy (ii) (a + 2b). 
16. Using, ( Le ~'y” as the general term of (x + y)", find the 3rd term of the 
expansion of (5x + 1)". 


9 
17. Find the coefficient of the 4th term of the expansion of (x = 2) ; 


Section 1.6 Algebraic identities 


The word identity occurs 
in many different areas of 
mathematics. It is used in 
trigonometry, in sets, 

in functions and in algebra. 


If 3x +7 = ax + b for all values of x, this is called an algebraic identity. 
We can conclude that for this to be true, then a = 3 and b = 7. 


When two expressions are equal for all values of x, then the resulting equation is an identity. 


All coefficients of like powers of x in an identity are equal. 


Generally, if ax? + bx? + cx + d = p? + qx? + rx + s for all values of x, 


then a-p,b-q,c-r,d-s. 


Also, if ax? + bx? + cx + d = qx? + s for all values of x, 
then a=c=0 and b=q,d=s. 


This property is used to find unknown coefficients in certain equations. 


Find the values of a and b given that (2x + a = 4x? +12x +b, for all values of x. 


Given (2x + ay = 4x? 12x + b for all values of x, 


4x? + 4ax + a? = Ax? + 12x + b 
4a — 12 (comparing like powers of x) X me 
and à =b (comparing the constant terms) ~. 32—9 = p. 


If 32x — 3px + c — 2? = 0 for all values of x, find c in terms of p. 


Given 3fx — 3px +c — 2P — 0 for all values of x, 
(3? — 3p)x + c — 28 = (0)x + (0) ... writing both sides as polynomials in x 
3? — 3p =0 (comparing like powers of x) s t=\/p 

and c—2f=0 (comparing the constant terms) .. c = 2P 


`. c€ = 2(Jpy = 2p? 


Algebraic identities can also be used to create partial fractions from a given fraction. 


where A and B € Q. 


1 E B 
For example, @+D@-2 @+H i (6-2) 


A 


1 = B 
G-J = GED m 1) aP CE = 2) for all values of X, find the values 


of A and B. 


Given 


1 — A Bo A= ae SL) 
ee a e ND nen spem 


1 = A(x — 2) + B(x + 1) for all values of x. 


We can find values of A and B using two different methods. 


Method 1: Since this equation must be true for all values of x, by picking two 
suitable values of x, A and B can be easily evaluated. 

Since 1=A(x — 2) + B(x + 1) 

Let x -2 s 1-A(0 * BO*-1) .. B 

Let x 2 1 —. 1=A(-1—2) + B(0) il 


1 
3 
=-3A>A=-i 


Method 2: Equating coefficients of like powers and then solve using 
simultaneous equations. 
1=A(x — 2) + B(x + 1) 
1=Ax—2A+Bx+B 
1 = Ax + Bx — 2A +B 
1=x(A + B)—2A+B 
x(0) + 1 =x(A + B) — 2A + B for all values of x. 
0=A+B and 1— —2A + B ... equating like powers of x and constant terms 
A = —B and using substitution, 1 = —2(-B) + B = 3B. 


1 TUE DS 1 
ee aa m Gal) M ome 3a 36.22) 


Algebraic identities and factors 


If x? — ax + b isa factor of x? + 2ax? + 4bx + c, 
using algebraic identities we can find a relationship between the coefficients a, b and c. 


It is important to realise that when a factor is divided into an expression, there can be no 
remainder by definition of a factor. 


x + 3a Since there can be no remainder, we 
xi — ax +b )x3 + 2ax? + Abx +c can conclude that for all values of x, 
x? — ax? + bx 
3ax? + 3bx + c 
3ax? — 3a*x + 3ab (ii) c — 3ab = 0, i.e. c = 3ab 
Remainder = x(3b + 3a*) + c — 3ab 


(i) 3b + 3a? = 0, i.e. b = ~a? and 


The same results can be obtained by letting the missing factor = (x + k). 
(x + k)(x? — ax + b) = xX? + 2a? + Abx + c 


Expanding the left-hand side we get, 
xX — ax? + bx + kx? — akx + bk = xX? + 2ax* + Abx + c ... for all values of x. 
X + (k — ay? + (b — ak)x + bk = x? + 2ax? + Abx + c ... grouping like terms. 


Comparing coefficients of x? (k — a) = 2a, hence k = 3a as above. 


Comparing coefficients of x: (b — ak) = 4b 
(b — 3a?) = 4b, hence 3b = —3a?,i.e. b = —a? as above. 


Finally, comparing constant terms: bk=c 
3ab = c, again the same as above. 


Example 4 


Given that (x — t} is a factor of x? + 3px + c, show that p = —f and c = 2f. 


(x — t =x? — 2xt + ? and using long division we get; 


Se ae 2 
x xt + P) ap Syn ar (€ (note: there is no x? term) 
IE = Dp Tia 
Dine = (256 ae JE SP € 
(rewriting this line as) ... 2tx? + (3p — P)yx + c ... (factorising, x, from the previous line) 
Dae = A oe 


(Gp sp Sy? e ar e = DE (= remainder) 


Since we should get no remainder, (3p + 3f?)x + c — 2? = 0 for all values of x. 
(3p - 39x ccc 27 (0x +0 torallvaluesof x. 
3p -32-0p--P 
eumd e= 2 = -—e-2P. 
(Note: The factors of x? + 3px + c are x? — 2xt + ? and x + 21) 


2x — V3 is a factor of 4x? — 2(1 + /3)x + /3 ; find the second factor. 


Let the second factor take the form (ax + b). 
(Note: a needs to be introduced because the coefficient of x? is 4; it should 
be clear that a — 2) 


Then (2x — /3)(ax + b) = 4x? — 2(1 + /3)x + /3 
2ax? + 2bx — /3ax — /3b = 4x? — 2(1 + /3)x + /3 
Dare S(O) = J30 = VIb = AP = A + yI + V3 


Equating coefficients of like powers, 
(i) Q2)...2024 > a-2 
(Ga 1 Co = V30) = =A +43) 


since a 22, 22b — 2/3 = -2 - 2/3 
6 b=-1 
(iii) (comparing the constants) ... —/3b = V3, verifying that b = —1. 


'Therefore the second factor is 2x — 1. 


Exercise 1.6 
1. If ax? + bx + c = (2x — 3)(3x + 4) for all values of x, find the values of a, b and c. 


2. If (3x — 2)(x 5) = 3x? + px + q for all values of x, find the values of p and q. 

3. If x? + 6x +16 = (x + a)? * b for all values of x, find the values of a and b. 

4. Find the real numbers a and b such that x? + 4x — 6 = (x + a)? + b forall x € R. 
5. If 2x? + 5x +6=p(x +q} +r for all values of x, find the values of p, q and r. 

6. Find the values of a and b if (2x + a)? = 4x? + 12x + b, for all x. 

7. If x? - Ax — 5 = (x —n)* — m for all x, find the values of m and n. 


8. The volume of this closed box, V, is given by the 
function V(x) = ax? + bx? + cx + d, 
where a, b, c and d € Z. 


(i) Find the values for a, b, c and d. 


The external surface area, S(x), is given 
by the equation S(x) = px? + qx +r, 
where p, q and r € Z. 

(ii) Find the values of p, q and r. 


9. If 3(x — p + q = 3 — 12x + 7 for all x, find the values of p and q. 


10. The volume of a solid box is given by 
V(x) = x3 + 12x? + bx + 30. 


If the top of the box has an area of 
x? cx + 4 and the height is x + a, 
find the values of a, b and c. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


If (x — 4 = x + px? + qx — 64 for all x, find the values of the constants p and q. 


If (x + a)( + bx + 2) = x — 2x? — x — 6 for all x, find the values of the 
constants a and b. 


Find the values of b and c given that (x — 2)(x? + bx c) = x? + 2x? — 5x — 6 for all 
values of x. 


Given that (5a — b)x + b + 2c = 0 for all values of x, find a in terms of c. 
If (Ax  r)(x? + s) = 4 + px? + qx + 2 for all x, find a value for pq. 


(x + s)(x — s)(ax + f) = ax? + bx? + cx + d for all values of x. 
Using this identify, show that bc — ad. 


1 _ A B 
If epee Gen + G@—1) for all x, find values for A and B. 


1 TUNE C D 
If Gave -3) 6-3 + CEE for all x, find values for C and D. 


Write 


1 : : A B 
G3 Do i3 as the partial fractions EE + PESE 
If (x — 3)? isa factor of x? + ax + b, find the value of a and the value of b. 
If (x — 2)? isa factor of x? + px + q, find the value of p and the value of q. 


Given that (x? — 4) is a factor of x? + cx? + dx — 12, find the values of the 
coefficients c and d. 
Hence factorise the cubic polynomial fully. 


If (x? + b) isa factor of x? — 3x? + bx — 15, find the value of b. 


If x? — px + 9 isa factor of x? + ax + b, express (i) a (ii) b in terms of p. 
Hence find the values of p for which a + b = 17. 


If x? — kx + 1 isa factor of ax? + bx + c, show that c? = a(a — b). 
If (x — a) isa factor of x? + 3px + c, show that (i) p = ~a? (ii) c = 2a’. 
If x? + ax + b isa factor of x? — k, show that (i) @=k (ii) D» = K. 


Show by long division that 2x — /3 is a factor of 4x? — 2(1 + /3)x + /3 and hence 
find the second factor. 


Find the values of A, B and C such that 
5x +3 = Ax(x + 3) + Bx(x — 1) + C(x — 1)(x + 3) for all values of x. 


Section 1.7 Manipulating formulae 


The area of a disc is given by the formula A = mr’. 


A is said to be defined in terms of r (r is the independent 
variable). 


If we know r, we can find A. 
For example, if r = 3, then A = 97 ; if r= 8, then A = 647, etc.. 


In some cases we may need to find r in terms A, i.e. make r the subject of the equation. 


m? = A r -4 r= JA... r is now defined in terms of A. 


Thus, if we know the area of the circle, we can find the radius. 


For example, if A = 97, then r a >r E V9 — 3. 


(i) If v? = i? + 2as, express a in terms of v, u and s. 


+ 
zr express y in terms of x. Hence find the value of y when x = 5. 


p 2 


v? = u? + 2as 
u2 + 2as = v? 


2as = v? — u 


.. squaring both sides 


... multiplying both sides by 4(x — y) 
.. expanding the left-hand side 
.. gathering only y terms on the left-hand side 


... finding y in terms of x 


-3) _ 
5 


When x25, y= m 


A container in the shape of an inverted cone is used 
to hold liquid. 


Given tan 0 — m express the volume, V, in terms 


of the depth, h, of the liquid and the angle 0. 


Volume of a cone, V — iarh 


But tan = 7 — htan0-r 


iles e aw BP» es AUD asy D 
Momm 3 (h tan 0) 3^ tan? 0 


t+4 


rare find t in terms of x. 


Given x = 


t+4 


3+1 


x(3t+ 1)=t+4 ... multiplying both sides by 3t + 1 

3tx +x —t-4 ... expanding the left-hand side 

3tx —t—4-— x ... gathering only ¢ terms on the left-hand side 
t(3x —1) 24— x ...factorising 
4-x 


Eren 


dividing both sides by 3x — 1 


Exercise 1.7 


1. In each of the following, express x in terms of the other variables. 


(i) 3x -2y-4 (ii) 2x — b — 4c (iii) $x-4-5 
(iv) 5(x — 3) = 2y (v) y-$-2 (vi) xy ^ xz + yz 


2. Express x in terms of the other variables in each of the following: 
y-2x 
3 


3. (a) The volume of a cylinder is given by V = mr?h. oe en i 


Find the radius r in terms of V and A. 


(i) x-ž=4 (ii) z= 


sa o p 
3 (iii) g b=c 


(b) The curved surface area of a cylinder is given 
by A = 2arh. | 
Find the radius r in terms of A and A. 

(c) Hence show that A? = A4gzAV. 


4. Acircle of radius r is drawn inside a square as shown. 
(a) Find the area of the circle, A. 
(b) Find the area of the square in terms of r. 
(c) Hence find an expression for the area of the shaded 


corners in terms of r. 
(d) If the side of the square is doubled while the radius 


of the circle is halved, find an expression for the 
shaded area in terms of r. 

(e) If a circle is circumscribed around the original square, 
prove that the area of the outer disc is twice the area of the 
inner disc. 


5. Aspeed camera measures the change in frequency of waves from f to f’, caused by a 


fc 


moving car, using the formula f" = zs where c is the speed of the waves and u the 
speed of the car. Find 
(i) the speed of the car, u, in terms of the other variables f', f and c. 


(ii) the speed of the waves, c, in terms of the other variables f", f and u. 


6. The time taken for one complete cycle of a pendulum is given by 
T- 2n]. where / is the length of the pendulum and g the 
acceleration due to gravity. I 
(i) Find / in terms of the other variables. 
(ii) Given that T —3s and g=10ms~”, 


calculate the length of the pendulum correct 
to one decimal place. 


7. Ineach of the following, express a in terms of the other variables: 


4. x actb 
(i) y a-b 


(ii) be — ac = ac. 


8. Express v in terms of the other variables in each of the following: 


o y= iy S=4 uty) 


9. The final value of €P, invested for 3 years at i%, is given by the formula 


- \3 
A= P1 + iil . Find i in terms of P and A. 
If €2500 invested 3 years ago has a present value of €2650, find the rate of interest, i 


(correct to one place of decimals). 


10. Write c in terms of the other variables in each of the following 


(i) d= TEE (ii) b= x 


11. A cone has a radius r cm and a vertical height A cm. 


If the slant height / = 15cm, and using Pythagoras’ theorem: 


(i) Express h in terms of r. 
(ii) Hence find the value of h when r = 5cm. 
(iii) At what value of / will the radius r be equal 
to half the slant height /? 


Give your answer correct to the nearest cm. 


12. A farmer has 300 metres of fencing and wants 
to make a rectangular paddock against an existing 
wall, as shown, using all of this fencing. 
(i) Find the length (L) of the paddock in 

terms of the width (W). 

(ii) Hence find the area of the paddock 
(A) in terms of the width only. 

(iii) Find the dimensions of the paddock 


if the maximum allowable area is 10,000 m°. 


WALL 


! W = width 


L = length 


Section 1.8 Algebraic patterns, an introduction 


1. Linear Each polynomial function creates a pattern 


which can be studied both numerically 


` y HU 
+ 10-y - 3x17 
: ^ ie y-3Àx 
and graphically. 9 i$ 
y-22-4x* 8 G n 
Patterns such as 0,3, 6, 9, ... can be described by D "m 
the function a a 
f(x) = (y) = 3x, where x =0,x EN. +6 rs 
Patterns such as 1, 4, 7, 10, ... can be described by 4 he 
er 
the function "ERE 
f(x) = (y) = 3x + 1, where x 20,x EN. E "E 
23 
Patterns such as 2, —2, —6, —10 ... can be described by 1 pi 
the function ey 
f(x) = (y) = 2 — 4x, where x > 0,x EN. 4432-1011 2 3 4 5% 
mT $ 
Each of these number patterns has a constant amount Hn ` 
added or subtracted between terms and each, when n ` 
graphed, produces a straight line as shown. E : 
Functions of the form f(x) = y = mx +c are E ó 1 
called linear functions. Fy M 
7 


In a linear pattern, the difference between consecutive terms (called the 1st difference) gives 
m, the slope of the line. 


y-mx-ctc 

Pattern 0 3 6 9 12 f(x) = (y) = 3x The starting point 

1st Difference 3 3 3 3 of each pattern 
po o or À-] determines c, the 

P 1 4 7 10 | 13 x = i constant term. 

a TOS E We note that when 
1st Difference 3 3 3 3 x — 0, geometrically, 
we get the y-axis 
Pattern 2 -2 | —6 | —10 | -14 | f(x) = (y = 2 — 4x intercept, c. 
1st Difference —4 | al |—4 |-—d 


2. Quadratic Patterns such as 0, 1, 4, 9, 16 ... do not have a constant amount added or 
subtracted between terms. 
Studying the 1st differences between terms, we get 1,3,5,7, .... 


The 2nd difference (3 — 1), (5 — 3), ... however is a constant, 2. 
Such patterns can be represented by the function f(x) = (y) =x? for x = 0. 


Functions of the form f(x) = x? + b create similar patterns. 


Pattern 0 1 4 9 IG | 28 f(x) =(y) =x? 


1st Difference 
2nd Difference 


Pattern 
1st Difference 
2nd Difference 


fe)-0)-x*2 


Pattern 
1st Difference 
2nd Difference 


=3 | =2 | i © | 13 | 2 | fehaO)=]e—3 


Pattern p 1 =) | =F | Slt | —23 | fe) =(y) e2s 
1st Difference 


2nd Difference 


As can be seen from the graphs, the curves are symmetrical 
about the line x = 0 (y-axis). 


Patterns of the form f(x) = x? + b are U-shaped. 


Patterns of the form f(x) = b — x? are N-shaped. 


Consider the following pattern. 


Pattern EAE XEWESE 
Berets ew 


Because the 2nd difference is a constant, we know this 
is a quadratic pattern of the form 
ax? + bx +0,x 20,x EN. 


When x = 0, ax? + bx +c =4,..c0=4 
When x = 1,ax? + bx +4=7,..a+b+4=7 
When x = 2, ax? + bx + 4=16,..4a+2b+4=16 


Solving we find a = 3,b = 0 
Thus the pattern can be represented by the polynomial function f(x) = 3x? + 4. 


Examine each of the following patterns of numbers and determine if there is a 
linear or quadratic relationship between the terms. 


Write an algebraic expression for each set of numbers: 
(Gy) —2 fl, di Th coc (l5) 3,5, TIL, 2L. owe 


(a) Since the first difference is a 
constant, this indicates a linear 
relationship f(x) = ax + b. 
a=3 and b= —2, 

jeg) = ee = Ze = O. 


(b) Since the second difference 
Pere is a constant, this indicates a 
pe quadratic relationship 

2nd Difference f(x) = ax? + b. 


4=2a>a=2 and b —3, 
f(x) = 2x? + 3,x 20. 


More complex quadratic patterns of the form ax? + bx + c can be formed in two stages; 
first to identify the quadratic element x’, then subtracting this from the pattern to form the 
linear element bx- c. 


Single matchsticks were 

used to form a sequence 

of patterns as shown. 

Find an algebraic C] "rh 
quadratic expression 

for the number of 


matchsticks needed for each pattern. 
How many matchsticks are needed for the 10th pattern? 


Counting the matchsticks 


needed for the first four 
patterns, we get the number Epis 


pattern 4, 10, 18, 28, ... 2nd Difference 


'The 2nd difference produces 2, 2, 2, ... etc. 
So there is a quadratic element (x?) to this pattern. 


Letting f(x) = ax? + bx + c, when x = 0, f(0) = c = 4. 
Also the 2nd difference = 2a —2,..a—1 
When x =1,f(1)=a+b+c=10 
=1+5b+4=10..b=5 


f(x) =x? + 5x +4 forx=0 
To get the 10th pattern, we let x = 9 (since pattern starts with x = 0) 
f(9) = 9 + 5(9) + 4 = 130 matchsticks needed. 


Note: Linear and quadratic patterns of numbers are studied in greater depth in chapter 9. 


Exercise 1.8 


1. Examine each of the following patterns of numbers and determine if the pattern has a 
linear or quadratic relationship. 


(a) [A710 13) 16, (b) pao 

ON —— 015 ) === 
(ce) Da (0 ERES 
OR = = 10, E =T, oo (h) o — =7, =12, — 9e 
(i) SS (G) 5, 17,37, 65, 101, ... 


2. Write an algebraic expression to represent each of the followings number patterns. 
(a) =1;3, 15:35, 65.5 (b) 4,3,0, —5, —12, —21, = 32; ... 


3. Each of the following number patterns can be written in the form f(x) = ax + b, x > 0. 
Find the values of a and b. 


@) 2-712 17,30, (ii) —6, —2, 2, 6, 10, ... 
Gii) 3,2,1,0, —1, —2, ... (iv) —2, —7, 7-12, -17, 222, —21, ... 
(v) 3,3.5,4, 4.5, 5, ... (vi) —1, —0.8, —0.6, —0.4, —02, ... 


4. If x> 3, find an algebraic linear expression for the pattern 11, 13, 15, 17, 19, ... 


5. If x = —2, find a and b such that f(x) = ax + b represents the number 
pattern 1,3,5, 7,9, ... 


6. Convert each of the following designs to number patterns. By finding an algebraic linear 
expression for the number of matchsticks needed for each design, find the number of 
matchsticks needed to make the 15th element of each design. 


“A AA AAA 


A Ady IMS 


^A AM @ 


7. Acompany offers two different billing plans for the purchase of a TV over a number 
of months. Plan A where the repayments are €35.00 per month with a down-payment 
of €70.00, or Plan B with repayments of €24.00 per month with a down-payment of 
€125.00. If x represents the number of months of the plan, write an expression for each 
billing plan. Write a number sequence representing the cost per month of each plan (A 
and B) for the first four months. After how many months would both plans have repaid 
the same amount? 


8. A biologist counted the number of bacteria cells growing in a culture every hour. 
The pattern 4, 7, 14, 25, 40, ... was recorded for the first four hours, with 4 being the 
initial number present. Show that this sequence contains both a linear and a quadratic 
element. Find an expression for the number of bacteria after t hours, i.e. find f(t). 
Using your expression for f(t), and trial and error, find in which hour the colony will 
have reached 529. 


Section 1.9 Solving equations 
To solve an equation, we need to find the values of the given variable that satisfy the equation. 
If 4x — 12 = 0, then x —3 is the only solution of this equation. 


If x? — 5x + 6 = 0, then x =2 and x —3 are both solutions of this equation. 
If y = 4x — 12, then (x, y) = (4, 4) is one of the many values of (x, y) that satisfy this equation. 


Given f(x) = 4x — 12, 
then x —3 is the value that makes f(x) = 0. 


Therefore, (x, y) = (3, 0) is the solution 
of y = 4x — 12. 


Similarly, (2, 0) and (3, 0) are solutions 
of y 2 x? — 5x * 6. 


The values of x that make y = 0 
are called the roots of an equation. 


If a graph of the function is plotted, the roots 
are those points where the graph crosses the x-axis. 


Solving linear equations 
Any equation of the form y = ax + b, when plotted, creates a straight line. 


Such equations are called linear equations. 


To solve the equation 2x + 1 = 0, we need to find the value of x that makes y = 0, i.e. where 
the line crosses the x-axis. 


2x +1=0 


Similarly, to solve the equation 2x + 1 = 2, we have 
to find the value of x that makes y — 2, i.e. where the 
line crosses the line y — 2. 


2x - 1-22 
— x-i-05 


In each case, there is only one value of x (one root) 
produced. 


Solve the linear equation 


A 


4(2t — 3) EON Se= 10) 
20 20 20 


... finding the lowest common denominator 


4(2t — 3) +1 = 5(r — 1) 
m PTS S ... expanding 
3t=6 
t=2 


Exercise 1.9 
1. Explain why each of the following is a non-linear equation. 
(i) y 227? 2x - 1 
MEE XN "mw 
(ii) y fme 2(x — 1) 


(ii) y) 2 3x +4 


2. Solve each of the following equations. 
(i) 5x — 3 = 32 (ii) 3x +2=x+8 (i) 2—5x 28— 3x 


3. Solve each of these equations. 
(i) 2(x -3) + 5(x - 1) 43 (ii) 2(4x — 1) - 3x -2) = 14 
(ii) 3(x — 1) — 4(x — 2) = 62x + 3) (iv) 3(x + 5) + 2(x + 1) — 3x = 22 


4. Solve each of the following equations: 


a 2x +1 _ Y 3x —1 _ sa x-3 x-2 
(i) e mE 1 (ii) nc a 8 (iii) 7 5 


5. Find the value of the unknown in each of the following equations: 


42a a.5 Y b+2 b-3_1 4 3c-1 c-3_4 
a 46 aw 3 Wwe 4 3 
6. Find the value of the unknown in each of the following equations: 
4 x-2,2x-3.1 3» 12, _ 3(y 5) 
UTE "39-72 epe o m 
zu sp PFI 3 : 3r-2_2r-3_1 
mg eer a Dl eerie | 
7. Solve each of the following: 
(i) $(2x -1)-2(44-x)=2 (Gi) $@—-1)-i@-3)=x4+1 


Section 1.10 Solving simultaneous linear equations —— 


1. Solving simultaneous linear equations with two variables 


The linear equation y = Ix — 3 can be rearranged 
as follows: 


y-ix-3 
3y 22x —-9 


2x — 3y — 9 = 0 is the equation of the same 
line, expressed in standard form. 


This equation has two variables (x, y) for which there 
are many solutions. 

However, if we have two equations in x and y, they 
are either 


(a) parallel, with no point of intersection or 
(b) they intersect at a point (xj, y1), common to 
both lines. 


In this diagram, the lines 2x — y +1 = 0 and 
3x + y — 4 = 0 are plotted. 


They have a point of intersection A(x, y) = (3, 4) which 


satisfies both equations at the same time, i.e. simultaneously. 


We can solve two linear equations (i.e. find their point of intersection) by: 
(i) substitution 
(ii) elimination 


(iii) graphically (as above). 


Solve the equations 3x — y = 1 and x — 2y = —8. 


Take x — 2y — —8 and rearrange the terms, finding x in terms of y, 
=> x= —8-2y 

Substitute this expression for x into the second linear equation. 

3x —y =1 becomes 3(-8 + 2y) - y 41 

—24 + 6y — y = 1 ... expanding 
5y — 25 
y=5 

If y =5, then x = —8 + 2y becomes x = —8 + 2(5) = 2 
Therefore (x, y) = (2,5) is the point of intersection. 


[Note: Since 3(2) — (5) =1 and (2) — 2(5) = -8, the point (2, 5) is on both lines. ] 


Note 1: The technique for solving equations by substitution will be used later to find the 
point(s) of intersection of a line and a curve. 


Note 2: Either variable can be substituted. 
(Always choose the variable that is easiest to isolate.) 


Solve the equations 2x — 5y = 9 and 3x + 2y = 4. 


Let A be 2x — 5y = 9 
Let B be 3x + 2y =4 
3A: 6x — 15y = 27 
and  2B:6x +4y =8 
—19y — 19 ... Subtracting to eliminate x 
y=-1 
Now substituting y = —1 into A, we get 2x — 5(—1)= 9 
2x =4 
x =2 
The point of intersection is (x, y) = (2, —1). 
[Note: 2(2) — 5(—1) = 9 and 3(2) + 2(—1) = 4 and so this point is on both lines.] 


2. Solving simultaneous equations with three variables 


x + y+ z =6 is an equation with three variables (three dimensions). 
To plot this equation we need three axes, x, y and z-axes, at right angles to one another. 
When plotted, this equation represents a plane of points. 


If three planes are plotted on the same axes, there will be one point of intersection 
(x, y, Z,) provided none of the planes are parallel. 


To solve an equation with three unknowns, 


(i) reduce the three equations to two by eliminating one of the unknowns 
(ii) choose an unknown that is easy to isolate 
(iii) eliminate this unknown from all three equations, taking them two at a time 
(iv) solve these two equations as before 
(v) use your values for these unknowns in one of the original equations to solve for 
the third unknown 
(vi) check your solutions in all equations. 


Solve the simultaneous equations: A: x+y+z=6 
Be 2d w—zel 
C: 4x - y +2z=4 


Eliminating z from all three equations we get, 


A: x+ty+z=6 WB Abe cp 2A — Dre == 
B: 2x *y -z-1 C: _ 4x -3y +2z=4 
D: 3x+2y +=7 ..addinpAandB E: 8x—y — 6 ...adding2B and C 
D: 3x * 2y 27 
2E: 16x — 2y = 12 
Oke — 19 ... adding D and 2E 
x=1 S. Wing |De 3X1) se By = 7 
2y=4 
y=2 
Finally, using A: (1) + (2) +z=6 
ges -. the point of intersection is 
(x, y, z) = (1,2,3) 
[Note: A: (1) + (2) + (3) = 6, and 
B: 2(1) + (2) - (3) 7» 1, and 
C: 4(1) — 3(2) + 2(3) = 4 and so this point satisfies all three equations] 


3. Simultaneous equations in context 


Example 4 


An opera was attended by 240 people. Two ticket prices, €31 and €16, 
were available. If the total takings on the night were €5595, find using 
this data 

(i) two linear equations connecting the two types of tickets sold 

(ii) the number of €31 tickets sold 
(iii) the number of €16 tickets sold. 


Let x represent the number of €16 tickets sold and y represent the number of €31 
tickets sold. 


(i) Since 240 people attended altogether, then A: x + y = 240 
If the receipts were €5595, then B: 16x + 31y = 5595 


(ii) Solving, we get16A: 16x + 16y = 3840 
B: 16x + 31y = 5595 
—15y — —1755  (subtracting) 
y = 117, i.e. 117 €31 tickets were sold 


(iii) Using y 2 117: x + (117) = 240 
x = 123, 1.e. 123 €16 tickets were sold. 


Fifty, twenty and ten cent coins are collected from a coin machine and counted. 
The total value of the coins is €32. When counting, the cashier noted that twice 
the number of twenty cent coins, added to the number of ten cent coins, equalled 
three times the number of fifty cent coins. She then noticed that four times the 
number of fifty cent coins, added to the number of ten cent coins, equalled six 
times the number of twenty cent coins. 

Find the number of each type of coin in the machine. 


Let x = the number of 50 cent coins 
Let y = the number of 20 cent coins 
Let z — the number of 10 cent coins. 


(i) 50x + 20y + 10z = 3200 ... €32 = 3200c 

(ii) 2y + z = 3x 

(iii) 4x + z = 6y 

Rearranging the equations into standard form, we get A: 50x + 20y + 10z = 3200 
BE 3ue — 2h» — 2 = (0) 
C: 4x —6y + z - 0 

Adding B and Celiminatesz ~. B+ C — 7x — 8y — 0. 

Adding A and 10B also eliminates z (and y in this case) .. A: 50x + 20y + 10z = 3200 
10B: 30x — 20y — 10z = 0 

A + 10B = 80x = 3200 
x = 40 


Since 7x — 8y = 0 = 7(40) — 8y = 0 
=> 280 — 8y =0 
=>y=35 
Also, 3x — 2y — z 202 3(40) — 2(85) -z=0 «. z 2 120 — 70 — 50. 
z. (x, y, z) = (40, 35, 50). 
There are forty 50c coins, thirty-five 20c coins and fifty 10c coins in the machine. 


Exercise 1.10 


1. Find the point of intersection of each of the following pairs of lines. 


(i) 3x — 2y 48 (ii) 3x -y 41 (ili) 2x —5y=1 
x+y=6 x —2y ^2 —8 4x —3y -9-0 
2. Solve each of the following pairs of simultaneous equations. 
. m = wy x Y_ 1 due 4x —2 _ 8y 
(i) 4x — 5y = 22 (ii) 2 6^6 (iii) z 10 
Tx + 3y - 15 20 x —2y 2» -8 18x — 20y = 4 
3. Solve for x and y given that 2x- 54% 6 and 2425 2 n 
3 5 10 2 
4. Giventhat y = 3x — 23 and y= 3 + 2, find the values of y and x. 
5. Solve the following equations with three unknowns. 
(i) 2x +y+z=8 (li) 2x -y -z ^ 6 (ili) 2x +y—-—z=9 
5x —3y +2z =3 3x + 2y + 3z=3 x+2y+z=6 
Tx + y + 32 = 20 4x +y—2z=3 3x —yt2z — 17 
6. Find the point of intersection of each of the following sets of planes. 
(i) 2a+b+c=8 (ii) x +y+2z=3 (ili) x ty+z=2 
5a — 3b + 2c = —3 4x +2y+z=13 2x+3y+z=7 
= = ties Eat pee 
7a — 3b c 3c - 1 2x+y—2z=9 7761373 


7. Find the solution (x, y, z) for 
6x + 4y — 2z — 5 = 3x — 2y + Az + 10 = 5x — 2y + 6z + 13— 0. 


8. The curve f(x) = y = ax? + bx + c passes through the three points (1, 2), (2, 4) and (3, 8). 
Use these points to find three equations in a, b and c and hence solve to find f(x). 


9. A curve of the form f(x) = y = ax? + bx + c is 


drawn as shown. 


By using any three points on the curve, form 
three equations connecting the coefficients a, 
b and c and hence solve to find f(x). 


ll 


10. 


11. 


13. 


14. 


15. 


16. 


17. 


44 000 people attended a match in Croke Park. The two ticket prices on the day were 


€30 and €20. The total receipts for the game came to €1.2 million. 
How many people paid the higher ticket price? 


Three years from now, Callum will be twice as old as Lydia was five years ago. 
At the moment, half their combined ages is 16. Find their ages. 


Find the equation of the line AB in the form, 


y = ax + b, by forming two simultaneous 


equations in a and b using the two given 


points on the line. 


Verify that your line passes through a 
selected point between A and B. 


-2-1 0 12 3 4 5 6 7 


Two forces, N; and N,, act on a hemisphere at rest. 
If IN; — N, = 0 and N; + IN; - 99 = 0, 
find the values of N; and N, 


a b _ 4 
5 x-2* x42 (x — 2)(x + 2) 
using algebraic identities, write down two equations in terms of a and b only. 
Hence solve for a and b. 
Verify your answers using the original equation. 


for all values of x, 


If un d . 4 
z-3 z*2 (z—3yz-2) 


Verify your answers by substitution. 


for all values of z, solve for c and d. 


How many litres of 70% alcohol need to be added to 50 litres of 40% alcohol to 
make a 50% solution? 


The sum of two numbers is 26. 


If five times the smaller number is taken from four times the larger number, the result is 5. 


Let x be the bigger number and y the smaller number. 


(i) Write down two equations in x and y. 
(ii) Solve these equations for x and y. 
(iii) Verify your answers by substitution. 


» 
X 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


A student studied a car rolling down an inclined plane and took measurements of its 
speed at two different times. 

After 7 seconds, it had a speed of 2 m/sec and after 13 seconds, the speed increased 
to 5 m/sec. 

Using the equation v = u + at, where v is the speed and t is the time, write down two 
linear equations in u and a. 

Solve these equations to find values for u and a. 


A farmer builds a long narrow pen for sheep 
using 60 m of fencing. 

If he doubles the width and halves the length, 
he only needs to use 42 m of fencing. 

Find the dimensions of the two pens. 


(As can be seen from the diagram, the areas of the two pens remain the same. 
Explain why less fencing is needed in the second pen.) 


The curve y = ax? + bx + c contains the points (0, 1), (2, 9) and (4, 41). 


(i) Using these points, write three simultaneous equations in a, b and c. 
(ii) Hence solve the equations to find the values of a, b and c. 


Solve the simultaneous equations. 


: Se gsx. E a 
G) y-z=3 (ii) 3*5 z=7 
3y 
= m X Z a 
x—2y+z=—4 4 x m 6 
x X. z 
x+2y=11 a i 351 


The circle x? + y? + ax + by + c = 0 passes through the points (1, 0), (1, 2) and (2, 1). 
Find the values of a, b, and c. 


The school tuck shop sold a small bag of popcorn for €3.00, a medium bag for €5.00 and 
a large bag for €7.00. During break-time they sold 15 bags of popcorn earning a total of 
€77.00. If they sold 2 more medium bags than small bags, how many bags of each size 
did the shop sell? 


Aileen invested her savings of €10 500.00 in three different savings schemes. 

Fund A, a mutual fund paid 11% interest for the first year. 

Fund B, a government bond paid 7% interest 

Fund C, her local bank paid 5% interest. 

She invested twice as much in the mutual fund as she did in the bank. If her total 
interest for the first year was €825.00, find out how much she invested in each fund. 


In making a bracelet a jeweller used white, blue and green beads. The number of blue beads 
was four less than the number of white and green beads. He used the same number of green 
beads as blue and white beads and he used twice as many blue beads as white beads. 

How many beads of each colour did he use in each bracelet? 


Revision Exercise 1 (Core) 


1. Simplify each of the following algebraic expressions. 


1 x 
34+= 2+2% 
12m?n? ss x E 
Ü ns (i) (ii) — 7 
(6m^n?) 3d x? — 16 
x 
2. Solve for x and y: 
(ij) y=xt+4 (ii) 3x +y=7 
5y + 2x = 6 x? 4 y= 13 


3. Using long division, find x? — x? — 7x +3 + x — 3. 
4. Divide 3x* — 9x? + 27x — 66 by x -2 


5. Solve the equations. 
(i) xt- 92-20 (ii) (2x — 1)3(2 - x) =0 


6. Given that 4x? + 20x + k is a perfect square, find k. 
7. Expand (i) (2x + 3) (ii) (x — 2) 
8. Factorise x? — 27. 


9. If p(x — qf  r 2 2x? — 12x + 5 for all values of x, find the values of p, q and r. 


10. Solve the simultaneous equations 3x + 5y — z = —3 
2x +y—3z=—-9 
x + 3y +2z=7. 


11. Simplify (b + 1 — (b — 1)%. 


12. Find the rule (i.e. the nth term) for each of the following quadratic patterns. 
(i) 3, 12, 27, 48, 75 ... (ii) 5,20, 45,80, 125 ... (ii) 0.5, 2, 4.5, 8, 12.5 ... 


13. Find the rule for the pattern 6, 12, 20, 30, 42 using first and second differences. 
Hence find the 100th term of this pattern. 


14. Three times the width of a certain rectangle exceeds twice the length by 3 cm. 
Four times the length is 12cm more than its perimeter. 
Find the dimensions of the rectangle. 


15. The formula for a spherical mirror of radius r cm is given by i + i = 2, where u cm is 
the object distance and v cm is the image distance to the mirror. 
The magnification in the mirror is given by m — = 


(i) Find r in terms of u and v. 
(ii) Find m in terms of v and u only. 


Revision Exercise 1 (Advanced) 


1. Byconverting the number of squares in the following designs into a number pattern, 
write down a rule for the pattern. Use the rule to find out how many bricks are needed 
to build the 49th design. 


+ B Bo Ee 


2. How much soil containing 55% sand 
needs to be added to 1 m? of soil 
containing 25% sand to make soil 
containing 35% sand? 


3. A metallurgist needs to make 8.4 kg of an alloy containing 50% gold. He is going to melt 
two metal alloys, one containing 60% gold with a second metal alloy that contains 40% gold. 


(i) Let x kg and y kg be the amounts needed of each metal alloy. 
Write two equations linking the unknowns x and y. 
(ii) Solve the equations to find the amount of each metal needed. 


4. If, for all values of x, (3p — 20)x + r — 4? = 0, show that r = 9p?. 


= —] and hence find the ratio of x? to y?. 


+y? ye 
5. Simplify the equation ~ E +2 = 1 
6. Ina chemistry class, a group of students need a 15% acid solution to complete a test. 

The lab only has 10% acid solution and 30% acid solution. 

The students decide to mix the two solutions to get the 15% solution they require. 

If the students need 10 litres of the new solution, find 


(i) the number of litres of the 1096 solution they require 
(ii) the number of litres of the 30% solution they require. 


7. Ata concert a ticket for a seat in section A cost €75, while a ticket for a seat in section B 
cost €55. A standing ticket cost €30. There were three times as many seats sold in 
section B as compared to section A. If 23 000 tickets in total were sold for a total 
revenue of €870 000, how many of each type of ticket were sold? 


8. Brian and Luke race over 50 metres. Brian runs so that it takes him a seconds to run 
1 metre. Luke runs so that it takes him b seconds to run 1 metre. Luke wins the race by 
1 second. The next day, they race again over 50 metres (and again at the same speeds) 
but Luke gives Brian a 3-metre start so that Brian only runs 47 metres. Luke wins this 
race by 0.1seconds. Find 


(i) the values of a and b 


(ii) Luke’s speed. 


9 
9, (i) Find the sixth term in the expansion of (2 — ij : 


(ii) Find the eight term in the expansion of (3x + 1)”. 
10. Using, ( 7 pn ~'y” as the general term of (x + y)", find the 6th term of the expansion 
of (3x — 1)!!. 


11. Find the coefficient of x" in the expansion of (2x — 3)'^. 


Revision Exercise 1 (Extended-Response Questions) 


1. A football club wanted to organise a family day as a fund-raiser. 
They decided to pre-sell tickets at €5.00 for adults and €2.50 for children aged 6 
years or younger. 
Last year, when they held a similar event 13 000 attended. 
Last year they had only one ticket-price. 
The organisers wanted to estimate the expected revenue for the day. They decided to 
use the information obtained from the pre-sold tickets to arrive at this estimate. 
However, the members selling the tickets did not record the numbers of adult and 
children separately. It was known however that 548 tickets in total were sold and that 
€2460 was collected. 
(a) By setting up suitable equations, find 
(i) the number of adult tickets pre-sold 
(ii) the number of children tickets pre-sold 
(iii) the proportion of adult tickets sold. 


(b) Based on the same attendance for this year, estimate the revenue expected for the 
coming fund-raiser. 


2. Afactory makes two types of sofa. The standard sofa requires 2 hours of work in the 
manufacturing section and 1 hour in the finishing section. 
The deluxe sofa requires 2.5 hours in the manufacturing section and 1.5 hours of 
finishing work. 
Each day, there is a maximum of 48 hours of worker-time available in the 
manufacturing section and a maximum of 26 hours available in the finishing section. 


(i) If x standard sofas and y deluxe sofas are made per day, and the manufacturing 
section is worked to its capacity, explain why 2x + 2.5y = 48. 
(ii) Find a second equation in x and y if the finishing section is also used to its capacity. 
(iii) How many of each sofa can be produced if each section is used to its capacity? 


3. A closed rectangular box has a square base of length x cm and height / cm. 

The volume of the box is 40 cm?. 

(i) Write an expression for h in terms of x. 

(ii) Show that the surface area, S cm’, of this box is given by 

S = 2x2 + 160, 
x 
(iii) Sketch a graph of S against x, for 0 « x « 10. 
(iv) Estimate from the graph the possible values of x and h for which this box has a 
surface area of 72 cm?. 


4. A game made by a company sells for €11.50. The cost of production consists of an initial 
cost of €3500 and then €10.50 for each game produced. 
Let x be the number of games produced. 


(i) If C(x) is the cost of producing x games, find an expression for C(x) in terms of x. 
(ii) If /(x) represents the income received for selling x games, find an expression 
for I(x) in terms of x. 
(iii) Plot the graphs of /(x) and C(x) on the same axes. (Scale the x-axis in units of 500 
and the y-axis in units of 10,000.) 
(iv) How many games need to be sold to recoup the production costs? 
(v) Let P — I — C. What does P represent? 
(vi) How many games need to be sold to make a profit of €2000? 


5. Celine completed a quilt for a sale of work in exactly 15days. She can sew blue squares 
in the quilt at a rate of 4 squares per day and white squares at a rate of 7 squares per 
day. The finished quilt had 96 squares. The blue fabric cost €0.80 per square and the 
white fabric cost €1.20 per square. 

(a) Find the cost of the quilt. 

(b) The 96 squares are used to form a rectangle whose length and width are to be in 
the ratio 3:2. 
Celine decides to have a rectangle of blue squares in the centre of the quilt 
surrounded by white squares. 
Draw an arrangement of blue and white squares that creates a symmetrical design. 


6. A small company manufactures wheelbarrows for the garden-supply market. 
The company has overheads of €30 000 per year. 
It costs €40 to manufacture each wheelbarrow. 
(i) Write a rule which determines the total cost, €C, of manufacturing x wheelbarrows 
per year. 
(ii) If the average production is 6000 wheelbarrows per year, what is the overall cost 
per wheelbarrow? 
(iii) How many wheelbarrows must be made so that the average cost is €46 per 
wheelbarrow? 
(iv) The wheelbarrows are sold to retailers at €80 each. Write a rule which determines 
the revenue, €R, from the sale of x wheelbarrows to the retailers. 
(v) Plot the graphs for C and R on the same axes, with the number of wheelbarrows, 
x, on the horizontal axis. 
(vi) What is the minimum number of wheelbarrows that have to be sold to make a 
profit each year? 
(vii) Write a rule that determines the profit, €P, from the manufacture and sale of 
x wheelbarrows. 


Algebra 2 


Key words 
substitution discriminant completing the square real and distinct 


imaginary rational vertex parabola maximum minimum surd 


irrational rationalising the denominator 


Section 2.1 Quadratic equations 


As mentioned already, when the highest power of a variable in a polynomial is two, the 
resulting expression is called a quadratic expression. 
The following are examples of quadratic equations: 

(i) 32 +4x-5=0 (ii) 6 = 3t +8P (ii) A = 2arh + 2ar° 


Each quadratic equation has two solutions (or roots). 


Solving quadratic equations 
Techniques for solving quadratic equations include 


(i) factorising (ii) quadratic formula (iii) graphical methods (iv) substitution. 


(i) Factorising methods (as in Chapter 1) 


If an equation which equates to zero can 
be factorised, then at least one of its If (a)(b) = 0, then a=0 or b = 0. 
factors must equal zero. 


Use factors to solve (i) x2— 5x —6—0 (ii) y?—5y —0 (iii) 42 — 100— 0 


(i) x2— 5x —6— 0 (ii) y? — 5y 2 0 (iii) 4? — 100 — 0 
(x — 6)(x + 1) 20 y(y — 5) =0 A(t? — 25) =0 
.x-6=0-x=6 “ y=0 A(t — 5)(t + 5) = 0 
orxt1-20—x-2-1 ory-520—y--5 n t-5=0-t=+5 
or t+5=0—-t=—5 


Solutions (roots) (i) x = (6, —1) (ii) y = {0,5} (ii) t = (5, —5] 


(ii)) Quadratic formula 


= [52 — 
The quadratic formula x = p x. 4ac can be 


used to solve any quadratic equation of the form 
ax? + bx * c — 0. 


It is good practice to write out the coefficients a, b, and c separately before applying 
the formula. 


Solve x - 6 ==. (Note: It is not always obvious that we are dealing with an 
equation of the form ax? + bx + c = 0.) 
3 


x-6== 
X 


Rearranging — x— 6x 23 => x*-6x-3=0 


a=1,b=-6,c=—3, hence x  — 


x =3+2V3 or x 2 3 — 2/3 are the roots (solutions) of the equation. 


(iii) Graphical methods 
Graphing the expression y = x? — 5x +1,0 < x « 5, 
we get the points 


(0, 1), (1, 3), (2, —5), (3, 75). (4, -3), (5. 1), 
which, when plotted, produce the familiar 


U-shaped curve. G H 


To solve y = x? — 5x + 1 = 0 graphically, E 
we must find the points on the curve 


where y = 0, i.e. the points G(0.2, 0) and H(4.8, 0). iis 
The roots are 0.2 and 4.8. ik 
4 


When the expression y = —x? — 3x +2 is plotted, 
a N-shaped graph results. 


Again, the roots of the equation 

—x* — 3x + 2 = 0 occur where the curve 
intersects the x-axis (i.e. where y = 0), D oe 
ie.the points G(—3.6, 0) and H(0.6, 0). 


Graphical methods can only give 
approximate values for the roots of y2 -x-3x-1 
an equation. 


solving -x° -3x +2 =3 
To solve the equation —x* — 3x +2 = 3, we can consider two approaches; 


(i) To find the points on the curve y = ~x? — 3x +2 where y = 3 (i.e. S, P) or 

(ii) To create the new curve y = —x* —3x + 2 — 3 = —x* — 3x — 1 and solve 
-x-3x—-1-0. 

Both are different curves but with the same solutions (roots) for O and S, x 2 —2.6 and 

for P and R, x = 0.4. 


(iv) Substitution 


The following types of equations can be solved by choosing a suitable substitution which 
creates a new quadratic equation in standard form. 
2 
(i) (:- $) — 61-8) +5=0 let u=(r-§), then u — 6u +5=0 
(ii) xX* -*32—6-0 let u — x?, then w+u-—6=0 
(iii) 2x + 3/x =5 let u— vx, then 21 + 3u-—5=0 


Once the values for u have been found, the values for x can then be obtained. 


Solve x + x2 - 6 = 0 for x € R. 


Let mesa, P s 
xx —6-0 Sir +n —6—0 
= @+r 3} 0 —2)2(0 
u+3=0 > u=-3 > ¥=-3 > x= +,/(-3) 
or u-2=0 > u=2 > ¥}=2 > x=+/(2) 
x = +,/(—3), two imaginary roots which are not required. 


x = +,/(2), -/(2) are the solutions. 
[Note: (+/(2))* + (+/@)P — 6 = 0 and (—/@))* + (-/@/ - 6 = 0] 


Example 4 


Solve 2x + 3/x = 5 for x € R. 
Lat p= ie => s: 


2x -3/x = 5 > 24 + 3u- 5=0 
= (u-—1)Qu-5)-20 

—5 
—5 


vx = lor vX = ->> 


EN opu co 


But vx must be a non-negative number. 
vx =1,x=1 


Validating the solution; x = 1 > 2x + 3vx = 2(1) + 3(/1) =5 


Exercise 2.1 
1. Use factors to solve the following equations: 

(a) (i) (x — 4)(x + 5) =0 (ii) 3x2 - 7x + 122 0 (ii) x2—4x -5=0 
(b) (i) x2-2x — 1520 (ii) 222 + 7x — 15 = 0 (iii) 3x? — 13x — 10 = 0 
(c) (i) 5x* — 13x -6=0 (ii) 9x? + 3x — 20 = 0 (ii) 8x? — 2x — 15 =0 
(d) (i) 32-920 (ii) 332 — 10x = 0 (ii) 5x2 — 8x = 0 
(e) (i) 15 — 7x — 2x? = 0 (ii) 10 +x — 3220 (ii) 12 — 6x — 62 = 0 
© G) œ +5) = 16) (ii) (x — 3)(4x? — 4) 2 0 


(g O G2-4)8x-4)-0 i) (2x + 862 — 2x — 15) =0 


2. Use the quadratic formula to solve each of the following, giving your answers correct to 
one place of decimals: 


Gy =r = 3 0 (i) 2 +3x-2=0 (iii) 22 — 6x +3=0 
(b) (i) x2 - 6x +3 =0 (ii) 32 —8x +1 =0 (iii) 2x3? + 4x — 52 0 


3. Use the quadratic formula to solve each of the following, leaving your answers in 


surd form: 
(a) (i) 3x7 + 4x -5=0 (ii) 2x2 — 12x -5 =0 (iii) (2x - 3)? =8 
(b) (i) x7 + 4x - 8 =0 (ii) 5x2 + 4x - 22 0 (iii) x7 -x -1=0 


4. Solve the following equations: 


o6 "AES CA UNE AM 
(a) ppc sats 3 (it) =F c c 


ad 2 e X +2 _ 2x1 s 2 3. 5 
(b) @ ct 005 73 i mer ae eas pull ce 


5. By finding a suitable substitution, solve each of the following: 


(a) (i) xt- 7x7 +10=0,xER (ii) (x+1)? -3(x-1)-2-20 
(ii) x4 — 2x2 - 220 (iv) 2(k — 22 — 3(k — 2) - 4-0 


(b) (i) Qy-1?-3Qy-1)-28-0 (ii) (2y-3)2?-1=0 


(c) (y +4) 9[y +4) «20-0 


5 
t 


(d) (2 5) DE, )+27 =0 


6. Solve 2x2 — /3x — 3 = 0. 


7. Using the graphs, find approximate solutions to each of the following equations. 
(a) 293x—-5-20 (D -2 -x+1=-2 (c) p(x) =0 (d) g(x) >0 
() —-x-1-0 (f gx) =f) (g) h()-5 W) p(x) > Ale) 


YA 


Hx? — x +1 


VR 
8 
p(x) =| —0.4x7,— 4x 42 H 
T 
6 

5 J 

h(x) =x? + Bx +3 
4 
1 

10-9 -8 47 26 45 24 43 22-18| 1 3 4x 


8. Using the graphs above, explain why x? + 3x + 3 = 0 has no real solutions. 


9. 


10. 


11. 


If x, and x; are the roots of the 
equation f(x) = 0.2x7 + 5x +9 =0 
and x > x, using the graph, 

find an approximate value for 


(a) (% — xi) 
(b) (x; + x1) 


The graphs of the functions 

f(x) = 2x? — 3x — 2 and go) = EH =r) 
are drawn as shown. Using the graphs, 

estimate the solutions of the following 

equations 

(a) f(x) =0 

(b) g(x) = 0 

(c) f(x) = g). 3x — 2 


By using the substitution u = vx, solve each of the following equations. 
Explain why there is only one solution for each equation. 


(i) 2x + 3/x 45 (ii) x - 37x - 4-0 


Solve each of the following equations, giving your answers in surd form. 
(i) x2 - /7x —14-0 (ii) 232? + W5x+15=0 


Section 2.2 Nature of quadratic roots 


1. 


The discriminant 


=h bI 
We have used the formula x = be p 4ac to solve quadratic equations of 


the form ax? + bx + c = 0, where a,b,c E R. 


The value of the expression (b? — 4ac) will 
determine the nature of the roots of this equation 
and is called the discriminant of the equation. 


2. 


Real and distinct roots 


Real distinct roots occur when (b? — 4ac) > 0. 


eg. 3x7 + 5x —-2=0; a=3,b=5,c 2; 
^. (D? — 4ac) = [8? — 4(3)(—2)] = 49 > 0. 


(x) 


= 3x2 + 5x 2 


_ —b + yb? — 4ac | —5 +/49 
x ^X 6 


2a 


TEENS 


-7. 
Z (0.33, —2) 


In this case, the graph crosses the x-axis at two 
distinct places, (—2, 0) and (0.33, 0). 


Real and equal roots 


Real and equal roots occur when (5? — 4ac) = 0. 
e.g. 42 —12x +9=0; a=4,b=—-12,c=9; 
<. (D? — 4ac) = [144 — 4(4)(9)] = 0. 


_ =b +vb? — 4ac _12+y(0) 
* 2a a 24 


Only one solution occurs and the graph touches 
the x-axis at this point, A( 3, 0). 


Complex roots 
Imaginary roots occur when (5? — 4ac) « 0. 
eg.x—-4x*5-0;a-lb 4 c-5; 
^. (D? — 4ac) = [16 — 4(1)(5)] = 74 < 0. 
_ =b + Vb? — 4ac edes (—4) 

2a 24 
NETTEN 

2 " 2 


X 


> X 


If we let v —1 =i, then we can rewrite the 
solutions as follows: 


_ 4421 4—2i 


* 2 


=2+i,2-i 


= 4x?- 12x + 9 


> 
HO {24 4% 
—1 
b? — 4ac <0 


These points cannot be represented on the real plane. (We will study these types of 


numbers further in Complex Numbers book 5.) 


We note that the curve does not cut (cross) the x-axis. 


5. Rational roots 
If (b? — 4ac) is a perfect square then 


V (D? — 4ac) is a rational number and this 


MEM. 
means that the equation has rational roots. ipu coe s 
(Perfect squares are 1, 4, 9, 16, ... or w, 5s ... etc.) 


e.g. 3? + 5x -2—0; a=3,b=5,c=2; 
^. (b? — 4ac) = [25 — 4(3)(2)] = 1 which is a 
perfect square. 


L-bzd/B-d4a . -5t405-2) 


x 


In summary 


Note: When the phrase “has real roots” is used in questions, then this must be taken to 
mean “has either two real distinct roots or two equal (repeated) roots”. 


Evaluate the discriminant of each of the following, stating whether the equation has 


(i) two distinct real roots (ii) two identical real roots (iii) no real roots. 
(a) 332 +5x —-1=0 (b) 49x? + 42x +9=0 
(c) 2x7 + 8x +9=0 (d) 222 - 7x+4=0 


(a) 32 +5x —- 1= 0 ~a=3,b=5,c=-1. 


(b? = 4ac) = 25 = 4(3)(-1) = 37 > 0 z. two distinct real roots. 
(b) 49x? + 42x + 9 0 5a = 49, b = 42,c = 9. 
- (b? — 4ac) = 1764 — 4(49)(9) = 0 z. two identical real roots. 
(c) 232 + 8x +9=0 -a=2,b=8,c=9. 
(b? — 4ac) = 64 — 4(2)(9) = -8 < 0 -. no real roots. 


(d) 2x7+7x+4=0 -a=2,b=7,c=4. 
(b? — 4ac) = 49 — 4(2)(4) = 17 > 0 z. two distinct real roots. 


Find the values of k so that —8 + kx — 2x? = 0 has equal roots. 


—8 + kx — 2X? = 0 5a-2-2,b—-k,c- —8. 


For equal roots, we have that (b? — 4ac) = 0 
(b? — 4ac) = [k? — 4(—2)(—8)] 
k -64=0 . k=+8 


Given the equation px? + (p + q)x + q — 0. 
(i) Show that the roots are real for all values of p and q E R. 
(ii) Show that the roots are rational. 
(iii) Hence find 
(a) the roots, in terms of p and q 
(b) the factors, in terms of p and q. 


px +(p+q)x+q=0 —-a=p,b=(p+q),c=q. 


(i) For real roots, we need to show that (b? — 4ac) = 0. 
(b? = 4ac) = (p + qy = &(p)(a) 
= p? *2pq + q* — 4pq 
cuu cm ar a = p = ye 
Since (any real quantity)? cannot be negative > (p — q} = 0. 
(b? — 4ac) = 0 
the roots are real. 
(ii) For rational roots, (b? — 4ac) must be a perfect square. 
Since (D? — 4ac) = (p = q)*, i.e. a perfect square, 
the roots are also rational. 
—-b*/b-4ac | -(p*q)tW(p-ay 
2a 2p 
ee a esto tl 


(iii) (a) The roots are x = 


(b) Sine x= 5 pr «qc 0 


Alsons =I o rt dla) 
-. the factors of px? + (p + q)x + q are px +qandx+1 


Exercise 2.2 


1. 


10. 


By inspection, state which of the 
curves — f, g and h — have 


(i) real and distinct roots 
(ii) real and equal roots 
(iii) imaginary roots. 
(iv) In the case of real roots, estimate from the 
graph the roots of each equation. 


The curve shown has equation of the form 
ax + bx t c — 0. 


Find, in terms of a, b, and c, the coordinates 
of the points A and B. 


| 
em 


hb b A 


Find the discriminant of each of the following equations and state if the roots are 


(a) real and different (b) real and equal (c) imaginary. 
(i) 210 +x+5=0 (ii) —-2x2 +3x+1=0 (iii) 332 +2x-1=0 
(iv) —3+ 2x- 3220 (v) x? +8x+16=0 (vi) 25 — 10x + 32-0 


Draw a sketch of any quadratic curve that is positive for all values of x. 
Given that 3x? — k x + 12 is positive for all values of x, find the range of 
possible values of k. 


For what value(s) of k does each of the following equations have equal roots? 
(i) x2 - 10x - k-0 (ii) 42 + kx - 9-0 (ii) x? — xQk + 2) + 5k 1-0 


Find the values of k if the equation k*x* + 2(k + 1)x + 4 = 0 has equal roots. 


Given that (any real number)? = 0, prove that the following equations have real roots 
for all values of k € R. 


(i) x? — 3kx - 2-0 (ii) kx? + 2x -(2— k) - 0 
Show that the roots of the equation x? — 3x + 2 — c? = 0 are real for all values of c € R. 
Prove that the equation (k — 2)? + 2x — k = 0 has real roots, whatever the value of k. 


Find the value of k for which the equation (k — 2)x? + x(2k + 1) + k = 0 has equal roots. 


11. Show that the equation (m + 3j? + (6 — 2m)x + m — 1 = 0 has equal roots if m = 3. 


12. Ifthe equation ax? + bx + 1 — 0 has equal roots, express a in terms of b. 


Hence write down the root of the equation in terms of b. 


13. Show that the equation x? — 2px + 3p? + q? — 0 cannot have real roots for p, q € R. 


Section 2.3 Solving quadratic and linear equations ——— 


To find the point(s) of intersection fa)-3 5x41 
between a line and a curve, we 
use the technique of substitution. 
We have used this method already 
when solving simultaneous linear 
equations. 


We note that in this case, the line 


may 

(i) intersect the curve at two ndn MN 
points 

(ii) intersect at one point bid 


(iii) or not intersect the curve 
at all. 


If there is just one point of intersection, the line is said to be a tangent to the curve. 
The line x — y = —1 intersects the curve y = x? + 5x + 1 at two points, A(—4, —3) and B(0, 1). 
The line x — y = 3 isa tangent to the curve y = x? +5x +1 at the point E(—2, —5). 


The line x — y = 5 does not intersect the curve. 


Find the point(s) of intersection between 


() x-y-2-1 (ii) x — y 4 3 andthe curve y ^ x? * 5x +1. 


(i) Since x - y= —1 Substituting y = (1 + x) into y =x? + 5x +1, 
es we get (1 - x) ^ x? - 5x * 1. 
—y-(l-x) a =a? sp Ead ll ge Se? sp ae, 
0 = x(x + 4) 
(x + 4)=0 or x=0, ie. x = —4 or 0. 
y=1-4=-3 = (x y) = (-4 -3) 
and y=1-0=1 — (x, y) = (0,1) 
the points of intersection for x — y = —1 are (—4, —3) and (0, 1). 


(ii) x-y=3 eae ee 34x) into yS i S t 
—>-y=3-x (SS sp ie) SU ae Sie ce 
sy =(-3+x) 0—-x +5x4+14+3-x=2x°+4x +4 


(x + 2)(x + 2) =0 

x=-2 (a repeated solution) 

VO 2 = (y) = (72 5) 
the point of intersection for x — y =3 is (—2, —5). 


x — y =3 isa tangent to the curve y = x? + 5x + 1 at the point (—2, —5). 


In summary, to find the point(s) of intersection between a line and a curve, 


(i) isolate one of the variables in the equation of the line, e.g. y = ax + b. 
(ii) Substitute this expression for y into the equation for the curve y = cx? + dx + e, 
Lie. ax +b = cx? + dx + e and simplify. 
(iii) Solve the resulting quadratic equation. 


Show that there are no point(s) of intersection between the line x — y = 5 and 
the curve y= x? t 5x 9 1. 


x-y=5 Substituting y = (—5 + x) into y =x? + 5x + 1, 
——y-25-x west (5r Sr Sa dL 
> y=(-5+x) OL cC 
0 — x? + 4x + 6. 
If there are no points of intersection, this implies that 0 = x? + 4x + 6 has no real roots. 
(pz aces) 
0=x+4x+6 —=a= +1,b = +4,c = +6. 
(b? — 4ac) = [£ — 4(1)(6)] = (6-24) = - 8 < 0. 


the line x — y = 5 does not intersect the curve y = x? + 5x + 1. 


Exercise 2.3 

Solve the following pairs of simultaneous equations, one linear and one quadratic. 

1. y=x 2. àà)-xy-5 3. 42 —-y-0 
2x+y=3 x-y+1=0 2xt+y=2 

4 y=x-6x +5 5. e+ y2=25 6 32-y2=3 
x+y—-1=0 x+y=7 2x-y=1 

7. y=x?-4x+6 8. x+y-4x+2=0 9. 2+ 4y=4 


y=3x-4 Xty—-4-20 xt2y -220 


10. xy =4 11. y-xy-22 12. x)-y *2x—-4y *3-0 


2x —y * 2-20 2x+y=3 x-yt+3=0 
13. s=2t-1 14. 22-2? 41 15. 2t-—3s=1 
3? — 2ts+s* =9 2s =t—3 ?+ts—4s*=2 


Section 2.4 Quadratic and linear equations in context —— 


Algebraic methods can be used to solve many real-life problems. 

If we can represent an unknown or variable with a symbol, and write the relationship 
between the variables in the form of a linear or quadratic equation, then the resulting 
equations can be solved using the techniques discussed earlier. 


w 


A right-angled triangle is to be made from a rope 
24m long. If the hypotenuse of the triangle, AB, 
has to be 10 m, find 
(i) an equation in terms of x and y for the 
perimeter of the triangle 
(ii) an equation in terms of x and y for the 
hypotenuse of the triangle. 
(iii) Solve the equations to find possible 
lengths of the base (x) and height (y) 
of the triangle. 


D 


yore rece 


The perimeter of the triangle = x + y + 10. 
> x+y +10=24 > x+y= 14. 


The (hypotenuse)? = x? + y? = 107. 
ia ÁN qur y. When y 2 6 
(14 - P + y? = 10? —x-14-y-214-6-8. 
196 — 28y + y? + y? = 10? 
2y? — 28y + 96 = 0 Also, if y = 8 
y? — 14y + 48 =0 =>x=14-y=14-8=6. 
O- 6)(y - 8) = 
y=6 or y=8 
if the base is 8 m, the height is 6 m, or vice versa. 


A satellite is on a fact-finding 
mission to the moons of Pluto. 
The equation x — y 23 x-y- Je 
represents its path. A comet is (path of satellite) ^ 
discovered moving in a curve in à 2 + y? —36x + 224 = 0 
the same plane as the satellite. (path of comet) 

If the path of the comet is determined 
(tO) be 3 Py — Box +b DIA = O, 
decide if their paths will cross. 


2 


If the paths are to collide, then the intersection of the two equations must 
have real solution(s). 
ie. b? — 4ac = 0. 
If x-y-3, 
then y 2 x — 3. Substituting into x? + y? — 36x + 224 = 0, 
We mer 32 ae Ge = BP = Soe se 224 e 0) 
2x? — 42x + 233 = 0 ... must have real solutions. 
a =2,b = —42,c = 233. 
b? — 4ac = [(—42)? — 4(2)(233)] = -100 < 0 


There are no real solutions and the paths do not cross. 


Exercise 2.4 


1. Find the values of two consecutive numbers, the sum of the squares of which equals 61. 
2. Find two consecutive even numbers, the sum of the squares of which equals 52. 


3. 62m of fencing is used to form a rectangular pen of 
area 198 m’. | perimeter -62m ; 
(i) Find two equations linking the length and width : area — 198m* : 
of the rectangle. i | 
(ii) Solve the equations to find the dimensions of the 
rectangle. 


4. Aright-angled triangle is to be made using three ms =a 
consecutive integer numbers as sides. = 


Find the length of the perimeter of the triangle. CN 


5. The distance s travelled by a car is given by the formula s = 12t — £?. 
Find the two times at which the car passes a point 25 m away, giving your answers 
correct to two places of decimals. 


10. 


11. 


12. 


13. 


14. 


15. 


The square of a number is reduced by 15. The resulting value is twice the original 
number. Find the number(s). 


A football is kicked up into the air. The height of the ball can be modelled by the 
equation h = —16? + 24t + 1, where h = the height in metres and f = time in 
seconds. 

At what times will the ball be at a height of 6 m? 


One side of a right-angled triangle is 4 cm longer than the other side. The hypotenuse is 


20 cm long. Find the shortest side of the triangle. 


The product of two consecutive odd integers is 1 less than four times their sum. 
Find the two integers. 


The hypotenuse of a right-angled triangle is 6 cm longer than the shortest side. 
The third side is 3 cm longer than the shortest side. Find the length of the shortest side. 


The length of a rectangular garden is 4 metres longer than its width. 
If the area of the garden is 60 m?, find the dimensions of the garden. 


Find three consecutive integers such that three times their sum equals the product of 
the larger two. 


A circular swimming pool with a diameter of 28 metres has a 
wooden deck around its edge. 
If the deck has an area of 607 m^, find the width of the deck. 


If one side of a square is doubled and the adjacent side is decreased by 2 cm, the 
resulting rectangle has an area that is 96 cm? larger than the original square. 
Find the dimensions of the rectangle. 


A skateboard ramp yA 
is in the shape of a J 
curve with equation 

h = 04x? — x + 2.5. 24 
Two platforms G 
represent the 
starting and 
finishing points 


as shown. 0 


If the starting point C is at a height of 3 m and G, the finishing point, is at a height of 
1.5 m, calculate the distance between the bases of the two platforms, correct to two 
places of decimals. 


16. A rocket travels along a path given by the equation 3f — s = 4, where t represents time 
and s represents distance from the ground. 
A comet is travelling along a path represented by the equation 2? + s? = 43. 
Determine the point where the paths cross. 
Suggest a reason why there is only one solution, i.e. one point of intersection. 


17. A plane is travelling along a path yA 
given by the equation x +3y=5. 0 tse 54 
A weatherfrontisreportedin pte (Path of plane) x + 3y =k 


the path of the plane. x2 + 6y? = 40 = 


If the front is modelled using 

the equation x? + 6y? = 40, 
determine if the plane will 

cross this front. 

If the path of the plane is given by 
x + 3y = k, find the minimum value of k so that the plane will avoid the weather front. 


Section 2.5 Forming quadratic equations from 
their roots 
If we know the roots of an equation, we can find the equation by 
(i) finding the factors of the equation 
(ii) multiplying the factors to get the equation. 
Generally, if we let x =r, and x = r, be the roots of a quadratic equation, 


then (x — rı) and (x — r;) are the factors 
and (x — rj)(x — r;) = 0 is the equation. 


Le. x? — xr — xr, + rrj = 0 
x? — x(n rj) + rur; = 0. 


Write the equation of a curve whose roots are 7 and —5. 


Since the equation has only two roots, it must be a quadratic equation. 


x? — x (sum of the roots) + product of the roots = 0 
x? — x [7 + (—5 )] + [(7)(—5)] = 0 is the equation. 
x? — x(2) —35=0 


The equation is x? — 2x — 35 = 0. 


IE ande EE] are the roots of a quadratic equation ax? + bx + c = 0, 
find possible values for a, b and c. 


We have that x? — x (sum of the roots) + product of the roots = 0. 


== (V3 + zu 4 DES — 0 is the equation. 


zu 
2-4 


2x2 — /3x — 3 = 0 ... multiplying both sides of the equation by 2 
a=2,b= —43 and c= -3. 


Note: If a = 4, b = —2 V3 and c = —6 we would have a different quadratic function 
but with the same roots. 


Exercise 2.5 


1. State (i) the sum and (ii) the product of the roots of each of the following 
quadratic equations. 


(a) x) +9x+4=0 (b) 32-2x- 5-20 
(c) )— 7x 42-20 (d) x2 —9x - 3-20 
(e) 232 - 7x c 1-5 0 (f) 712 -x—-1-0 
(g) 3x2 + 10x —-2 =0 (h) 52 + 10x +1 =0 
(03-2x-x-0 (j) —5 + 3x — 4x7 =0 


2. In the following table, you are given both the sum and the product of the roots of 
quadratic equations. In each case, find the quadratic equation in the form 
ax? + bx + c = 0, with a, b and c taking integer values. 


| [|aleljoleoloeileolel 
Sun -3/) 6| 7 | -2 | -$ -o-i|-H 
| Product | 1 4 5 i p 5 i i 


3. Find the quadratic equations that have the following pairs of roots {r, ro}. 
(i) {4, 6} (ii) {2, —3} (iti) [-5, -1] (iv) (V5, 4] 
r 23 T 23 ET 53 
(v) {a, 3a} (vi) B 3} (vii) n 3l (viii) B 3| 


Section 2.6 Max and Min of Quadratic graphs 


2 


The quadratic expression x^ — 6x + 11 can be rewritten as 


x -—6x+9-94+11 
= (x — 3)(x — 3) —9 + 11 = (x - 3? + 2. 
x? — 6x + 11 = (x — 3)? +2. 


This is called completing the square. 


This form of a quadratic expression can give us very useful information about the behaviour 
of the quadratic function. 


(i) Maximum or minimum values. YA 
At x = 3, (x — 3) =0. 5 
. a a - 
. (x — 3) +2 2 is the minimum 4 Goa hPa? heh it 
value of this expression. 3 
(ii) Real or complex roots. 2 (3, 2) 
Let (x — 3)? + 2 = 0 to find the roots. T 
Then (¢— 3} = -2 O > 
a 123 4 5 6 * 
x-3-2t4/-2 Tt 


x =3+V-2 > Complex roots. 
(iii) Values of x which make the function positive or negative. 

(x — 3) is positive for all x € R. 

z. (x — 3)? + 2 is positive for all x € R. 
(iv) Each graph has a turning point which is the maximum or minimum point of the graph. 
(v) Each graph has an axis of symmetry parallel to the y-axis through this point. 


(vi) The graph of a quadratic function is called a parabola. 


Complete the square on each of the following quadratic expressions. 
Hence find the minimum value of each expression. 


(00) a = Se se 1G (ii) 4x? + 4x + 2 


(0) x = By sr 1 (ii) di 4 die ae 2 


— x? — 8x + 16 — 16 + 10 = 4(x? + x +5) 
= E d dad 
—-(x—-4(x-4)-6 Ec uc) 
— = IS 1 
Minimum value = —6 =4(x +2} + 1 


Minimum value = +1 


Generally, to complete the square of expressions 
of the form x? + bx + c, add and subtract 

(half the coefficient of x)? to the expression 

and isolate the perfect square portion. 


ie. L+ bx+c=X2+bx+ (BJ - (B) «c-( 


Note: Ifthe coefficient of x? is not 1, the x? coefficient must be factored out before 
proceeding, e.g., 


(i) 2 +2x+5=x7+2x4+1-1+5 


=(x+1)?+4 
(li) 4—2x x 24— (2 + 2x) =4—-—(° + 2x +1-1)=4- [(x * 1 - 1] 
—-5-—(x-t1y 
(iii) 3x? — 3x +2 =3 -x £2) 239 - x at- 14 2 


=e- 31-36-3943 


h(x) = (x — 3)? +2 


All quadratic expressions 
(ax? + bx + c) can be 
written in the form of 


fx) = 


a(x — p) + q, a U-shaped 


graph 
or q — a(x — p}, a N-shaped 
graph. -3% 
2-1 


ICT: Using a graphics calculator 


or computer software (e.g. IN 5 

Geogebra), sketches of the fe) = = — 0) +0 (0, 0) 
following curves can be 20) =x — Ox + 9 = (x — 3)? + 0 (3, 0) 
compared, identifying the =e ee aye 

minimum points and the axes Wasa See MLSE c eed eo?) 
of symmetry for each. Dit) — 3a lire 26 — 36 S) | (S 


The point (p, q) is the minimum point of the curve a(x — p)? + q. 
At x 2 p,(x-p)-0. 


>aļ(x— př +q=0 +q = q, the minimum value. 


Similarly, a quadratic equation in the form q — a(x — p)? has a maximum point at (p, q) and 
a maximum value q at the point x — p. 


Write the quadratic equation x? + 4x + 1 in the form (x — p + q and hence, 


(i) find the minimum point and minimum value of x? + 4x + 1 
(ii) solve the equation x? + 4x + 1 = 0, leaving your answer in surd form. 


() x) - 4x c 15 xà - 4x c 4—4-*1 
= (62) 3 
=> the minimum point is (—2, —3) 
— the minimum value of the expression is —3. 
(ii) Solving x? + 4x +1=0, 
=e) a) 
=> («+2 =3 
Syra i3 
Z = ae Ok 
(Note: It should be verified that the same result is obtained using the 
quadratic formula.) 


Write the equation of the graph provided in the form y = q — a (x — py, 
where (p, q) is the maximum point of the curve and a is a constant. 

By choosing any suitable point on the curve, find a. 

Hence write the equation in the form y = ax? + bx + c. 


The maximum point = (—1,3) = (p, q). 


y=g ek a) 
y 30 Ly 


Selecting (x, y) = (1, 1), 
=1=3-—a(l +1) 
=3-— 4a 
1 
2 


(i) ^. y=3- (x +1? 


— d -— 


Exercise 2.6 
1. Find the value of c that completes the square in each of the following: 
(i) a + 28a * c (ii) x? — 6x * c (iii) y? — 5y +e 


2. Complete the square in each of the following: 
(i) x2 —8x-3-20 Gi) x*—2x*—5-—)D (iii) x7 -2x+1=0 


3. Write each of the following in the form (x — p)? + q = 0. 
(i) x7 +4x-6=0 (ii) xX +9x+4=0 (iii) x?— 7x -3 2 0 
4. The graph of y = a(x — p + q has a minimum point (p, q). 


By completing the square, find the minimum point of each of the following 
quadratic equations: 


(i) 2x2 +4x-5=0 (ii) 32—6x 1-20 (iii) 4x? +x+3=0 


5. Complete the square of the expression x? — 6x + k. 


Find the minimum value of k such that x? — 6x + K is positive for all values of x. 
6. Express 2x2 — 12x + 7 inthe form a(x — b) + c. 


7. Given that g(x) = x? + 8x +20, show that g(x) = 4 for all values of x. 


8. 


10. 


11. 


13. 


14. 


(i) Write down the coordinates (p, q) of the 
minimum point of each of these 
graphs. 
(ii) Write the equation of each graph in 
the form 
(a) y - (x - p? *q 
(b) y = ax? + bx +c. 


(iii) By picking a suitable point on each 
graph (other than the minimum point), 
verify each equation. 


If f(x) = x? + 4x +7, find 
(i) the smallest possible value of f(x) 
(ii) the value of x at which this smallest value occurs 


a ' 1 
(iii) the greatest possible value of Das 
The path of a golf ball is given by the equation y = —x? + 6x. 


By completing the square, find the maximum point of the path and hence the greatest 
height reached. Sketch the curve in the domain 0 < x « 6 to validate your result. 


Identify the graphs of the equations YA 
(i) y2x?- 6x +8 

(ii) y 2x?— 6x +9 

(iii) y =x? — 6x +10. 

Express each equation in the form 
y — a(x — py * q. 


Each of the curves C and D can be 
represented by equations in the form 


p-a- q’. 


Find the values of p, a and q for each curve. 


A parabola has x-axis intercepts of 6 and —3 and passes through the point (1, 10). 
Find the equation of the parabola. 


A parabola has a minimum vertex with coordinates (—1, 3) and y-axis intercept 4. 
Find the equation of the parabola. 


15. The path of a golf ball is given below. 
(i) Using the maximum point of the path (p, q), complete the equation 
f(x) = q — 0.1(x — py. for this curve. 

(ii) Solve the equation f(x) = 0 to find the point from which the ball started, and the 
point where the ball finished on level ground (leaving your answer in square root 
form). 

(iii) Hence find the horizontal distance travelled by the ball, giving your answer in 
the form avb. 


16. A trapezium has a base of 20 and a 
height of 2x as shown in the diagram. 
(i) Show that the area of this 

trapezium can be given by 
x? + 20x. 

(ii) If the area of the trapezium is to 
be 400, by completing the square 
show that x — 10(/5 — 1) 


17. Probes used to record the temperature of a patient indicated that their temperature 
changed according to the equation T(°C) = 36 + 4t — £, where t was measured in hours. 


By writing this quadratic in the form a(t — p)? + q, find the maximum temperature 
of the patient and use it to determine how long (in hours) it will be before their 
temperature returns back to normal (36?C). 


Section 2.7 Surds 


A surd is a square root which cannot be reduced to a whole number, e.g. V2, V3, V5, V6, V7, ... 


If x? = 2, then x = /2 = 1414213562 ... 
A surd is therefore an irrational number, 
a number which cannot be expressed as 
a fraction. 


V1, V9, (Z... are not surds since 1, 9, m etc., 
are perfect squares and have square roots. 


Note: x = V2 isan exact answer. 


x = 1.414213562... is an approximate or corrected answer and should be only 
given when asked for. 


Reducing surds to their lowest form 


V5, 6, V7 cannot be simplified further, 


but /8 = /4 X 2 = /4 x /2 = 272, 
since 8 has a factor that is a perfect square. 


Simplifying surd quotients 
50 _ v50 _ v25 x v2 -52 


64 J64 8 


Adding or subtracting surds 
2/3 + 4/3 = 6/3. 


/27 — v12 = /9 X 3 - /Ax3 = 3/3 - 2/3 = 43. 


Multiplying surds 

V4 x V4 = (V4y = 4. 

/5 x /6 = /30. 

(7 — /2) + /2) = 49 + W2 — W2 - 2 = 47. 


Dividing by surds 
It is normal practice not to leave a surd (an irrational number) in the denominator of a 
quotient, hence the practice of “rationalising the denominator”. 


3 = FREE - X3 Note: Multiplying by A Bi is equivalent to multiplying by 1. 


(i) Express /80 in the form av 5, where a is an integer. 
(ii) Express (4 — /5)? in the form b + c/5, where b and c are integers. 


j -. d. 7-44 
7-2 7-V2°74+V2 


ul NEN EXC 
Poa? 47 


(RULES lens — 475 
(ii) (4 — V5} = (4 - /5)(4 - V5) = 16 - 8/5 + 5 = 21 — 8/5 


Simplify 


: AF) z 7 
Osm-u "nsa 


VID 
-4X SsA-J/9x3 53-33 2/3 


WIE SES 7(/13 Fy T1) 096/13 +11) 


(i) 


Exercise 2.7 
1. Simplify each of the following: 


(i) V8 (ii) v27 (iti) v45 (iv) /200 (v) 3/18 


2. Express each of the following in its simplest form: 
(i) 2/2 + 6/2 — 3/2 (ii) 2/2 + /18 (iti) /32 + /18 
(iv) V27 + V48 — 2/3 (v) /8 + /200 — /18 (vi) 7/5 2/20 — /80 


3. In each of the following quotients, rationalise the denominator. 
+ i) 2 G) 2 wt wt 


4. Simplify each of the following: 
(i) V8 x v12 (ii) 3/2 x 5/2 (iti) V2(V6 + 3/2) 
(iv) (5 — /3)(5 + V3) (v) (V7  /5)(/7T — V5) (vi) (a + 2/b)(a — 2Vb) 


5. Byrationalising the denominator, express each of the following in its simplest form. 


4/4 a 12 2- S . 1 
O zt (i) 5 (ii) (v) zs 
6. Simplify each of the following. 
: 1 1 - 1 1 
- + 
Yai 3x O SR 


7. Simplify 


(i) Q3 — ¥5)(2Vv3 + V5) 


"SE 2 
G) 3-582348 


4+3 _4-v3 
7 and Y= 7 


(i) X-Y (ii) X-Y (iii) XY (iv) t 


8. Letting X — , find in its simplest form: 


9. Show that (2/5 — 3/2)Q/5 + 3/2) = 2. 


10. Simplify xx 


(2 + /2)(3 + /5)(/5 — 2) 


11. Simplify (5 -D0 + 2) 


-1+¥3 
12. Show that ———— = 2 - V3. 
ow that [~~ J3 
13. Express NT SN as a single fraction and simplify by rationalising the denominator. 
l-49. 33 


Section 2.8 Algebraic surd equations 


Expressions such as v2x + 1 occur often in algebra. 
To solve the equation v2x + 1 — 5, we proceed as follows. 


(V2x + 1)? = 3? ... squaring both sides to remove the square root 


2x - 1225 
2x = 24 
=> x=12 


Note: With surds, it is important to check all solutions in the original equation as some 
may result in complex (non-real) solutions. 


At x = 12, V2x + 1 = /2.12 + 1 = V25 = 5, which is correct. 


Solve se = Wee ar © 


x=vx+6 


? =x + 6 ... (squaring both sides) 
x)—x—6-20 
(uc = See a» 2) =O 


x=3o0rx = —2 


Note: If we look at these curves 
graphically we can see why there is 
only one valid solution. 


Validating both solutions (in original equation) 


we find 
(i) atx — 3: 3 =V3+ 6 = 3 (True) 
(ii) atx = —2: —2=V—2+ 6 =2 (False) 


Solve /5x + 6 — V2x =2. 


Vre cay 2 
V5x +6 =V2x +2 ... place one surd on each side 
(/5x + 6)? = (/2x + 2)? ... square both sides 
5x + 6 =2x + A/2x +4 
3x +2 = 4/2x ... isolate the surd on one side of the equation 
(3x + 2)? = (4V2x)? ... square both sides again 
9x? + 12x + 4 = (16)2x 
9x? — 20x + 4 =0 
(9x — 2)(x — 2) = 0. 
2 


x=2 onn 


Note: It is important to check the validity of both solutions in the original 
equation 


i.e. (i) atx =2:,/5(2) + 6 — 4202) 24-2 = 2 (True) 


o asg- AR] - 8] - 3-3 2e 


Exercise 2.8 


1. 


One side of a rectangular park is (x + 2) m long and the other (x — 2) m wide. 
Find an expression for the length of the diagonal, leaving your answer in surd form. 


(a) Find the length of the diagonal 
[AC] of the rectangular field ABCD. 


(b) One runner completes a full (2 — V3)km 
circuit ABCDA on a path, at a 
rate of 1.5 ms™!. 

A second runner runs from A to C 
and then back to A across the field 
at a rate of 1.4 ms !. 
(i) Express, in surd form, the difference in the distances travelled by the 
two runners. 
(ii) Calculate the time difference between the two runners, correct to the 
nearest second. 


A (2 + V3)km D 


B C 


Martin starts at G and walks along a path towards 
a point F. At F, he takes the perpendicular path K 1km 
to E. He then takes the path EK, which is the 
same length as [EF] and is at right angles to [EG]. 
From K, he returns directly to G. E 
Find exactly, in surd form, the distance travelled 
by Martin. 


= zb. _ u Al ; T 2 
If x - Va + 7 and y vā zg and a 7 0, find (i) x + y (ii) x — y. 
Hence find the value of yx? — y?. 
Solve the following equations and check your solutions in each case: 
(i) vV2x c1 =3 (ii) v3x +10 =x Gii) /2x -1—- /x 8 
(iv) v3x-5=x-1 (v) v2x+5=x+1 (vi) V2x7-7=x+3 


6. Solve each of these equations and check each solution: 


(i) Vx +5 =5-Vx (ii) V5x +6 =V2x +2 

(iii) Vx #7 4+ Vx =7 (iv) V3x —2 =vx-2+2 
7. If 1 1 = 4___ find the values of a and b. 

vx+2 V4x+8 b/x-2 


1 1 =? 
Vx -2 V4x+8 


8. Solve x = vAx +5 


Hence solve 


9. If x=Va+t + +1 where a > 0, express x? — 2x in terms of a. 
a 


10. Given that (a + /3)(b — V3) = 7 + 3/3, and that a and b are positive integers, find 
the values of a and b. 


11. Thelength of an open rectangular box G 
is 2m longer than its height. AERE ^. 
The width is 2 m shorter than its height. 
Let x be the height in metres and find 
an expression for I 
(i) the diagonal [IC] E 
(ii) the diagonal [ID]. za 
If |ID| = /56, find x. 


Section 2.9 The factor theorem 


In Chapter 1 we revised techniques for factorising algebraic expressions. 

The factor theorem is a more general technique that can be applied to expressions 
of higher orders. 

Using long division, we can divide f(x) = x? + 332 — 4x — 12 by x + 3 as before. 


x?—4 
x3] + 3x2 — 4x — 12 ^ f(x) = x3 + 3x? - Ax — 12 = (x? — 4)(x + 3). 
i + 3x? 
—4x — 12 -. the factors of f(x) are (x? — 4) and (x + 3). 
—4x — 12 
no remainder z. the roots of f(x) are (x + 3) 20 x ^ -3 


and (x? — 4) = 0> x= +2. 


Evaluating the function at x = —3, +2, —2 ; 
f(-3) = (3P + 3(-3)? -4(-3)- 12 = 0 
f(-2) = (-2» + 3(-2)? - 4(-2)- 12 = 0 
f(2) = 2) + 3(2)? — 4(2) - 12 = 0, as we would expect of every root. 


Generalising this for every polynomial f(x) ; if f(k) = 0, then x — k is a factor. 


Conversely, if x — k is a factor, then f(k) = 0. 


Show that (2x — 3) is a factor of 2x3 — 5x2 + 5x — 3. 


Given (2x — 3) is a factor, then (2x — 3) = 0 is a root, ie. x = 3 is a root. 
If (2x — 3) is a factor, then fà must equal 0. 


HO a ane oy 
FG) = 2G - SGP + 5G) +3 = D - GZ) + (D - 3-0. 


(Qe — isara cton it 7s) = Be’ — Sv qp She = 3L 


If (x — 2) and (x + 1) are both factors of ax? + 3x? — 9x + b, find the 
values a and b. 


If (x — 2) isa factor, then f(2) = 0. 
If (x + 1) isa factor, then f(—1) = 0. 
© f2) -aQy +32} -—92)+b=0 | Gi) f(-1)5a(-1P + 3(-1) —9(-1) +b =0 
>a8+34-18+b=0 = a(-1)+314+9+b5b=0 
=> 8a+12-18+b=0 = =n 4 39s e 
=>8a+b=6 E gis e —ID 
Using simultaneous equations, eq —iel 
=>8at+b=6 
a-—b=12 
9a = 18 
a=2 - a@=2 and b= 


1. Factorising cubic expressions 
We can now use the factor theorem to factorise higher-order polynomials, 
e.g. cubic polynomials of the form f(x) = ax? + bx? + cx + d that have at 
least one integer root. 


Using trial and error, we evaluate f(0), f(1), f(—1), f(2), f(—2), f(3) ... etc., until we get a 
value of zero. 
This is the integer root. 

If f(—2) = 0, then (x + 2) is a factor. 

If f(3) = 0, then (x — 3) is a factor. 
Dividing by this factor produces a quadratic expression which can be factorised 
separately using factor pairs or using the quadratic formula. 


Factorise f(x) = 222 + x? — 13x + 6. 


f(x) = 28 + 2 - 13x + 6 Dividing 2x° + x? — 13x + 6 by (x - 2), 


fO =0+0-0+6=640 2x + $x - 3 
f) = 20y + (1)? - 13(1) +6 = -420 x —2 )2x3 + x2— 13x +6 
f(-1) = 2(-1y + (-1)? — 13(-1) + 6 FESS 
= EA] 5x? — 13x + 6 

fQ) = 2Qy + (2)? - 130) +6 =0 5x? — 10x 
=she ar 9 
She ar © 

0+0 


(x — 2) is a factor. 


= the factors of (a are (x = 221553) 
=> uet ot y) aime (Ge = Dyce 3X9: = I), 


2. Solving cubic equations 
To solve cubic equations of the form f(x) = ax? + bx? + cx + d = 0, we first find 
the factors as in the above example and then equate each factor to zero to find the 
roots(solutions). 


Example 4 


Solve the equation 2x? — 4x? — 22x + 24 — 0. 


Est PE) = 20 = 4 = 22e 24 Dividing we get, 


= f(0) = 2(0)? — 4(0)? — 22(0) + 24 = 24 


2x? — 2x — 24 


=> f(1) = 2(1 — 4(1)? — 22(1) + 24 = 0 x—1 )2x3 — 4x2 — 22x + 24 


=> (x — 1) isa factor. 
Whetactorsare (a = D27 = 2x = 2) 
Factorising further ; (x — 1)(2x + 6)(x — 4) 


Vibo EMO ate) RO) TR 
Also, (2x + 6) 20 > x = —3 


Dy = De 
—2x? — 22x + 24 
=D? e Dye 
ah ee 
= ible ar 2! 


and (x -4)=0 > x=4. The solutions are {1, —3, 4} 


Exercise 2.9 


1. 


2. 


3. 


10. 


11. 


Show that (x — 3) isa factor of x? — 8x + 15. 

Show that (x — 1) isa factor of x? — x? — 9x + 9. 

Show that (x + 2) isa factor of x? + 6x? + 11x + 6. 

Show that (x — 2) isa factor of 2x3 — 3x? — 12x + 20. 
Investigate if (x — 2) is a factor of x? — 5x2 + 8x — 4. 
Show that (2x — 1) isa factor of 2x3 + 7x2 + 2x — 3. 
Investigate if (2x + 1) isa factor of 2x7 — x? — 5x — 2. 

If (x — 1) isa factor of x? + kx? —x — 8, find the value of k. 


Find p if (x + 2) isa factor of x? + 6x? + px + 6. 


Show that (x — 3) is a factor of x? — 2x? — 5x + 6 and find the other two factors. 


Show that (x + 3) isa factor of x? — 2x? — 9x + 18 and find the other two factors. 


Use the factor theorem to factorise fully each of the following: 
(i) 29—-42?-x-4 (ii) x? — 8x? + 19x — 12 
(iii) x? 6x? — x — 30 (iv) 3x — 4x? — 3x + 4 


(v) 2x? = 3x? — Be -3 (vi) 2x3 — 3x? — 12x + 20. 


13. Given f(x) = 2x + 1332 + 13x — 10. 
Show that f(—2) = 0 and hence find the three factors of f(x). 


14. If (x + 2) is a factor of x? + ax? — x — 2, find a and hence find the other two factors. 


15. Factorise fully x? — x? — 14x + 24. 


Hence solve the equation 3? — x? — 14x + 24 = 0. 


16. Show that x = 1 isa root of the equation x? + 5x? + 2x — 8 = 0 and find the 
other two roots. 


17. Solve each of the following equations 
(i) 29—-420—x-t-420 (ii) xà + 2x2 — 11x — 1220 
(iii) 330 — 432 — 3x + 420 (v) x! 7x —620 


18. If (x +1) and (x + 3) are both factors of 2:2 + ax? + bx — 3, find the 
values of a and b. 
Find the third factor and hence solve the equation 222 + ax? + bx — 3 = 0. 


19. If (x + 1) isa factor of x? + 5x? + kx — 12, find the value of k and the other 
two factors of the cubic expression. 


20. If (x + 2) and (x — 3) are both factors of 2x3 + ax? — 17x + b, find the 
values of a and b. 


Hence find the third factor. 


21. Given that the expression ax? + 8x? + bx + 6 is exactly divisible by x? — 2x — 3, 
find the values of a and b. 


Hence solve the equation ax? + 8x? + bx + 6 = 0. 


22. Solve the following equations for x: 
(i) aó—b-c (ii) a(x +bP=c 


Section 2.10 Graphs of cubic (and higher order) 
polynomials 


The coefficients of a cubic polynomial f(x) = ax? + bx? + cx + d determine the final shape 
of each graph. Some important features need to be noted and emphasised. 


ICT: Input each of the following functions using a graphics calculator or computer 
software (e.g. Geogebra). Examine the effect of changing coefficients on the shape 
of each graph. 


Note: The factor form of each function is very suitable in some cases. 


1. Three real roots 


f(x) = 2x3 — Ax? — 22x + 24 
f(x) = (x — 1)Qx + 6)(x — 4) 


local max 


This graph has three real roots, 


—3, 1,4. 


As the graph passes through a 
root, the value of the function 
changes from 


(=° to (+) or (4-)** to (—)*. 


The graph has two turning points, 
a local maximum and a local 


minimum. 


local min 


p 


f(x) = -— x? — 8x +12 
= (x + 3)(x — 2} 


This graph again has three real roots, —3, 2, 2, 


but one of the roots is repeated. 


This graph only crosses the x-axis once 
because of the repeated root. 


The graph has two turning points. 


f(x) = 2x3 — 4x? — 22x + 24 
= (2x + 6)(x — 1)(x — 4) 


Three real roots, two of which repeat 


f(x) = 8 — x? — 8x + 12 
= (x + 3)(x — 2)(x — 2) 


= (x + 3)(x — 2} 
3. One real, two non-real roots 3 
f(x)-3-2x-4 I 
= (x - 2)(x2 + 2x + 2) 3-12 110 EFE 
=(x—2)(x+1-—v—1)(x+1+v-—1) ... using the r1 a 
quadratic formula —2 = 
This polynomial has only one real root but two E 
non-real (complex) roots. [-\ 
It crosses the x- axis once and has two 


turning points. 


fx) = -2x-4 
= (x — 2)(x? + 2x + 2) 


4. Comparing f(x) = x? — 3x? + 2x and g(x) = 2x? — 6x? + 4x = 2f(x) 
Both polynomials have YR 
the same roots, x = 0, 1, 2. 1 

the polynomials have Du Pe Sec Io pe DUE) 
common factors (x), 
(x — 1) and (x - 2). 
But g(x) has an integer 
factor 2 as well that d 4 $ 
multiplies each value 
of the curve, except , B(x) = 2c T Ox? + 4x = 2x) - DG -2) 
where the value is zero 
at the roots. p 
This integer factor acts 
as an amplification factor. 


0:5 


ay 


5. Comparing f(x) = x? — 3x? + 2x and g(x) = —x? + 3x? — 2x = —f(x) 
Again, both 
polynomials have 
the same roots 
and hence 
common factors. 
The graphs are 
symmetrical 
across the 


—" : 1 3 + 332 — 2x = —(x)(x — 1)(x — 2) 


YA 


= x3 — 3x? + 2x = (x)(x — 1)(x — 2) 


geara 2x = — @? — 3x7 + 2x) = =f (x). 
Multiplying by a minus inverts the graph. 


6. The graphs of f(x) = ax? 


All the graphs pass through (0, 0). -e 43x3] YR 3x8 Je 
: ; 315 1 
For a > 0, the graphs are all increasing, and as t3 
; : -(bes t G)? 
a increases, the graphs rise more steeply. EN e UT 2 
For a < 0, the graphs are decreasing. Jà i 
Em 
Note: i wh 
(i) If f(x) = 39 and g(x) = —3x°, yi2 
— f(x) = —g(x), i.e. f(x) is the reflection of g(x) S a 4 
in the x-axis. M 
(ii) f(—x) = g(x), i.e. f(x) and g(x) reflect each other 3 2 V 2 3 x 
in the y-axis. tH 


Note: There are no local maximum or minimum points as in the previous 


graphs. 


Summary: 


(i) 


(ii) 
(iii) 


(iv) 
(v) 


Every cubic polynomial crosses the x-axis at least once, i.e. has one 
real root. 


Each root produces a factor of the polynomial. 


If a polynomial has a repeated root with an even power e.g. (x — 2}, (x — 3) etc., 
then the graph touches, but does cross, the x-axis at these points. 


If the coefficient of x? is positive, the graph starts below the x-axis, 
i.e. starts with a negative y-value and increases with increasing x-values. 


If the coefficient of x? is negative, the graph starts above the x-axis, 
i.e. starts with a positive y-value and decreases with increasing x-values. 


Some cubic graphs have local maximum and minimum turning points. 


When forming a polynomial from its roots, check for an integer factor. 


By examining the graph, find an expression for this cubic polynomial. 


(i) The graph crosses the x-axis T 


at x = —2. 


i) — x = —2 isaroot 


=> (x + 2) is a factor. 


(iii) The graph touches the x-axis 


at ases fL. 
= x = 1 is a repeated root 


== D ea Eo 


The graph may contain 


an integer factor, 
ie. f(x) = a(x + 2)(x — 1). 


From the sketch of this graph, 


when x = 0, f(x) = 4. 
4 = a(2)(1Y = 2a 
a=2. 
HED) = BGs 4- De — WY = 2x8 — Gee sp d 


7. Higher-order polynomials 


The graph of the polynomial f(x) = a(x + b)(x + c)(x + d)(x + d) is given in 
the diagram. Find the values of a, b, c and d. 


From the diagram, the roots are x = —2, —1,3. 


A double root occurs at x — 3. 
Hence the factors are (x + 2), (x + 1), (x — 3) 
and (x — 3). 


HCG = ae T Die TF (Pc (PEE) 
At x = 0, f(x) = 18. 
18 = a(0 + 2)(0 + 1)(0 — 3)(0 — 3) = 18a 
a=1 
a=1,b=2,c=1,d=-3. 


Exercise 2.10 


1. Find a cubic expression for each of the following graphs, giving your answers in the 
form f(x) = ax? + bx? + cx + d. 


(i) (ii) 


> 


f & OG 5» OS D EY 


ui 

- 

i 
bo » Aa 
kad 


2. Write a polynomial expression for each of the following cubic graphs. 


(i) y4 


(ii) 


3. The graph of y = f(x) = ax? + bx? + cx + d crosses the x-axis at x = 1,x = —2 
and x — 1. It also crosses the y-axis at the point (0, 6). 


Find the coefficients a, b, c and d. 


4. The factors of a given polynomial f(x) are (x — 3), (x + 1) and (x + 2). 
If f(x) = x? + ax? + bx + c, find the values of a, b and c. 


5. Identify the graphs of the three 


polynomial expressions, 
(i) 3-2 


(ii) x3 


(iii) 2x3, given in this diagram. 


Find the coordinates of the point A. 


ICT: Note that several answers in 


this exercise can be verified using 
a graphing calculator or computer 


software (e.g. Geogebra). 


ay 


. The graphs of two functions f(x) and g(x) 


Given that f(x) = (x)(x — 4)(x — 6), find the values of f(2) and f(5). 
Hence draw a rough sketch of the curve. 


Given f(x) = (x + 2)(x — 1)(x — 3), find the values of f(0), fG) and f(2). 
Hence draw a rough sketch of the curve. 


. The graph of a polynomial 
f(x) = axt + bó + cx? + dx +e 
is given in the diagram. (0.4) 
(i) Find the factors of the expression. i 

(ii) Hence find the values of a, b, c, d and e. 
3 
2 
1 

9 1 9 3 x 
—+t 


are given in the following diagram. 


If f(x) = ag(x), 
(i) find the value of a 
(ii) find equations for f(x) and g(x). 


Write, in the form ax? + bx? + cx + d = 0, a cubic equation with the following roots: 


(i) -1,2,5 (ii) —3,-1,0 (iii) -2,4,3 (iv) 4,2,4. 


11. Finda cubic expression for each of the following curves. 


13. 


14. 


88 


(i) 7^ la,30) (i) Yh 
30 40 
(0, 20) 
(—0.5, 0) (2.5.0) 
5-4 -3-2 1 213 * 
—60 
The diagram shows a graph of the function YA 
f(x) = —3x3 + 17x? + bx — 8. 10 
The graph crosses the x-axis at the 
points a, 2 and 4. 5 
Find the values of a and b. 
-1 |\0 1 3 x 


The diagram shows a graph of f(x) = x? — x? — 2x 


and g(x) =x. 
Use the graph to solve 
G) f(x) =0 


(it) f(x) = g(x). 

(iii) By solving the equations, correct to one 
place of decimals, check the accuracy of 
your answers. 


A box has dimensions x cm, (x + 1)cm and (x + 1) 
(x — 1) em, as shown. (x - 1) 
(i) Find the volume of the box in terms of x. 
(ii) If the volume of the box is 24 cm’, 
and using the factor theorem, find the value of x. 


15. The volume of a cylinder is given by V = «rh, diameter 
where r is the radius and / is the height. qm 
Given that the diameter is equal to the height, 
show that the volume can be written as 


height 
V =a. 
Taking a = 3.14, find the value of a correct to CON DNI 
two places of decimals. 
Using this function, calculate the volume of a cylinder 
with a diameter of 11 cm. 
Find the diameter of a cylinder whose volume is 
215.58 cm?, correct to one place of decimals. 
16. The contents of a spherical container of VA VAA, 
radius 3 cm completely fill a cube of side x cm. 300 14496 : 
If the volume of a sphere is given by the formula 250 i 
V= ime = 4.19x3, where x is the radius, using 200 ; 
the cubic graphs, find an approximate value for x, 150 : Ki 
the length of the side of the cube. 100 
At what approximate value of x would 
the volume of a sphere be 150 cm? greater mt 


123 45 67% 


than the volume of the cube, given that O 
the broken line represents (V — 150) cm? ? 
[i.e. (4.19x3 — 150) cm?] 


Revision Exercise 2 (Core) 
1. Solve the equation x? — 6x +5 = 0. 
Hence solve fully the equation 


i-S di esc 


2. Find the roots of the equation 2(x + 1)(x — 4) — (x — 2)? = 0, leaving your answer 
in surd form. 


3. Find the range of values of p for which px? + 2x + 1 — 0 has no solutions. 
4. Show that the roots of the equation x? — (a + d)x + (ad — b?) = 0 are real. 


5. Given that (x + 1) and (x — 2) are factors of 6x^ — x? + ax? — 6x + b, find the 
values of a and b. 


6. Using trial and error, find 


(i) a root of the polynomial f(x) = x? — 4x? — 11x + 30 
(ii) the factors of f(x), and 
(ii) hence solve the equation x° — 4x? — 11x + 30 = 0. 


7. By using the discriminant, determine the nature of the roots of each of the following: 
(i) x2-2x - 5-0 (ii) x? -4x * 6-0 (iii) —6 + 4x — x? =0 


8. Using the substitution y = 3*, write the equation 3?* — 12(3*) + 27 = 0 in terms of y. 
Hence solve the equation for x. 


Revision Exercise 2 (Advanced) 
1. Express 2x? — 4x — 5 in the form a(x + h)? + k and hence, 


(i) solve the equation 2x? — 4x — 5 = 0 
(ii) find the minimum point of this curve. 


2. Expand (2/2 — V3). 
3. Simplify and then rationalise the denominator of A 


4. Solve Vx+2=x-4. 


5. The motion of a car is given by the equation 87 + 4t = s, where s is the distance 
travelled in metres. 
(i) By inspection, estimate the time, t, taken for the car to pass a point 10 metres away. 
(ii) Find, correct to two places of decimals, the time taken and explain why there is 
only one such time. 
(iii) Calculate the percentage error in correcting the answer to two places of decimals. 


6. The standard error, of the proportion p of a population is given by the formula 


1 = 
o=] HEU where p is the proportion and n the number in the sample. 


Using the quadratic formula, find p, the proportion, in terms of ø and n. 


7. Complete the table by stating whether each quantity is positive (+)’° or negative (—)"*. 


k «0 0ckci ki 
k Negative Positive 
4k 
4k —1 
k(4k — 1) 


Using this table, find the range of values of k so that the quadratic expression 
X? + 4kx + k is positive for all values of x. 


8. a,b, and c are positive constants and the roots of ax? + 2bx + c and bx? + 2cx + a are 
all real and unequal (unique). Show that the roots of cx? + 2ax + b = 0 are not real. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Given f(x) = —x? + 5x + 3 


and g(x) = x? 5x —1. 


g(x) =x + 5x — 


Find the coordinates of 


the points A and B, 


leaving your answers 


in surd form. 


ay 


fix) = -x+ 5x +3 


Find the values of k so that kx? — 2kx — 3k 


12 = 0 has real and equal roots. 


If r; and r, are the roots of the equation x? — /3x — 6 = 0, evaluate rr. 


Solve the simultaneous equations 3x + y = —1 and x? + y? = 53. 


If the length of a rectangular kitchen is half the square of its width and its perimeter 


is 48 m, find the dimensions of the kitchen. 


If x is real, find the set of possible values of the function y — 


X 
x+1 


Find the equation of the quadratic curve that passes through the points 


(—2, -1), (1, 2), (3, —16). 


(i) State what you understand by the “Factor Theorem". 


(ii) Given that f(x) = x? — 6x? + 11x — 6, find the values of 
F), FA), f(2), f), f(4) and hence, solve the equation x? — 6x? + 11x — 6 = 0. 


(iii) Sketch the curve, y = f(x). 


A section of the graph of a polynomial 
f(x) = axe + bx? + cx +d 


is drawn in this diagram. 


(i) Find the roots of the equation f(x) = 0. 


(ii) Write an expression for f(x) in terms 
of the factors of this polynomial. 

(iii) Find the values of a, b, c and d. 

(iv) Find an expression for the reflected 
image of this curve in the x-axis. 


(v) Find an expression for the reflected image 


of this curve in the y-axis. 


YA 


(3. B) 


oo 


d 


Revision Exercise 2 (Extended-Response Questions) 


1. A person who contracts a particular disease requires treatment with a certain drug. 
The concentration C of that drug in the bloodstream, t hours after taking a dose of the 
drug, is given by the equation C(t) = 0.02t — at?. The concentration C is measured as 
0.075, five hours after taking the first dose. 


(i) Find the value of the constant a. 
(ii) For how many hours is some of the drug still in the bloodstream? 
(iii) Explain why the graph of C(t) is approximately linear up to t = 10 hours. 


2. Alarge rectangular poster is subdivided into 6 purple squares 
of side x m, with dividing strips y m wide as shown. 


(i) Find the area of the full poster in terms of x and y. 
(ii) If the area of the dividing strips can be written in 
the form kxy + 2y?, find k. 
(iii) If the total area of the purple is 1.5 m?, and the area of 
the dividing strips is 1 m?, find x and hence find an 
equation for y and solve it. 


3. A TY project consists of making a reinforced box, as shown in diagram. The plan for 
the box is as follows: 


e Squares of side x cm are cut from the four corners of a rectangular piece of 
cardboard that measures 48 cm by 96 cm. 

e The fold lines are indicated by dotted lines. 

e Two flaps are then folded with a double thickness of card at each end. 


Fold line cut away 


(a) Find an expression for the volume V of the open box. 


(b) A section of the graph of this expression is given in the diagram shown. 


Volume A A 
16000 
14000 
12000 
10000 
8000 
6000 
4000 
2000 
C B 
» 
45 | O 10 15 20 25 30 35 x 
2000 


(i) What domain set of values of x are valid for making this box? 
(ii) Explain the significance of the points A, B and C. 
(iii) Estimate from the graph the maximum volume of the box and the value 
of x at which this occurs. 
(iv) Find the volume of the box when x = 10cm. 
(v) Itis decided that 0 < x < 5cm. Find the maximum volume possible. 
(vi) If 5 € x « 15cm, what is the minimum volume of the box? 


(c) The external surface area of the box can be given by the formula 
A — a(b — x)(c + x); find the values of a, b and c. 


Riding stables need temporary additional paddock 
space for an upcoming horse show. There is sufficient 
funding to rent 120 m of temporary chain-link fencing. 
The plan is to form two paddocks with a shared fence 
running down the middle. 
(i) Show that the area of the paddocks can be 
represented by the quadratic equation 
A= —3y? + 60w, where A stands for the area 
and w for the width of the paddock. 
(ii) Find the roots of this equation and hence draw 
a rough sketch of the curve. 
(iii) By completing the square of the equation for the 
area A, find the maximum area of the paddock, and 
(iv) the value of w at which this maximum area occurs. 
(v) Hence find the dimensions of each of the paddocks. 


Paddock 1 


Paddock 2 


5. A golf ball is hit from the top of a 2 m-high tee. 
If the height of the ball, ^, above ground level 
is given by the equation h = 2 + 4t — Ë, 
where t is the time measured in seconds, 


(a) estimate from the graph: 
(i) the times, ¢, at which the ball is 5m 
above ground level, 
(ii) the time the ball takes to land on 
the ground. 


(b) Find, correct to two places of decimals, 
the time taken by the ball to reach the 
ground. 

(c) The equation h = 2 + 4t—f can be written in the form q — (t — p)? for all values 
of t, where q is the highest point of the ball above ground, at time p. Find (p, q). 


6. You have managed a bike-rental scheme in a seaside holiday resort for the summer. 
You found that if you charged €12.00 per bike per day, then on average you did 36 
rentals per day. 

For every 50 cent increase in the rental price, the average number of rentals decreased 
by 2 rentals per day. 
Complete the following table. 


li No. of price hikes Price per rental | Number of rentals ^ Total income (7) 
ell 36 


1 price hike 


2 price hikes 


3 price hikes 


x price hikes 


(i) Write an equation in terms of x for the income /. 
(ii) Write this equation in the form q — (x — p)’, where (p, q) is the maximum point 
of the curve. 
(iii) Use this information to find the maximum income. 
(iv) What should you change to increase income? 


7. The plan of a garden against a wall is shown. 
The rectangle GCED is of length y m and 
width x m. The garden is to have two borders, 
each a quarter circle, at each end. The radius 
of the circle is x m. A fence is to be erected 
along BCEF. 

(a) Write an expression for the area A of the garden in terms of x and y. 


(b) If the length of the fence is to be 100 m, find 


(i) y in terms of x 
(ii) A in terms of x 
(iii) the maximum domain for the values of x for the area A in (ii). 
(c) Find, correct to one place of decimals, the values of x for a garden 
of area 1000 m?. 
(d) It is decided to build the garden up to a height of g” If the length of the fence 
is 100 m, find correct to one place of decimals, 


(i) the volume V n? of soil needed in terms of x, 
(ii) the volume of soil needed for a garden of area 1000 m’, 
(iii) the value(s) of x for which 500 m? of soil is required. 


Examine the graph supplied. 


(a) Using the information 
contained in the graph, find 
the coordinates of the points 
AQx, yi) and B(x, y2), giving 
your answers in surd form. 


(b) Write an expression for the 
“vertical distance", d, between 
the graphs, in terms of x. 


1)(6 — x) 


(c) On separate axes, draw a 
sketch of the distance d(x) — P 
between the two graphs. 


(d) Write the equation for d(x) in the form y = q — a(x — p by completing 
the square. 


(e) Write down the coordinates of the maximum point (p, q) of this graph and 
interpret the meaning of the coordinates (p, q). 


(f) Find the range of values of d(x). 


Examine the curve y 2 vx — b +c. 


(i) Show that if the line y = x intersects this curve at the point (a, a), then 
à) — a(2c - 1) - c * b — 0. 
4b — 1 
a 
(iii) Sketch the graph y = Vx — i for the domain 0 < x < 4, indicating the x and 
y intercepts. 


(iv) Find the coordinates at which the line y = x isa tangent to y = Vx — 1 


(ii) If the line is a tangent to the curve, show that c — 


(v) Find the values of k for which y = x + k meets the curve y = Vx — F: 


(a) twice (b) once (c) not at all. 
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Section 3.1 Radian measure 


In your study of geometry and trigonometry so far, you will have worked with angles which 
were measured in degrees. One complete revolution is 360°. However, in more advanced 
trigonometry and calculus, angles are almost always measured in radians. 


The diagram on the right shows an arc AB equal in length to A 
the radius, r. 


The measure of ZAOB is said to be 1 radian. Á 


If the length of the arc AB was 2r, then | ZAOB| would be 2 radians. 


Radian A radian is the measure of the angle at the centre of a 
circle subtended by an arc equal in length to the radius. 


Since the circumference of a circle is 27r, i.e., 277 times the radius, 
then there are 27 radians in one complete revolution. 


=> 2mrradians = 360? 
=>  mradians = 180° 


Frequently used angles are given in degrees and radians in the box below: 


Degrees | 0° | 30° | 45° | 60° | 90° | 180° | 270° | 360° 


Radians 0 3a | 2 


ola 
Aly 
vja 
NIA 
E] 
>| 


Since «radians = 180° = (1 radian = Du = 57.3° 


Length of arc - Area of sector 


A 
If / is the length of an arc of a circle of radius r, then the angle 0 at the 
centre of the circle is given by 6 l 
0 radians = 4 
4 B 


E 2 m P 
Area x25 ar’ — Area 2 510 


Express (i) 27 radians in degrees 


(ii) 210° in radians. 


(ii) 210° to radians 
180° = sr radians 
decet ue cem 
= 1 180 radians 
210 At 


o—_ T y 4U : = 4AT 
= 2 780 * 1 radians 18 


"lar 


6 


radians 


The radius of a circle is 8 cm. Find 
(i) the angle at the centre of the circle subtended by an arc of length 10cm 


(ii) the length of the arc if the angle subtended at the centre of the circle is T 


(i) Length of arc / = r6 s 0-— > radians. 


(ii) Length of arc = r0 
2gx4 
=8X " 
= 27cm 


Exercise 3.1 


1. Express each of the following angles in radians, giving your answers in terms of 7: 
(i) 30? (ii) 45? (ii) 150? (iv) 135? (v) 36? (vi) 240° (vii) 390° 


2. Express each of the following angles in degrees: 
, TEE sux Y ST 4a Odd TERI 
(i) r (ii) 7 (iii) 6 (iv) Es (v) E (vi) pa (vii) 12 


3. Find the length of the arc of a circle of radius 4 cm if the angle subtended at the centre is 
(i) 2 radians (ii) 4 radians (iii) 25 radians (iv) Š radians 


4. Find, in radians, the measure of the angle subtended at the centre of a circle of radius 
6 cm by an arc of length 
(i) 6cm (ii) 12cm (ili) 3cm (iv) 9cm (v) 7 cm 


5. An arc of length 15 cm subtends an angle of 2 radians at the centre of a circle. 
Find the length of the radius. 


6. The radius of a circle is 5 cm. 
Find the area of the sector if the length of the arc is 6 cm. 


7. The area of a sector of a circle of radius 8 cm is 40 cm?. 
Find, in radians, the measure of the angle in this sector. 


8. The circumference of a circle is 127 cm. 
Find the angle in a sector of this circle if the area of the sector is 377 cm?. 


9. The area of a sector of a circle is 27 cm”. 
The length of the radius of the circle is 6 cm. 
Find, in radians, the measure of the angle in the sector. 


10. Find the area of the shaded section B 
ABCD created by an angle of rotation 


of n radians about the centre O. A 
„T 
Give your answer in terms of 7. os. i) 
2cm D 


11. The length of an arc of a circle is 10 cm. The radius of the circle is 4 cm. 
The measure of the angle at the centre of the circle subtended by the arc is 0. 
(i) Find 0 in radians. 
(ii) Find 0 in degrees, correct to the nearest degree. 


12. In the given figure, OABC is a square and the radius 
of the circle is 2cm. 
Find the area of the shaded region in terms of 7. A 


A 


C B 


13. The diagram shows a line segment [AB] and arcs of two 
quarter circles, both with the same radius length. 
One circle has its centre at O, the midpoint of [AB]. 
Find the area of the shaded figure. 


< 16cm > 


14. The diagram shows two arcs AB and BC. B 
C is the centre of the arc AB and A is the centre of 
the arc BC and |AC| = 6cm. 
(i) Show that |ZABC| = 60°. 
(ii) Find the length of the arc AB. 
(iii) Find the area of the shaded region. 


15. A piece of wire 40 cm long is bent into the shape of a sector 
AOB with radius r. 
If the area of the sector is 100 cm?, find 
(i) an expression for the sector angle 0 in terms of r 
(ii) the value of r 
(iii) the value of 6. 


Section 3.2 Trigonometric ratios 


In your study of trigonometry so far you will have used the theorem of Pythagoras and 
trigonometric ratios to find the missing sides or angles of a right-angled triangle. 


The three basic trigonometric ratios are given below: 


opposite side 


sin A = 
hypotenuse a 
: : o opposite side 
Ro S DUSCHE > (to A) 
hypotenuse 
opposite side 
tan A = PP adjacent side (to A) 


adjacent side 


Iftan B — 5 find the value of sin B and cos B. 


tan B = 5 — opposite side to B is V5 and adjacent side is 2. 


Now draw a rough sketch of a right-angled triangle. 
Let x be the length of the hypotenuse. 


noc 5) MS ps 
x? =4+5 
x? 9-33 


From the triangle: sin B — and cos B= 


Using a calculator 


We use the (sin), and keys on an electronic calculator to find the sine, cosine and 


tangent of any angle. 


To find sin 35°, key in 35 (3). 


The result is 0.573576... — 0.5736, correct to 4 decimal places. 


Parts of a degree 
A degree can be divided into 60 parts. 


Each part is called 1 minute, written 1'. 
Thus 34.5? = 34?30'. 


To find tan 34.5? or 34°30’ on your calculator, you may use either of these methods: 


1. For tan 34.5? 2. For tan 34°30’ 
key in (tan)345 (=) key in (tan) 34 (5..)30(7..) (2) 
Result = 0.6873 Result — 0.6873 


Using the and keys 


If we are given that sin A = 0.8661, we can find the angle A by using the key. 


The key is got by keying in (sin). 
Thus if sin A — 0.8661, we find A by keying in 0.8661 (3). 


The result is 60.008? = 60°. 


Similarly, if tan B — 1.2734, we find the angle B by keying in 1.2734 (=). 


The result is 51.86°... correct to 2 decimal places. 


Find cos 72?18', correct to 4 decimal places. 
Ifsin A — 0.5216, find A correct to the nearest degree. 


To find cos 72°18’, key in 72 18 B 


The result is 0.3040. 
Oris- e S ee cs qp ase 
Thus to find 72.35, key in [cos | 72.3 


If sin A = 0.5216, we find A by keying in 


0.5216 


The result is 31.44°. => A = 31°, to the nearest degree. 


Note: Ifyou are given sin A = 2, you can find the angle A by keying in 


sary (sy) (OE) WS) 


The result is 34.8°. 


The angles 30°, 45° and 60° 


The angles 30°, 45° and 60° are used very frequently and we will use triangles to express the 
sine, cosine and tangent ratios of these angles as fractions or surds. 


The triangle on the right is isosceles where the equal sides are 1 unit in length. 
The hypotenuse is /2 units in length. 


The sine, cosine and tangent ratios can be read from the triangle. 


LEN E 1 


The given right-angled triangle has angles of 60° and 30°. 


We can use this triangle to write down the trigonometric ratios of these two angles. 


Note: The sine, cosine and tangent ratios for 30°, 45° and 60° are given on 
page 13 of Formulae and Tables. 


Exercise 3.2 


1. Use your calculator to find the value of each of the following ratios, correct to four decimal 


places: 
(i) sin 48? (ii) cos 74? (ili) tan 28.4? (iv) cos 43?24' (v) tan 30?36' 
2. Use your calculator to find the measure of each of these angles, correct to the nearest 
degree: 
(i) sin.A — 0.7453 (ii) cos B = 0.3521 (ili) tan C = 1.4538 
(iv) cos A = 0.2154 (v) tan B — 0.8923 (vi) sin C = 0.2132 


3. Find the measure of the angle 6, correct to the nearest degree in each of the following: 
(i) sin0— z (ii) cos 0 = E (iii) tan0 = i (iv) sin0— E 


4. Use the given triangles to show that 
(i) sin? 45? + cos? 45° = 


(ii) sin 60? cos 30? + cos 60° sin 30° = 1 30° 
iii ? 60° + cos 60° sin 30° = 2 
(ii) cos cos 60? sin 3 d 2 /3 
AA d AA rn 
1 i 
+2 TT +2 TT S2 T 3 
5. Show that sin 6 t sin 1 t sin 377» 
6. Find the perimeter of the triangle XYZ in the X 
form a + bvc, where a, b and c are integers. 
13 12 
Y R Z 


7. Inthe given triangle, find 
(i) x, correct to 1 decimal place 
(ii) the angle A, correct to the nearest degree. x 20 
60° A 
4—$8—» 


8. In the given triangle, RT | PQ, |PR| = v8, |ZRPT| = 30° 


R 
and |ZROT| = 45°. 
Express in its simplest surd form v8 
G) IRTI Gi) (PT. 
Hence find the area of ARPQ, giving your answer 30° 45° 
T Q 


in the form a + Vb, where a, b € N. P 


Section 3.3 Trigonometric functions 

In this section we will deal with angles from 0? to 360? and show how to find the sine, cosine 
or tangent of these angles. 

Angles are measured from the positive x-axis. 

Positive angles are measured in an anti-clockwise direction. 

Negative angles are measured in a clockwise direction. 

The diagrams below illustrate two positive and two negative angles. 


YA YA 


+210° 
A sa a 
o » 
O Xx E- 2 a 


P 


1. The Unit Circle 


The circle on the right has centre at (0, 0) and radius 1 unit in length. 
It is generally referred to as the unit circle. 


P (x, y) 


Let P(x, y) be any point on the circle, as shown. 


From the triangle OPC, 
xX _ = y E | | 
17 cos 0 x 1 sin 0 

=>  x-cos0 => y=sind 


the coordinates of P are (cos 6, sin 0) 


P (cos, sin) 


2. The Four Quadrants 
The x-axis and y-axis divide 
a full rotation of 360° into 4 
quadrants, as shown on the 
right. 


90° 


270° 


The unit circle on the right shows an angle, 0, 
in each of the four quadrants. The signs shown 
in each triangle determine whether a ratio is 
positive or negative. 


The positive ratios in the four quadrants are 
shown in the highlighted section below. 


(i) In the 1st quadrant, 


270° 


Tan + 
all (A) positive Ae. 
(ii) Inthe 2nd quadrant, 
sin(S) only positive A 
f 
(ii) Inthe 3rd quadrant, wc D ah 
tan(T) only positive 


(iv) In the 4th quadrant, cos(C) only positive 


2nd Quadrant 1st Quadrant 


A A 
Reference Reference 
angle angle 


3rd Quadrant 4th Quadrant 


Find in surd form (i) sin 120° (ii) cos 225° 


(i) sin 120°: 
120° is in the second quadrant 
= the sine ratio is positive a. i207 
The reference angle is 180° — 120° = 60°. 
Using page 13 of Formulae and Tables, 
sin 60° = E => sin 120° = is 


cos 225°: 
225° is in the third quadrant 
= the cosine ratio is negative 


The reference angle is 225° — 180° = 45°. VS 4s 


cos 45? — = => cos225?-— eal 


"S 


(i) Express in surd form, cos (—135?). 


v3 
p a 


(i) cos(—135?) = cos 45° in the 3rd quadrant 


y 
= —cos 45° ... cosine negative in 3rd quadrant 
eae 
Í E 
y 


(ii) Ifsin x = ——, find two values for x if 0? < x < 360°. 


A 


v3 


Gi) sinx = 2 


p 
=> x = 60° in the 3rd or 4th quadrants 
=> x = (180? + 60°) or x = (360° — 60°) 
=> x=240° or x= 300° v Fe 


The diagram on the right shows an acute YA 
angle 0 in each of the four quadrants. 


x 
A 
x 


a m (180° — 8) S A 6° 
CAST shows the positive ratios in these quadrants. 


The diagram shows that sin (180° + 6) = —sin 0 > 
as the sine is negative in the 3rd quadrant. 
(180° + 8) T C (360° — 0) 


The results for sine, cosine and tangent are 
given below: 


Exercise 3.3 


(0.6428, 0.7660) 


1. Usethe unit circle on the right to write down the value of 
(i) sin 50° (ii) cos 220? 
(iii) cos 50° (iv) sin 220° bool 7 
(V) sin (—55?) (vi) cos (305°) / \ 


(—0.7660, —0.6428) l 7 
(0.5736, —0.8192) 


2. Use a calculator to write down, correct to four decimal places, the value of each of these 


ratios: 
(i) sin 138? (ii) cos 212? (iii) tan 318° (iv) cos 159° 
3. Ifcos 120° = —cos 60°, copy and complete the following in the same way: 
(i) sin 130? =... (ii) cos 115? =... (iii) tan 160? = ... 
(iv) cos 220? =... (v) sin 250° =... (vi) tan 300? =... 
4. Use your Formulae and Tables book to express each of the following as a fraction or as 
a surd: 
(i) sin 120° (ii) cos 135° (iii) sin 240° (iv) sin 210° 
(v) cos 330° (vi) tan 225° (vii) cos 150° (viii) sin 300° 
5. In which quadrant is 
(i) cos < 0 and tan > 0 (ii) cos > 0 and sin > 0 
(ii) tan < 0 and sin > 0 (iv) tan > 0 and cos > 0? 


6. What angle between 0? and 360? has exactly the same sine as each of these angles? 
(i) 56° (ii) 112° (ii) 300° (iv) 195° (v) 105° 


7. Find, correct to the nearest degree, the two values of A if sin A = 0.2167 and 0? < A < 360°. 


8. Find, correct to the nearest degree, the two values for each of these angles in the range 0° 
to 360°. 
(i) cos A = —0.8428 (ii) sin B = —0.6947 (iii) tan C = 0.9325 
9. Ifsin0 — Lh find 2 values for 6, if 0? « 0 « 360°. 


10. Ifcos 0 — EN find 2 values for tan 0, if 0? < 0 < 360°. 


v2 
11. Iftan A = A find 2 values for cos A, if 0? < A < 360°. 
12. Ifsin0 — — 2. find two values for cos 0 without using a calculator if 0? < 6 < 360°. 
13. Find A, correct to the nearest degree, if sin A — -i and cos A = -i for A < 360°. 
14. Ifsin B — i and cos B — -$ find the value of tan B without using a calculator if 


0° < B < 360°. 


15. Iftan B — -L andsin B = -i express cos B as a surd. 


V3 
16. Iftan A = i and 180? < A < 270°, find sin A in surd form. 


17. Find, in surd or fraction form, each of these: 
(i) sin 420° (i) cos 495° (iii) tan (—120?) 


Section 3.4 Sine Rule - Area of a triangle 


In this section dealing with the sides and angles of any triangle, 
we will use the usual notation A, B and C to denote the angles 
and a, b and c to denote the sides opposite these angles. 


In your study of trigonometry so far, you will have used the 


Theorem of Pythagoras to find sides and angles of a right- 
angled triangle. 


In order to deal with any triangle, we will establish the first of two very important 
relationships between the angles and sides of the triangle. 
This rule is known as the sine rule. 


1. The Sine Rule: a -— b Et 


a b Mandatory Proof 
sinA sing 


To prove the Sine rule 


Proof (i) Acute angled triangle (ii) Obtuse angled triangle 
C 
b 
a ih 
A B 
2 ps b 
(180° — B) 
i) B=sinA > h=bsinA i) B=sinA > h=bsinA 
ii) s =sinB — h=asinB ii) he sin(180° — B) => A = asin(180° — B) 
..asinB = b sin A —h-asinB (since (180° — B) is 


. . in the 2? quadrant 
-.asinB — bsinÁA with reference angle 
B and sine is (4)"* in 


In both cases if we divide by sin A sin B we get the 284 quadrant} 


a _ b 
sinA sinB 
— E DEC 
Similarly it may be shown that ER ae 
a b c 


"sinA sinB sinC 


Sine Rule Qo 1 € o sinA _ sinB _ sin C 

snA sinB  sinC a b c 
Note: If we need to find an unknown angle using the sine rule, then sna = me is a more 
suitable form of the rule. 


Using the sine rule 


In the triangle ABC, |AB| = 8cm, |ZBAC| = 30° and |ZBCA| = 40°. 
Find |BC]. 


A sketch of the triangle is shown opposite. 


From the triangle, |AB| = 8, A = 30° and C = 40°. 
a 8 


sin30°  sin40^ 

=> asin 40° = 8 sin 30° 

— 8 sin 30° 
sin 40° 

= a = 622cm 


[BC| = 6.22cm 


=> 


In the AABC, |AB| = 3.8 cm, |BC| = 5.2cm and |ZBAC| = 35°. Find |ZACB|. 


In the triangle ABC 
A = 35°, a = 5.2cm and c = 3.8cm 


sin C _ sin 35° 
3.8 5122 


mS cision 
52 


= 0.4192 
C = sin™! (0.4192) 
C = 24.8° 
|IZACB| 2487 


sin C 


Caution! 
Ina AABC, |AC| = 4cm, |BC| = 6cm and |ZABC| = 30°. 


If we construct this triangle with ruler and compass, we get the diagram shown below. 


B 6cm C 
There are two possible positions for vertex A, namely A, and A). 
This situation arises when we are given two sides and a non-included angle. 


When two possible triangles can be drawn, it is generally referred to as the ambiguous case. 


In the triangle above, | 7BA,C| = 48.6? and |ZBA;C| = 180° — 48.6? 
= 131.4? 


In a triangle ABC, |AB| = 4cm, |AC| = 3cm and |ZABC| = 44°. 
(i) Draw a sketch of the two possible triangles to satisfy this information. 
(ii) Find the two possible values of ZACB. 


(i) The two possible triangles ABC, and ABC, 
are shown on the right. 


zw SNC _ Sina? 
= as 


sin C = Heidi = 0.9262 


C = sin™! (0.9262) 
C— 67.9" o IO = 67,9" 
ZACH =ar “cr e 


=> 
=> 
=> 
=> 


2. The area of a triangle 
In the given triangle, h is the perpendicular distance from A to [BC]. 


Area of AABC = 1 base X perpendicular height 


But ^ = sin B => h=csinB 


=> area of AABC = iac sin B 


By using different perpendicular heights, 


area of AABC = iab sinC or iac sinB or ibc sin A 


Example 4 


If the area of the given triangle is 12 cm’, find the measure 


of the acute angle A, correct to the nearest degree. 


Area of A — i (6)(7) sin A 
=> 4(6)(7) sin A = 12 
= sinA = # = 0.5714 
= A = sin™! (0.5714) 
E A = 34.8? = 35°, to the nearest degree 


Exercise 3.4 


1. Find the length of the side marked with a letter in each of these triangles. 
Give each answer correct to one decimal place. 


2. In each of the following triangles, find the value of the angle x, correct to the nearest 
degree: 
(i) A (i) B (iii) D 


12cm 


C 10cm B 


In the given triangle ABC, |AC| = 8, |BC| = 10 A 
and |ZABC|] = 48°. 
Find (i) |ZBAC| (ii) |AB|, correct to 1 decimal place 


8 
(iii) area of AABC, correct to the nearest 
hol ber. 
whole number. e 
B 10 C 
Find the area of each of these triangles in cm’, correct to one decimal place: 
(i) (ii) (iti) 
80° 
8cm 75cm 
10cm 55cm 
a 
fs "d 3.5cm 


Find the acute angle marked with a letter in each of the following triangles. 
Give each answer correct to the nearest degree. 


8cm 
= 2 8cm 
Area — 25cm Area = 26cm? 
11cm 
In the given triangle, |AB| = 22cm, |ZABC| = 46° A 
and |ZBAC| = 71°. JE 
Find correct to the nearest integer 
(i) IBC] 22cm 


(ii) area of AABC. 


46? 
B C 
In the given triangle, |PR| = /8 m, |ZRPQ| = 30° R 
and | ZROP| = 45°. 
(i) Find |[RQ|. v8m 


(ii) Hence show that the area of APOR is 2.7 m’, 


correct to one decimal place. p rN 
Q 
A 


In the triangle ABC, shown right, BC = (x + 2)cm, 

AC = xem and [ZBCA| = 150°. 

Given that the area of the triangle is 6 cm’, 

find the value of x. xem 


B (x + 2)cm C 


10. 


11. 


12. 


13. 


The diagram shows two possible triangles with 
[AB| = 5.4cm, |ZBAC] = 32? and |BC| = 3 cm. 
Find the two possible values of the angle C, correct 
to one decimal place. 


In the given diagram, |AD| = |DB| = 5cm, A 
|ZABC| = 43° and |ZACB| = 72°. 

Find (i) |AB| (ii) |CD|. 

Give each answer correct to one decimal place. 


From a point A on the same level 
as the base of a radio mast, the 
angle of elevation of the top of the 
mast is 25°. 

From a point B, 20 metres closer to 
the mast, and on the same level, the 
angle of elevation is 32°. 

Find the height of the radio mast 

in metres, correct to one decimal 
place. 


A-«— 20m —»B 


A lighthouse, L, is 40 km due north of a harbour, H. 

A speedboat leaves H and travels in a direction N 53° E ! P 
from the harbour H until it reaches a point P. mr n 
The point, P, lies N 75? E from L. LA. p 
Calculate the distance travelled by the speedboat, 
correct to the nearest km. 


Barry and Colin swim across a parallel A 
sided river to a point A. Barry starts at 50* 30* 
the point B and Colin starts at the point C 

800m up river. Calculate the distance each 

has to swim to the nearest metre. 


B 800m C 


14. Lighthouses A and B stand on the coast. A trawler at a point C is INU 
5km from lighthouse A. TA 
If the trawler has a bearing of 130° from A and 20° from B as shown, 
calculate the distance between the two lighthouses. (Diagram not ° 


drawn to scale) pá 


Section 3.5 The Cosine rule ————————————————————— 


In the given triangle, we are given the lengths of the three sides 
but no angle. We cannot use the sine rule here to find the angle A. 
Instead we use another rule for solving triangles. 

It is called the cosine rule. 


The cosine rule states that for any triangle, 
à? = b + c — 2bc cos A. 


lo) 


The Cosine Rule: a? = b? +c? —2bccosA 


To prove the Cosine Rule a? = b? + ? — 2bc cos A Mandatory Proof 


Draw triangle with vertex A at the origin, B(c, 0) and 
point C making an obtuse angle with A. 


Draw a circle of radius length b with centre at A. 


Since the coordinates of any point on a unit circle Al B(c, 0) 
can be written as (cos 6, sin 0), the coordinates of C 
can now be written as C(b cos A, b sin A). C( 
|BC| = a and | BC] is the distance from (c, 0) to 
(b cos A, b sin A) 

= (c — bcos Ay + (0 — b sin AY 
=>a=c—2becosA + D? cos? A + P?sin? A 

= c? — 2bc cos A + b? (cos? A + sin? A) 

= c — 2bc cos A + b? (cos?A + sin? A = 1) 
— a= b*+c*—2bcecosA 


, b sin A) 


Similarly it may be proved that 
b? = a? + c? — 2ac cos B and c? = à? + b? — 2ab cos C. 


The cosine rule is generally used: 
(i) to find the third side of a triangle when the other two sides and the included angle are given 
(ii) to solve a triangle when the lengths of the three sides are given. 


Dare, = 2 2 Qe 
Dum UU NU D? = a2 + c2 -—2accos B C= OP ded 2ab cos C 
- or or 
2 Dien 12 D bp — 
| bDrcg-g os c uec pr cos C = PD e 
OS CEEEE i 2ac 2ab 


© 


In the triangle ABC, |AB| = 8, |AC| = 10 and |ZBAC| = 50°. 
Find |CBI. 


Let |CB| = a. 
Using a =b? +c? —2bccosA 
a? = 10? + 8 — 2(10)(8) cos 50° 
= 100 + 64 — 160 (0.6428) 
a = 61.15 A 
a = v 61.15 = 7.8, correct to one decimal place 
|CB| = 7.8 


In the given triangle POR, |PR| = 7 cm, |PQ| = 6.8 cm 
and |RO| = 9cm. 
Find |ZRPQJ. 


We require the angle P, so we start with cos P. 
gP = r2 = p 

2qr 
ig oS) 


cos P = 


|. 2(7)(6.8) 
cos P = 0.1495 
P = cos“! (0.1495) 
|ZRPQ| = 81.4° 


A vertical pole AC stands 

on a hill inclined at an 

angle of 8°. 

Down the hill, 20m from 

the base C, a support wire 

is attached to the ground at B. 

If the wire makes an angle of 12° with the hill, calculate the 
(i) height of the pole h, correct to 2 decimal places 

(ii) the length of the wire AB 


Draw horizontal lines through B and A. 
ZCBD = 8° ...(corresponding E 
angles) 
<. ZABD = 20° 


<. LEAB = 20° ...(alternate angles) 
<. ZBAC = 70° 
Also ZACB = 989. ...(180» - 12° — 70°) 


a ee 


R h _ 
(i) sini2 sin70 ^ sin 70 
(i) |ABP. = 202 + 443? — 2 x 20 x 4.43 X cos(98) = 444.286 


^TAB|Z2107m 


Exercise 3.5 


1. 


Calculate the length of the side marked x in each of these triangles. 
Give your answers correct to 1 decimal place. 


(i) (ii) (iii) 
Sem d * 11cm l 
5cm 
62° EN Y 
8cm dcm 6.8cm 


Find, correct to the nearest degree, the measure of the angle marked with a letter in 
each of these triangles: 


20cm 7 
7cm EUH 9 18cm 
cm 
14cm 16cm 
12cm 


13cm 


If the lengths of the sides of a triangle are 3 cm, 5 cm and 7 cm, show that the largest angle 
is 120°. 


Find, correct to one decimal place, the area of a triangle whose sides are 4, 8 and 10 units in 
length. 


In the given figure, |PO| = 3.5, |OR| = 2, |PS| = 6.5, 
|ZQSR| = 30? and |ZSQR| = 52°. 
Find (i) [QS], correct to 1 decimal place 

(ii) |ZPOSI. 


10. 


11. 


13. 


A builder ropes off a triangular plot of ground, POR. 
The length of [PQ] = 42 m and the length of [PR] = 50m. 
|ZQPR| = 72°. 

Calculate the length of rope needed by the builder. 

Give your answer correct to one decimal place. 


In a triangle ABC, |AC| = 15cm, |AB| = 12cm and the area of AABC is 65 cm?. Find 
(i) [ZBACI], correct to the nearest degree (ii) |BC| in cm, correct to one decimal place. 


The lengths of the sides of a triangle are 4cm, 5cm and 6cm. 

The largest angle of the triangle is 6. 

(i) Find the value of cos @ as a fraction. 

aT 
b 

In a triangle, the longest side has length 2cm and one of the other sides has length v2 cm. 

Given that the area of the triangle is 1 cm?, show that the triangle is right-angled and 

isosceles. 


(ii) Hence show that sin 0 — , where a and b are integers, and write down their values. 


The area of AABC is 10cm?. A 
|AB| = 32cm and |BC| = 84cm. 


Find the perimeter of the triangle ABC in cm, Pen 
correct to one decimal place. 
B 8.4cm C 
The longest side of a triangle has length (2x — 1) cm. 
The other sides have lengths (x — 1) cm and (x + 1) cm. 
Given that the largest angle is 120°, find 
(i) the value of x (ii) the area of the triangle in surd form. 


The diagram below shows part of the wooden framework of the roof of a shed. 


A 60cm D 60cm E 60cm F 60cm B 


In the triangle ABC, |AC| = |BC| and |AD| = |DE| = |EF| = |FB| = 60cm. 
|ZABC| = 20° and |AH| = |BG| = 50cm. 
Find (i) the length of [FG], correct to one decimal place. 
(i) the total length of wood required to make the framework shown in the diagram. 


The diagram shows a cube of side 10 cm from which one 
corner has been cut. 
Calculate the angle POR, correct to the nearest degree. 


10 


14. 


15. 


16. 


17. 


18. 


Sinead draws a circle, centre A, radius 2cm. 

She then draws a chord CB of length 3cm and joins B to A. 
Calculate the size of the angle ZCAB correct to 1 place 

of decimals. 


The diagram shows a quadrilateral ABCD containing 
ZADC = 56°. 

Using the information in the diagram find: 

(i) the size of the angle ZABC and hence 

(ii) the area of the quadrilateral. 


A 6m ladder rests on an inclined slope 
1.2m from the base of a vertical wall. 
If the ladder reaches up the wall a 
distance of 5.5 m, find the angle of 
inclination of the slope, A. 


An aircraft traffic station at an airport measures the angle between two approaching 
aircraft as 49°. 

If the station measures the range of each approaching aircraft to be 50km and 72km 
respectively, calculate the distance between the aircraft correct to 1 place of decimals. 


A trawler leaves port at 1 pm and travels due North at a speed of N 
30 km/h. At 3 pm the trawler adjusts its course and travels 20° 
east of North. 
(i) How far will the trawler be from port at 4 pm. 
(ii) If the trawler has enough diesel to travel 270 km, what is the latest 
time the trawler should turn and return directly to port. 
(Assume the trawler travels at the same speed for the whole 
round trip) 


Port 


Section 3.6 Problems in three dimensions 
In this section you will deal with trigonometric problems in three dimensions. 


One of the first things you are required to do is to identify which angles or which lengths 
you need to calculate. For this reason it is of the utmost importance that you sketch good 
diagrams. 


Most problems in three dimensions consist of a series of connected triangles. It is important 

to identify right-angled triangles in particular. If we require an angle or length in a particular 
triangle, it simplifies the work if the triangle is drawn separately. A B 
From this point on you can work from a two-dimensional figure, 
just as you have been doing so far in this chapter. 


In this cube there are many connected right-angled 
triangles. 


The triangle HED can be used to find the length of 
the side [HD ]. 


The side [HD] can be used in the triangle AHD to 
find |AD| and |ZADHI. 


The given figure shows a cube of side 5 cm. 


Find the measure of the angle between the 
diagonal [AD] and the base of the cube. 


(i) Redraw AHED (ii) Redraw AAHD 


IHD|2 = 52 + 82 en em 
= /50 
= E 
= |HD| = /50 A a 


H => 0 =35.26° 
A 


The pyramid shown has a square base of side 4 m and a vertical height of 3 m. 


Calculate the length of the edge [AV]. 
Hence calculate, correct to the nearest whole number, the total area of the 
four triangular faces. 
Using the base ABCD: Using AAVO: 
lacp224-2 
ACP = 32 
s AGI m 


lao] = TOE aa 


=> |AV| » /17m 
V 


Area of face AVD: 
h2 +22 = (V17 
Rh? 4-17 
PPS ie = dre en 
Area of AAVD = 1 (4cm) (/13) 
= me 
Area of 4 faces = 4(2/13) m2 
= 28.84 m? 
= 29 m?, correct to the nearest whole number. 


Note: Ifa triangle is not right-angled, we use the sine rule or the cosine rule to find an 
unknown angle or unknown side. 


From the top of a vertical cliff 100 m high, a boat A lies in a direction S 30? E and a 
boat B lies due east. 


The angle of elevation of the top of the cliff from boat A is 20° and the angle of 
elevation from boat B is 15°. Calculate how far the boats are apart. 
Give your answer correct to the nearest metre. 


(i) Using AADC: 


100 = tan 20° 
ICAI 


= |CA| tan 20° = 100 


_ 100 _ 100 
E ICA] = in 20° ^ 0364 


= ICA] = 274.7 m 
(ii) Using ABCD: 


100 — tan 15° 


ICBI 


— OD 
= |cBI e 


=> |CB| 23732m 
(iii) Using AACB: 373.2m 
Here we use the cosine rule to find |AB|. 


lABP = (373.2)? + (274.7? 
— 2(373.2)(274.7) cos 60° 


=> |ABP = 11222029 
=> |AB| = 334.99 


= 335 metres 


= the boats are 335 metres apart. 


Exercise 3.6 


1. Anopen rectangular box has dimensions 


10cm by 5cm by 4cm, as shown. 
(i) Find the length of the diagonal [GH]. 


(ii) Find the measure of the angle 
between GH and the base of the box. 


2. The diagram shows a vertical radio mast [BT] which stands 
at the corner of a horizontal rectangular plot ABCD. 
The mast is 12 m in height and |BC| = 15 m. 


The angle of elevation of the top of the mast from A is 25°. "m d 


(i) Find the length of [AB]. A 959 


(ii) Calculate the angle of elevation of the top of 
the mast from C. 

(iii) Find |DB|. 

(iv) Calculate the angle of elevation of the top 
of the mast from D. 


Give each answer correct to one decimal place. D 


3. A balloon X is 200 metres vertically above a point Y on level ground. 
Two points P and Q are also on level ground. 
The angle of elevation of X from P is 48°. 
The angle of elevation of X from Q is 34°. 
(i) Find [PY| and |QY| correct to the nearest metre. 
(ii) If | ZPYO| = 84°, find |PO| correct to the nearest metre. 


4. In the given model of a ramp, ABCD is a horizontal E 
rectangle and ADEF is a vertical rectangle. : 
Find (i) |ZABF| 


(ii) |AC| 
(iii) IZ ACF]. 
Give each answer correct to one 9cm 


decimal place. 


200m 


5. P,Q and R are points on a horizontal plane. D 
[PD] is a vertical mast. 
The angle of elevation of D from R is 60°. 
If |PQ| = 5m, |OR| = 3m and |ZPOR| = 120°, 


find 
(i) |PR| 
(ii) [DQ], corect to the nearest metre. à 
P pow cd R 
5m <i20> 3m 
Q 
6. A tent in the shape of a pyramid has a square base of side E 


3 metres and a central vertical pole of height 2.5 m. 

(i) Calculate the length of the slanted edge [AE], 
correct to one decimal place. 

(ii) Find the total area of the four triangular faces. 
Give your answer in m?, correct to one 
decimal place. 


7. A river flows due east and a vertical tower [CD] stands 
on its left-hand bank. 
From a point A upstream and on the same bank as the tower, 
the angle of elevation of the top of the tower is 60°. 
From a point B on the other bank directly across from A, 
the angle of elevation is 45°. 
If the height of the tower is 36 metres, find the width 
of the river, correct to the nearest metre. 


8. In the solid figure shown, ABCD is a horizontal 
rectangle and ABFE is a vertical rectangle. 
M is the midpoint of [CD]. 
Given that |AD| = 7cm, |AE| = 5cm and 
[EF| = 12 cm, find 
(i) |DF| (ii) |ZBDF| (iii) | ZFMBI. 
Give each answer correct to one decimal place. 


9, The diagram represents a right pyramid. 
The base is a square of side 2x cm. 
The length of each of the slant edges is 8/3 cm. 
The height of the pyramid is x cm. 
Calculate the value of x. 


10. The given diagram shows two walls of length 10 metres and 5 metres meeting at right 
angles. The height of each wall is 4 metres. 


4m 


Calculate the distance between the points A and B on the walls. 
Give your answer in metres, correct to one decimal place. 


11. The given figure shows a vertical wall TUVS T U 
four metres in height. 
From a point O on level ground, the angle of 4m 
elevation from O to U is 60° and the angle of 
elevation of T from O is 30°. S C) V 


If | ZSOV| = 60°, find the length of the wall 


[SV] in metres, correct to 1 place of decimals. Gor, oy” 


12. The given figure shows three vertical poles 
supporting a triangular roof RST. 
|AB| = |AC| = 10 metres, |AR| = 6m, 
[SB| = |TC| = 4m and |BC| = 6m. 
(i) Find the area of the shelter ABC. 
(ii) Find the area of the roof RST. 


13. The diagram shows a 
plane hillside, which 
slopes at an angle of 41? 
to the horizontal. The 
vertical height of the hill 
is 105 m. A straight 
horizontal road ABC 
runs along the bottom 
of the hill. A funicular N 
railway AT runs straight 
up the hillside. 


—— ae 


(i) Calculate the length of the railway [AT], correct to the nearest metre. 
A footpath goes straight from B to T, where |AB| = 300m 


(ii) Calculate the length of the footpath [BT]. 


The straight road CT has a ‘gradient of 1 in 5’, meaning that it rises one metre 
vertically for every five metres travelled along the road. 


(iii) Find the length of the road [CT]. 
(iv) Find |BC|, correct to the nearest metre. 


14. Inthe given diagram, a pole [EA] supports 

an inn sign. 

The pole is perpendicular to a vertical wall 

and is supported by two wires [AB] and [AC]. 

The hooks at B and C are in a horizontal line 

and D is 120cm vertically above E. 

(i) Calculate the length of [DA ]. 

(ii) Calculate the length of each wire, 
correct to the nearest centimetre. 

(iii) Find the angle that the wire AB 
makes with the wall, correct to the 
nearest degree. 


Section 3.7 Graphs of trigonometric functions 


Graph of y — sin x 

Consider a point A on a unit circle. 

The y-coordinate of this point is the length of the 
opposite side of a right-angled triangle. 

The sine ratio (at this point) is 


Opposite _ Opposite 
Hypotenuse 1 


sinx = 


Unit circle 


yA 
The graph of y = sin x from 0 to 27 


As the point moves around the circle, the angle increases from 0 to 27 radians (0° to 360°). 
At the same time the y-coordinate of A changes from 0 to 1 to 0 to —1 to 0. 


By measuring the length of the opposite (y) and the angle (x) contained, a set of ordered 
pairs (x, y) is created. When plotted these points all lie on a smooth curve, y = sinx. 


A 
1 
0 > 
Tx -3X4 Sx Žar 3a -A a /0 t N 3w Zr 5k liz ør 
2 2 4 Je 2 perio ü 


It is also clear that the point can continue to rotate making larger angles but the y-value 
continues to repeat within a range of values [— 1, 1]. 


This function, y = sinx, is therefore said to be periodic. 
The shortest measurement along the x-axis after which it repeats is the period of the function. 


The period of y = sinx is 360° or 27 radians. 


Graph of y = cos x 


Adjacent _ Adjacent 


The cosine function, cos x = —————— = 
Hypotenuse 1 


is also a periodic function. 


, 


When the angle x = 0°, the Adjacent side = 1 


As x increases to 90°, the Adjacent side decreases to 0. 


As x increases further (past 90°), 
the adjacent side becomes negative y = COS x 
and decreases in value to —1. 


The cosine graph repeats after r PW r r r : : > 
27. 


NIN 


The period of cosx is 277 radians 
and its range is [—1, 1]. 


Graph of y — tanx 


. opposite 
Since tanx — DE 
adjacent 
at x — 0, the opposite is zero 
-. tan 0 — 0. l , , , al 
. "P m "T 5m fpr 
As the angle x increases the opposite side p 
increases as the adjacent decreases. 
At x = 4, the opposite and adjacent sides 
have the same length ~. tan s zl 
However as x approaches 90° G radians), the opposite approaches 1 while the adjacent 
opposite . 
approaches zero and so tan 2 = ud assit is undefined. 
2 adjacent 
We cannot get a value for tanx when x = +90°, +270°, ... 
Note: tan(89°) = was = 57.3 (try to imagine the position of the point (89°, 57.3) 


on the y = tan x graph above) 
The curve gets closer and closer to the x = P line but never touches it. 
i -T 3m Sr -ZT -3m —57 
The lines x = P aoe and x = 227955 are asymptotes to the curve. 
As can be seen from the graph, tanx has a period of 7 radians (180°). 


Its range is R, the set of real numbers. 
R [-1.1] | 360? (2a radians) 


R [-1.1] | 360? (2a radians) 
RUZO 2270", cool! R 180° (zr radians) 


Draw a graph of y = cos x in 
the domain —360? < x < 360°. 
Show on the graph that 

there are four angles in 

this domain that satisfy 


the equation cos x — 1. 


A sketch of the graph 
is shown below. 


The line y = i (i.e. COS X — 1) intersects the graph at four points. 


The points where the vertical lines from these intersections meet the x-axis give the 
values of the four angles. 


Exercise 3.7 


1. 


Draw a graph of y = sinx in the domain —360° = x = 360°. 


From your graph find out the number of angles that satisfy sinx — 5 1 
(i) Copy and complete the table below. 
90° 180° | 225° | 270° | 315° | 360° | 405° | 450° | 495° | 540° 


REM 09 | 45° 
sin x 


(ii) Plot these points on a graph and use the graph to estimate values of x for 


which sinx = —0.5 


Sketch the graph of y = cosx in the domain —7 =x =2a7 


Find the coordinates of the maximum point of this curve in this domain. 


Write an equation and a domain for each of the following curves. 


(i) 


yA 
3 


2 


(ii) 


A 


NT 


Draw a graph of y = cosx in the domain —90° = x = 540° and use the graph to estimate 
values of x for which cosx = 0.9 in this domain. 


(i) Using a protractor mark points 

on the circumference of a (large) 
unit circle at 0°, 10°, 20°, 30°... 80°, 
85° (D, 30° is shown in the diagram). 
Draw a line perpendicular to the 
x-axis at G using a setsquare. 
Then using a ruler extend 


(i) 
(ii) 


(iv) 


AD to H. 

Measure |GH| 

Complete the following 
IDC| 


"DN BEEN 
dns eel qp 


(v) Join A to each point on the circumference and using (iii) and (iv) copy and 
complete the following table. 


X Qo | OE | 209 | SX | ee | SUV | Ge | E || ee | ose 


tanx 


(vi) Scaling the x-axis from 0? to 90? and the y-axis from 0 to 12 draw a graph of 
y = tanx using the values from the table. 
(vii) Estimate from your graph the tan 65°. 
(viii) Using a calculator find a value for tan 65? and calculate a percentage error on 
your estimate. 


7. A graph of sinx, cosx and tanx in the domain 
0 =x x 27ris given. From this graph find values 
of x for which: 
(i) cosx = sinx 
(ii) tanx = sinx 
(iii) sinx > cosx 
(iv) tanx > sinx > 0 


Section 3.8 Related trigonometric graphs 


The main features of trigonometric graphs are: 

(a) Range: the interval on the y-axis from the lowest 
to the highest value. 

(b) Midline: a horizontal line which lies halfway 
between the highest and lowest points. 

(c) Amplitude: the distance between the midline 0 
and the maximum or minimum values of the graph. 0 

(d) Period: the shortest distance along the x-axis after 2 
which the graph repeats itself. Midlin 


Rangel 
Applitud 


1. Changes to the amplitude, y = b sinx 


For y = 2 sinx every value of sinx is multiplied by 2, 
the graph stretches in the y direction by a factor of 2. 
The amplitude is now 2. 


The amplitude of y = b sinx is |b]. 


The period does not change, however, the range changes 
from [-1, 1] to [-2, 2]. 


The range of y = sinx is [—1, 1] 
The range of y = bsinx is [—|b], |b|] 


Similarly y = b cosx has an amplitude of |b| and a range 
of [-|bl, |b|] 


If b — —1then the graphs, y — —sinx and y — —cosx are reflections in the x-axis of 


y =sinx and y = cosx repectively. 
(Note; the amplitude remains | - 1| = 1) 


. * 
y= cos x P 
a F 
. r 
0.5 s rd 
a ; 
` L 
» ' 
` ' 
0 * 
T T T T 
0 T 3 c 
` 1) 
E 
-0.5 a 2 
. r 
J D 
—cos x Pg 
PR: 


2. Changes to the period y = sin(cx) 


x OP || ds | GP || Ss? |) TOP || Wass | AO? || SIS? || XS 
2x 0° | 90° | 180° | 270° | 360° | 450° | 540° | 630° | 720° 
sn2x 0| 1 0 -1 0 1 0 =Í 0 
The graph of y = sin2x has the same overall shape ^ 
as y = sinx but the period has decreased to 180° Period of sin 
(7 radians). t 
In other words two sine curves fit into the domain 0 NT 
o o T T T T > 
0° to 360°. : 09» X 90°/\ysor \2707/ 360° 
<. for sin 2x, the period is 360° L 180° sig 2x 
2 a . > 
In general for y = sinnx, n sine waves fit into the Period of sin 2x 
domain 0° to 360°. 


<. y = sinnx has a period of 260" = == 


Qn 


3 


y= sin? has a period of 22 = 8r 


e.g., y = sin 3x has a period of 


4 
Similarly y = cosnx has a period of am. 


3. Graphs of the form, y = a + b sin (cx) and y = a + b cos (cx) 
The graph of y = 1 + cos x is obtained from the A 
graph of y = cos x by a translation of 1 unit in the 
positive direction of the y-axis. 


Adding 1 unit to y = cosx does not change the 
period or the amplitude of the function. 


Adding 1 unit does change the maximum and 
minimum values of the function and so 
changes the range. 


It therefore changes the mid-line as well. 


The mid-line of y = 1 + cos xis y = 1 


The range of y = cos xis [-1, 1] 
The range of y = 1 + cos x is [0, 2] 
The range of y = —1 + cos x is [—2, 0] 


Find the (a) amplitude (b) mid-line equation (c) range (d) maximum value 
(e) minimum value (f) period of each of the following functions in terms of z. 


(i) y=3+2cos2x (ii) y24- sin6x (üi) Vaal oss 


(i) y=3 + 2 cos 2x 
a) amplitude = 2 d) max value = 5 
p 
(b) mid-line equation, y = 3 (e) min value = 1 
(c) range = [3 — 2,3 + 2] = [1, 5] (f) period = UE = qr radians 
(ii) y = 4 — sin 6x 
a) amplitude — max value = 
(a) amplitude — 1 (d) i 3 
mid-line equation, y — €) min value — 
(b) mid-ine equation, y = 4 (e) min value = 3 
(c) range = [4 — 1,4 - 1] - [3, 5] (f) period = 2m _ T radians 


6 3 
(iii) y = —1 + 4 cos 5 


(a) amplitude = 4 (d) max value = 3 

(b) mid-line equation, y = -1 (e) min value = —5 

(c) range = [-1 — 4, —1 + 4] = [-5, 3] (f) period = = = 4q radians 
9 


Part of a sine graph is shown, find 
(i) the mid-line value (ii) the amplitude (iii) the period. 


Write an equation for the graph in the form y = a + b sin (cx). 


(i) the mid-line value is y — US —-15-a 


(ii) the amplitude is (2.5 - 1.5) = 1 = |b| 
Note: since |b| = 1, -. b = #1. 
From the orientation of the graph we see that b = 1 
i.e. not inverted. 

(iii) the x-distance between the max and min points = 


period 


2 | = 24 —(-24) = 4.8 
-. period = 4.8 X 2 = 9.6 = e 


— 360° _ o 
> c= DE DAS 


The equation of the curve y = 1.5 + sin(37.5°x). 


A water wave represented by y = 3 + 4 sin (21) 

approaches a bank represented by the y-axis. 

(t measured in seconds) 

(i) Find the coordinates of the points A, C, E on 

the y-axis. 

(ii) Find the period of the graph and hence 

(iii) Find the coordinates of the maximum and minimum 
points H and I. lE 


3+4 sin (2t) 


(i) The midline of y = 3 + 4 sin (2t) is y = 3 ~. C has coordinates (0, 3) 
The amplitude of y = 3 + 4 sin (21) is 4... A has coordinates (0, 7) and E (0, —1) 
The period of y = 3 + 4 sin (21) is Ed =m seconds 


His 1 of a wave from the bank .. maximum has coordinates ( ar 7) = (0.79s, 7m) 
4 


= (2.36s, — 1m) 


4 
Iis 3 of a wave from the bank, .. minimum has coordinates | E =] 


Exercise 3.8 


1. Find the amplitude and period of each of the following graphs: i 


(i) y=3sinx (ii) y ^ —2cosx (iii) y=4sin4x (iv) y= qoos 2x 


2. Write down the period of the following graphs in radians 
(i) y=3cos2x (i) y= —4sin3x (ili) y=5 cos (iv) y= 1 cos 6x 


3. Find the range of each of the following graphs 
(i) y=2sin4x (ii) y ^ —5cos2x (iii) y —8sin 


z (iv) y = 6 cosx 
4. Given y = asin bx, find possible values of a and b if 
(i) the graph has a period of 7 and a range of [—3, 3] 


(ii) the graph has a period of 47 and an amplitude of 4. 


5. The diagram on the right shows the graph of the function y^ 
y = asin bx. 3 
Write down the values of a and b. 2 
1 
0 
T T T T > 
0 3 x 


6. Write down the period and range of each of the following curves. 
Hence write down the function. 


() (ii) 


(iii) 
y A 
0:5 
0 
» 
0 x 
Lö; > 
x 


7. The graphs of three functions are shown in the diagram below. The scales on the axes 
are not labelled. The three functions are: 
x— cos 3x 
x—2 cos 3x 
x—3 cos 2x 
(i) Identify the functions f(x), g(x), h(x) 
(ii) Write down the coordinates of 
A, B, C and D in terms of m. 


8. Find (a) the mid-line equation (b) the range (c) the period of each of the following: 

(i) y »4-2sinx (ii) y= -1-*2cos3x (iii) y ^ —2 — cos 4x (iv) y=2+Scos7 
9. Write down (a) the mid-line equation (b) the period for each of the following curves. 

(i) yA Gi) ^ y^ 
2 


1 
0 


E 


b 


(iii) yh 


In 34 -T T 0 7 m 3 


1A 
N 
"3 
x 


wN 
H 
N 
Hea 


Gv) 


Use your answers to (a) and (b) to find a possible equation for each curve. 


10. A function is defined by (i) f(x) = 3 cos x (ii) g(x) = —2 cos x. Using the same axes 
draw a graph of both functions in the domain 0 = x = 360°. 


11. A function is defined by (i) f(x) = 2 sin 2x (ii) g(x) = cos 4x. Using the same axes draw 
a graph of both functions in the domain —360° = x = 360°. 


12. Write an equation for each of the curves 
in this graph. The curves have a common 
maximum after 7 radians. At what point 
will the maxima next coincide. 


13. A scientist claims that the size of a ^ 
population of rabbits on a local 
hillside can be modelled by the 
equation N = a + b cos ct, where N 
is measured in thousands and t is 
measured in months and a, b and c 
are constants. 

(i) Using the graph of the function 9 4 6 10 12 14 16 18 24 
find the values of a, b and c. Time in months 
(ii) Over a three year period how many times will the population be exactly 25 000. 
(iii) From the graph estimate for how many months each year the population is below 
17500. 


Population ('000s) 
-E gE 


14. The depth of water at the entrance to a harbour, d metres, can be modelled by the equation 
d= 4+ 2sin where t is the number of hours after midnight. 
(i) Find the depth of the water at low and high tides. 
(ii) By completing the table below, sketch the graph of d over a 25 h period. 


ie.0zrtz25 


: MO Aes) || Ss p d. S de || ies) | 90-1 ee |) 2] 
d 


(iii) A boat wants to enter the harbour at 2 p.m. What is the depth of the water at this 
time? Give your answer correct to 2 places of decimals. 

(iv) Ideally the depth of the water should be 5 m for the boat to pass safely. Estimate 
the times of the day it be best for the boat to pass into the harbour. 


Section 3.9 General solutions of trigonometric 
equations 

In Section 3.3 we solved equations such as sin x — x for angles in the range 0 « x « 360° 

(or 0 <x « 27). 

This generally gave us two values for the angle x. 

Consider again the equation cos 0 — 1. 

A calculator in degree mode gives an answer of 60°. 

But recall that this is only the principal value. 

Check that 0 — 300? and 0 — 420? also work. 


The equation cos 0 — i has no restriction on the set of values of 0 that are solutions. 


The graph below shows the function y = cos 0 and the function y = L. 


The graph shows that there is an infinite number of solutions to the equation cos 0 = 
as the graph of y = cos 0 repeats itself indefinitely. 


1 
2 


In the range 0° < 0 < 360°, there are two values of 6 for which cos 0 = L 
These value are 60° and 300°. 
Notice that the value 0 = 420° is 60° + 360° and 0 = 660° is 300° + 360°. 
Thus further solutions of the equation are found by repeatedly adding 360° to the angles 60° 
and 300°. 
So the solutions to the equation cos 0 = i are 
0 = 60° + n360° or 0 = 300° + n360*, where n is an integer. 
This is called the general solution of the equation. 


We can find the general solution of any trigonometric equation in the form sin 0 = k or cos 0 = k 
in the same way. 


This method is given below. 


Remember 


= 0 in radians. 


Find the general solution of the equation cos 0 = — 


E x a (30°). .. the reference angle 


cosine is negative in the 2nd and 3rd quadrants. 


v3 


cos 0 = I = 6 = in the 2nd and 3rd 
quadrants 


5 Ta 
6 oF 


6 


The general solution is 2n7 + 5m 


6 
or anm a F ncZ 


> 0= 


Solve the equation sin 30 — L for 0 € R, 0in radians. 


oc 
sin 30 = 5 


rg sine is positive in the 1st and 2nd quadrants 


Note: The following example illustrates how we use the general solution of an equation to 
find all the solutions in a given interval. 


Find all the solutions for cos 20 = -i for 0? < 0 < 360°. 


cos20—- —1 = 20- cos (—i) 
=> 26= 60? ... the reference angle 
cosine is negative in the 2nd and 3rd quadrants. 
=> 20-120? or 240° 


To find all the solutions we add n(360°) 
to each angle. 


= 20= 120° + n(360°) or 20 = 240° + n(360°) 
=> 6= 60° +n(180°) or 6 120? + n(180°) 


To find the values of 6 in the range 0° < 0 < 360°, 
we let n = 0,1, 2,3,... 


n=0 => 80-60 or 120° 
n=1 = 6= 240° or 300° 
n=2 = 6= 420° or 480° 
Since 420° and 480° are outside the range 0° to 360°, we disregard these values. 


Thus the values of 0 are 60°, 120°, 240°, 300°. 


Exercise 3.9 


1. 


10. 


11. 


13. 


14. 


Find the the two values of x for which sin x = i 0<x < 360°. 


v3 


Find the two solutions of the equation cos x = > for0 <x $27. 
If tan 0 = 1, find the two solutions of the equation y = tan 0 for 0 < 0 < 2. 
Find all the solutions of the equation sin 20 = 4, for 0 € R and @ in radians. 


Find the general solution of the equation cos 36 = m for 0 € R and 8 in degrees. 
v3 


Find all the solutions of the equation sin 36 = —3 for 0 € R and 6 in radians. 


Find the general solution of the equation 2 cos 40 — 1, 0 in radians. 


Find the general solution of the equation cos 2x =— E 
Use your answer to find all the solutions of cos 2x =— a in the domain 0 = x <S 47. 
Find all the solutions of the equation sin 3x = € for 0? < x « 360°. 


/2 


If 2 cos 20 = —V3, find all the values of 6 which satisfy this equation, for 0? < 0 < 360°. 


Find the general solution of the equation 2 cos 3x — /2 = 0. Use your answer to find all 
the solutions of 2 cos 3x — /2 = 0, in the domain 0 < x < ~. 


Find the general solution of the equation 2 cos 40 = /3, 0 € R and 6 in radians. 
Find all the solutions of the equation cos 30 — -i for 0? < 9 < 360°. 


Find, correct to the nearest degree, all the solutions of the equation sin 30 — 0.78 for 
0° < 6 < 360°. 


Revision Exercise 3 (Core) 


1. In the given triangle ABC, |AB| = 9cm, |AC| = 8cm and |ZCAB| = 40°. C 
Find the area of AABC, in cm’, correct to one decimal place. 


8cm 


a 


9cm B 
2. Find the values of 0 for which tan 0 — E 0? < 9 < 360°. 
3. The area of the sector AOB is 240 cm?. 
; : : A 
(i) Express 0 in radians. 
(ii) Find the length of the arc AB. 
20cm 
04) 
20cm B 
4. Iftan 0 = 3, find the area of the given triangle 
without using a calculator. 
8cm 
0 
7cm 


5. (i) Write down the period and range of the function ya 
graphed on the right. 24 
(ii) If the function is 


y = asin bx, 


0 P 
find the values of a and b. ado» x 
—2 4 
6. A square is inscribed in a circle, as shown. 
If the area of the circle is 7 square units, 
find the area of the square. 
7. Ifsin @= -i and cos 0 — E find the value of tan 0 in the domain 0? S x « 360°, without 


using a calculator. 


8. The area of a triangle POR is20cm?. |PO| = 10cm and |PR| = 8cm. 
Find the two possible values of |ZOPR|. 


9. Find the values of 0 for which 4 sin 0 = 3,0 < 0 < 360°. 
Give each answer correct to the nearest degree. 


10. Ifthe area of the given triangle is 14/3 square units, 
find the value of cos 6, giving your answer as a fraction. 7 
0 
8 


11. Draw a graph of the function y = 3 sin 2x in the domain 0° < x < 360°. Write down 
the period and range of the function. 


Revision Exercise 3 (Advanced) 


1. The lengths of the sides of a triangle are 17 cm, 12cm and 8 cm. 
(i) Find the largest angle of the triangle, correct to the nearest degree. 
(ii) Hence calculate the area of the triangle in cm?, correct to one decimal place. 


2. (i) Find all the solutions to the equation 


cos 20 = -53, 0 c Rand 06 in radians. 
(ii) AOB is a sector of a circle of centre O and radius length 4 cm. 
: j j : 
If the area of AOB is 12 cm’, express 6 in radians. oO £0) 
4cm 


3. The diagram represents a car bonnet, [AB], hinged at A 
and propped open by a stay, [CD]. 
|AC| = 23cm, |AB| = 47cm, |AD| = 18cm and |CD] = 20cm. 
(i) Calculate the size of angle CAD, correct to 
the nearest degree. 
(ii) Find the height of B above the level of AC, giving 
your answer correct to the nearest centimetre. 


4. The diagram shows two sightings, made 
from a point O, of a helicopter flying at a height of 
1600 metres. At the first sighting, the helicopter 
was due East of O and the angle of elevation 
was 58°. One minute later it was still due 
east of O, but the angle of elevation was 45°. 
Calculate the speed of the helicopter in 
kilometres per hour, correct to the nearest 
whole number. 


5. In AABC, |AB| = 10cm, |BC| = a/3 cm, |AC| = 5/13 cm and |ZABC| = 150°. 
Find (i) the value of a. (ii) the exact area of AABC. 


6. The diagram shows a symmetrical drawbridge. 
When lowered, the roads [AX] and [BY] just meet in the middle. 
Calculate the length [XY], in metres, correct to one decimal place. 


7. Two trigonometric functions f(x) and g(x) are graphed below: 


yA 
g(x) 


(i) What is the range of g(x)? (ii) What is the period of f(x)? 
(ii) Write down the value of g(7) (iv) Write down the equation of each function 
(v) Write down the coordinates 
of the point P. 


8. A rectangular paving stone 3 m by 1 m rests against a 
vertical wall as shown. 
What is the height of the highest point of the stone above 
the ground? 
Give your answer in metres, correct to two decimal places. 


1m 


27° 


9. 


10. 


11. 


This viewer, as shown in the diagram, is sitting directly 
in front of the bottom left-hand corner of the screen. 
Satisfactory viewing in a cinema requires the eyes 
to rise through no more than 30? from the bottom 
to the top of the screen. a 
(i) Calculate: 
(a) OA, correct to one decimal place 
(b) the angle between the two planes OAB o K“ LU 


and ABCD, correct to the nearest á ra 
degree 


(ii) Does the viewer have ‘satisfactory viewing’ 
straight ahead? 


(i) Using the dimensions shown on the given diagram, 
(a) find the perimeter of the shaded region when 
0 = 0.8 radians 
(b) the value of 0 when the perimeter of the shaded 
region is 14 cm. 


(ii) The diagram shows two concentric circles with centre O 
and radii 4 cm and 6 cm. The areas of the two shaded 
regions are equal. 


Show that 0 — M radians. (o) 
Sally (S) and Kate (K) stand some distance away B. - 
from a building which is 10 m high. F 
m 


Sally measures the angle of elevation of the 
top of the building to be 35°. E j 
From Kate’s position, the angle of elevation "d /10m| [xi 
of the top of the building is 50°. x i 
If | ZSOK| between Sally, Kate and the bottom eos / 
of the building is 60°, find the distance between t R Bid 
Sally and Kate, correct to the nearest metre. / V “O 


12. The two circles shown both have radius 4 cm. 
The centre of each circle lies on the circumference 
of the other. 
Find the exact area which is common to both circles 


13. (i) The diagram below shows the graph of y = 4 cos 3x. 
Write down the coordinates of the points marked a, b, c, d, e and f. 
Give the angles in radians. 


(ii) A vertical pole [PB] is erected on a sloping P 
piece of ground, as shown. 
The ground is inclined at an angle of 15°. 
At a point A on the slope and 20 metres 
from the base of the pole, the angle of 
elevation of the top of the pole is 38°. 
Find the height of the pole, in metres, 
correct to one decimal place. 


14. (i) Find the general solution to the equation cos 20 = oe 


hence 


0 cR and 0 in radians and 


ii) Find all the solutions to the equation cos 20 = v3 for0< 0 «x 2. 
q 2 


15. A vertical wall ABCD of 
height h metres stands on 
level ground. The angle 
of elevation of B from the 
point S is 20 and the angle 
of elevation of the point C 
from S is 0, find a value for 


tan 0 in the form of us, 
a,b € N. 

Given that |SD| = 5|SA|, find 0. 
Hint: tan 20 — 2 tan 0 


1 — tan? 0 


Revision Exercise 3 (Extended-Response Questions) 


1. Aramp ADFE is made against a vertical wall BCFE. E 
ADFE and BCFE are both rectangles. 
|AB| = 20m, |AD| = 10m and |ZFDC| = 18°. 
Calculate each of the following correct to 
one decimal place: 


(i) ICF| (ii) |DF| 
(iii) |ZCAD| (iv) |AF| C 
(v) |ZFAC| 
2. The figure on the right shows a rectangle ABCD A D 


C 


where |AB| = 4m and |BC| = k metres. | 
|ZAPB| = |ZCOD| = 8. 4m 
(i) Express |PQ| in terms of k and tan 6. | 
(ii) If k = 12m and |PQ| = (12 — 4/3) m, a [NP 2/6) 
find 0 correct to the nearest degree. > pn á 


3. A, B and C are the centres of the circles ky, k; kı 
and k3, as shown. 
The three circles touch externally and AB L AC. 
k, and k; each have radius 2/2 cm. 
(i) Find, in surd form, the length of the 
radius of kj. 
(ii) Find the area of the shaded region 
in terms of 7. 
(iii) If k, is replaced with a circle of radius 2/2 cm 
find the area of the shaded region in terms of 7. 


kz 


4. A triangle has sides of length a, b and c. 
The angle opposite the side of length a is A. 
(i) Prove that à? = b? + c — 2bc cos A 
(ii) Ifa, b and c are consecutive whole numbers, show that 


_ ats 
eS eA 
5. In the diagram, A, B and O are points in a horizontal plane and P P 


is vertically above O, where OP = h m. 

A is due west of O, B is due south of O and AB = 60 m. h 
The angle of elevation of P from A is 25? and the angle of A O 
elevation of P from B is 33°. 

(i) Find the length [AO] in terms of h. 
(ii) Find the length [BO] in terms of h. 60m 
(iii) Find the value of h, in metres, correct to one decimal place. 


6. The depth of water at the entrance to a harbour t hours after high tide is given by the 
equation, D = p + q cos (rt)°, where D is measured in metres and p, q and r are constants. 
At high tide the depth is 8m; at low tide, 9 hours later the depth is2m 
(i) Show that r = 20 and find the values of p and q. 
(ii) By completing the table below sketch the graph of D in the domain 0 =¢ = 18. 


(hou) 0 45 9 | 13.5 18 
| D 
(iii) Find how soon after /ow tide a ship can enter the harbour if it requires at least a 
depth of 3.5 m. 
7. A particle moves in a straight line, OX, and its distance s(metres) O X 
from O at time t(s) is given by s = 6 + 3 sin(3t). —— > 


*(where the angle (3t) is measured in radians) 5 


(i) (a) Find the greatest distance (b) the least distance from O. 
(ii) Find the first time it is at (a) the greatest distance (b) the least distance from O. 
(iii) Find the (a) amplitude (b) range of the equation. 
(iv) Find the period (in radians) correct to one place of decimals. 
(v) Using the information in (iii) and (iv) draw a sketch of the curve for 0 < t < 9. 
(vi) Find the times, correct to three places of decimals, at which the particle is 9m from 
Ofor0xtzx9. 
(vii) Describe the motion of the particle. 


8. At8 a.m. in the morning a computer starts collecting data from two sensors one inside 
and the other outside the glasshouse. On a particular day the temperature inside is 


given by 7,(°C) = 22 + 3 sin 15) while the temperature outside is given by 


T,(°C) = 19 + 8 sin T where t = 0 corresponds to 8 a.m. 
(i) Find the temperature inside and outside the glasshouse at 10 a.m. 
(ii) Find the temperature outside the glasshouse when the temperature inside is at its 
highest. 
(iii) Draw a sketch T, and T, on the same axes in the domain 0 = ¢ = 24. 
(iv) Find the times on this day when the temperatures inside and outside are equal. 


n Coordinate Geometry: The Line 


Key wovds 


equation origin perpendicular parallel intercept translation 
area collinear slope-intercept internal division ratio centroid 


circumcentre orthocentre linear relationship 


Section 4.1 Revision of formulae 


In this section we will deal with some coordinate geometry formulae that you will have 
met in the course of your work for the Junior Certificate. The main formulae dealing with 
coordinates are given below: 


1. Distance between t int idi 
. " Istance Detween two points E B(X>, y2) 
The distance between A (x;, y1) and B(x2, y2) 
is |AB] = (5 — x + (5 - XY Ac 
A(x, y1) x) — Xi C 
» 
O x 
2. The midpoint of a line segment Ai Bt 
The midpoint M of the line segment joining 
AC, yi) and BQ, y2) is A 
& tx Bik: xj 
27 DRE 
A (x1, yi) 
O x 
3. The slope of a line 
In the diagram on the right, the slope, m, of AB is found 
by getting the value of YA 
vertical change _ y) — yı B(x, y2) 
horizontal change — x; — x; 
The slope, m, of the line passing through v2 Yi 
(xı, y1) and (x, y2) is n 
ncm (ay) XXX 
Ld eres » 
X2 — X4 O x 


4. Positive and negative slopes 


As we go from left to right, the slope is positive if the line is rising and the slope is 
negative if the line is falling. 


Positive 
slope 


Negative 
slope 


The slope of a horizontal line is zero. 


5. Parallel lines 
The lines a and b in the given diagram both have the slope å, 


6. Perpendicular lines 
The given lines a and b are perpendicular. yA 


The slope of a is 3. 
The slope of b = -£ 


Notice that one slope is the reciprocal of 
the other with the sign changed. 


Notice also that the product of the two 
slopes is —1, i.e., 


—-2x32- 
3*3 1 


A(3, 1), B(2, —3) and C(- 1, k) are three points in the plane. 
If AB L AC, find the value of k. 


A(3, 1) and B(2, —3) A(3, 1) and C(-1, k) 
22h frc 
Slope of AB — eee Slope of AC = 1-3 
uar 
2C 


If AB L AC, then the product of the slopes equals —1. 


= axE-l--i 
4(k-1) _ 
Sede 
a 
i 


m| 


il 


Exercise 4.1 


1. 


Given three points A(—1, 3), B(3, —2) and C(5, 2). 
Find (i) |AB| (ii) [BC (iii) the slope of AC (iv) the midpoint of [BC]. 


Find M, the midpoint of the line segment joining A(1, —6) and B(—3, 4). 
Hence show that |AM| = |MBI. 


The slope of a line € is 3. 
(i)What is the slope of any line parallel to €? 


(ii) What is the slope of any line perpendicular to €? 


A(2, 3), B(-2, 1), C(-1, —2) and D(5, 1) are four points in the plane. 
Show that AB is parallel to CD. 


Show that the line through A(—1, 1) and B(1, 3) is perpendicular to the line through 
C(6, 2) and D(4, 4). 

If the line through (—2, 0) and (4, 3) is parallel to the line through (1, —1) and (k, 1), 
find the value of k. 


The straight line passing through the points A(—1, 1) and B(— P, 13) has slope 2. 
Find the value of P. 


The coordinates of the points A, B and C are (—2, 3), (2, 5) and (4, 1) respectively. 
(i) Find the gradients of the lines AB, BC and CA. 
(ii) Hence or otherwise show that triangle ABC is a right-angled triangle. 


9, The diagram shows four lines a, b, c and d. yA 
(i) Which lines have positive slopes? 
(ii) Which lines have negative slopes? 
d 
O X 
10. Three line segments [AB], [CD] and [EF] are drawn on the grids below. 
yA yA yA 
D 
HHT 
A C E 
» d » + 
O x O x O 
Write down the slope of each line segment. 
11. Why is the slope of the given line negative? y^ 
Use the grid to work out the slope of the line. 
O uj 


12. 


13. 


14. 


P(a, 4), OQ, 3), R(3, —1) and S(—2, 4) are four points. 
If |PO| = |RS|, find the possible values of a. 


P(5, 6), O(k, 2) and R(9, —1) are three points such that PO is perpendicular to OR. 


Find the two values of k. 


The points A(—1, —2), B(7, 2) and C(k, 4), where k is a constant, are the vertices of a 


triangle ABC. The angle ABC is a right angle. 


(i) Find the slope of AB. 
(ii) Find the slope of BC and hence find the value of k. 


(iii) Show that the length of [AB] may be written in the form pV5, where p is an integer 


to be found. 


(iv) Given that the area of a triangle is half the length of the base multiplied by the 
perpendicular height, find the exact value of the area of AABC. 
15. A triangle has vertices P(—2, 2), O(q, 0) and R(5, 3). 


(i) The side PO is twice as long as side OR. Find the possible values of q. 
(ii) Show that triangle POR is right-angled when q = 4. 


Section 4.2 The area of a triangle 


The area of the triangle with vertices (0, 0), y^ 
(xı, y1) and (x2, y2) is (35. y) 


Find the area of the triangle with vertices (0, 0), (—2, 1) and (3, 4). 


Area — 1 Ix; y2 = x» yıl Qa; y1) (X», y2) 


E S : ; 
z (—2)(4) - (3I (-2:y CA 


= s1 A 
= 55 square units 


Note: If none of the vertices of the triangle is at the origin, yA 
we find the image of the triangle under a translation 
so that one of the vertices is (0, 0). 


Let (2,4) (0,0) 
(7,3) > (5, —1) 
(4, 1) = (2, —3) 


Find the area of the triangle with vertices (1, 5), (—3, 1) and (3, —5). 


Let (1,5) — (0,0) 
(73,1) — (—4, —4) 


(3, 75) — (2, -10) 


Area of triangle = 5 [xi y; — x» yıl Gy) — 0») 


== |= = Es ES ! i 
1) E] uu et 


1|40 + 8| 
= il 
3148| 


24 square units 


Note: To find the area of a quadrilateral, divide it into two triangles. 


Exercise 4.2 

1. Find the area of the triangle whose vertices are 
G) (0,0, Q.1) Q4) (itt) (0,0), (—2,3), (1, —4) 
(i) (0,0, (5,1), (3,6) (iv) (0,0), (3.4, (-2, -6) 


2. A(2,3), B(—5, 1) and C(3, 1) are the vertices of a triangle. 
By using the translation A(2, 3) — (0, 0), find the images of B and C under this 
translation. Hence find the area of the triangle ABC. 


3. By translating one of the vertices to (0, 0), find the area of each of the triangles whose 
vertices are 
() Q,3) (5,1) and (2,0) (ii) (-2,3), (4,0) and (1,-4) 


4. A(0,0), B(4, —1), C(2, 3) and D(—2, 4) are the vertices of a quadrilateral. 
Find the area of the quadrilateral by dividing it into the two triangles ABC and ACD. 


5. A(0,0), B(1, 6) and C(—1, k + 1) are the vertices of a triangle. 
If the area of the triangle ABC is 7 square units, find two values for k. 


6. A(4, 1), B(-1, —3) and C(3, k) are the vertices of a triangle. 
If the area of the triangle ABC is 12 square units, find the two values of k. 


7. Find the values of k if the area of the ya 
given triangle is 7 square units. A (4,3) 


B (6, k) 


8. Find the area of the triangle whose vertices are (0, 0), (1, 3) and (2, 6). 
What conclusion can you draw from your answer? 


9, The area of the triangle with vertices (—2, —1), (1, 2) and (k, 13) is 6. Find the values 
of k. 


10. A triangle has coordinates A(2, 1), B(b, 3) and C(5, 5), where b > 3. 
If |ZABC| = 90°, find the value of b. Hence find the area of the triangle ABC. 


1l. The points P(2, —1), O(8, k) and R(11, 2) are three collinear points. 
By finding the area of the ‘triangle’ POR, or otherwise, 
find the value of k. 


12. The diagram shows a triangle whose vertices 
are A(—2, 1), B(1, 7) and C(3, 1). Yt B(17) 
The point L is the foot of the perpendicular 
from A to BC, and M is the foot of the 
perpendicular from B to AC. 


(i) Using [AC] as base, write down the s 
area of AABC. 
(ii) Find |BC]. 
(iii) Using your answers to part (i) and (ii), | ^ (72.1) M C (3,1) 
find the length of [AL]. O En 


Section 4.3 The equation of a line 


The equation of a line is generally given in the form ax + by + c= 0,e.g., 2x + 3y — 12 = 0. 
This may be described as the general form of the equation of a line. 


To find the equation of a line, we generally need to know 
(i) a point on the line 
(ii) the slope of the line. 


If (xi, y) is a point on the line and m is the slope, 
we then use y — y, = m(x — x) to find the 
equation of the line. 


The equation y = mx + c "T 
If the equation of a line is in the form y=mx+c 
y = mx + c, then 


(i) the slope is m (0, c) 
(ii) the line intersects the y-axis at (0, c). 


slope = m 


c is the value of y at the point where the line O E 


crosses the y-axis and is called the y intercept. 


The equation y = mx + cis generally referred to as the slope-intercept form of the equation of 
a line. 


If the equation of a line is in the form 2x + 3y — 7 = 0, we express it in the form y = mx + c. 
The slope is m. 
For example, if 3x — 4y +3 = 0, then 
—4y = —39x—-3 
3 3 


=> 4y = BEV 2 Gat m 


FN 


Note: The slope of a line is defined as the tangent of the angle which the line makes with 
the positive direction of the x-axis. 


1. If the angle is less than 90°, the slope is positive. 
2. If the angle is between 90° and 180°, the slope is negative. 
3. tan 45° = 1; tan 135? = —1 


Find the equation of the line through the point (—2, 3) which is perpendicular to 
the line 2x — y + 5 = 0. 


To find the slope of 2x — y + 5 = 0, we express it in the form y = mx + c. 


2x -y c 5-0 
= y 2 5 
=> SY e 25e SP Suse multiply each term by —1 
— the slope is 2. 


The slope of the line perpendicular to this line is -4 


1 
pi 
zn) (x. y) = (72,3) 


Equation of line through (—2, 3) with slope —2 is: 


multiply each term by 2 
=> x-2y-—4-90Oisthe required equation. 


More difficult problems 
To find the equation of a line (or lines) we generally require two pieces of information. 
From the information given it may not be possible to find a point on the line and the slope of the 


line immediately. When dealing with more difficult problems, the following approaches should 
prove useful. 


1. The equation of any line through the point (3, 4), for example, is y — 4 = m(x — 3), 
Le.mx — y — 3m - 4 — 0. 
A second condition should enable us to find the value or values of m. 


2. The equation of any line parallel to 2x — 3y + 8 = O is 2x — 3y +c =0. 
The equation of any line perpendicular to 2x — 3y + 8 = Ois 3x * 2y + k — 0. 


To find where a line intersects the axes 
To find the point of intersection of a line and 
(i) the x-axis, let y = 0 and find the x-value 
(ii) the y-axis, let x = 0 and find the y-value. 


Find the value of k if the lines 2x + ky + 5 = 0 and (k + 6)x + 2y — 9 = O are 
perpendicular to each other. 
2x + ky + 5 = 0 > the slope m; = 


(k s 6 
GS oem = 9 pem one E ROI 


2 
Since the lines are perpendicular, m, X m, = —1. 


Find the equations of the line / through the point (4, 2) so that the area of the 


triangle formed by / and the positive x and y-axes is 25 square units. 


Equation of any line through (4, 2) is 
y-2-2m(x 4) 

Le.mx —y+2—4m=0 

l intersects the x-axis at y = 0 


x=0>y=2-4m 


— dt fln — 2 pe — 
Area of shaded A = 5 [| (2 — 4m) 


Area = 25 > 5 (4—3) (2-4m)=25 


=> (Am — 2)(2 — 4m) = 50m 
=> 8m — 16m? — 4+ 8m = 50m 
=> 16m? + 34m + 4 =0 

=> (16m + 2)(m+2) =0 


—^m--gorm =a) 


.. the equations of the line / are 


(i) »-2--iG0-4 Gi) y-2--2(-4) 
=> 8y-16=-x+4 Sy 2 = =r qm 
=>x+ 8y-20=0 E22 ar VW = 1-2 


-. the two equations are x + 8y — 20 = O and 2x + y — 10 = 0 


Note: To verify that a point is on a given line, we substitute the coordinates of x and y into 
the equation of the line. If the coordinates satisfy the equation, then the point is on 
the line. 


For example, the point (—3, 2) € 2x — 4y + 14 = 0, because 
2(-3)—4(2)* 14=-6-8 +14 


=0 
Exercise 4.3 — — — — — — — — — — — ———————————————— 
1. Find the equation of the line through 
(i) (4, —1) with slope 3 (ii) (—5, —2) with slope —2. 


2. Findthe equation of the line through (—3, 1) with slope 2. 


3. listhelinex - 3y - 4-0 


(i) Write down the slope of /. 
(ii) Find the equation of the line through (3, —4) parallel to /. 


4. A(3, -1), B(4, 5) and C(-2, 1) are three points in the plane. 
Find (i) theslope of AB 
(ii) the equation of the line through C perpendicular to AB. 


If the line 2x — 3y + 5 = 0 is perpendicular to 3x + ky — 8 = 0, find the value of k. 
Find the value of t if the lines 3x + 4y = 7 and 2y — tx — 6 = O are perpendicular. 


Find the value of k if the line 2x + ky — 8 = 0 contains the point (3, 1). 


eo m om X 


Write down the coordinates of the points where the line x — 3y — 6 = 0 intersects the 
x-axis and y-axis. 


9, The line h contains the points (6, —2) and (—4, 10). 
The equation of the line k is ax + 6y + 12 = 0 and k is perpendicular to h. 
Find the value of the real number a. 


10. The line 2x — 3y + 6 = O intersects the x-axis at the point C. 
(i) Find the coordinates of C. 
(ii) Now find the equation of the line which contains the point C and which is 
perpendicular to 2x — 3y + 6 = 0. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


(a) Write down the slope of the line k in yA 
the given diagram. 
Now find the equation of the line k in the 3 
form ax + by + c = 0. k 
(b) Hence find the coordinates of the x and y axis 
intercepts. >| 
32 O 2 4 X 


By finding the slopes of the following points of lines, state whether they are parallel, 
perpendicular or neither. 


(i) y ^ 3x x = 3y 

(ii) 2x+y=1 x—2y-1 
(iii) 2x + 3y 2 4 2y 23x -2 
(iv) x -2y - 1-0 x+2y+1=0 
(v) y 2x - 1 2x -y -* 320 
(vi) x +3y - 220 y=3xt+2 


Use simultaneous equations to find the point of intersection of the lines x + 2y = 1 
and 2x + 3y = 4. 


Find the point of intersection of the lines x + y = 5 and 2x — y = 1. 
Now find the equation of the line which contains this point of intersection and has 
slope 2. 
Find the equation of the line that is parallel to the line 3x — y + 4 = 0 and which 
contains the point of intersection of the lines 2x + 3y = 12 and 3x — 4y = 1. 

(i) Verify that (2, 6) is on the line x — 2y + 10 = 0. 

(ii) If the line 2x + ky — 12 = O contains the point (3, 2), find the value of k. 


The line £4: 3x — 2y + 7 = 0 and the line €,: 5x + y + 3 = O intersect at the point P. 
Find the equation of the line through P perpendicular to €;. 


Find in terms of k the coordinates of the points where the line 3x + 4y = k cuts the 
x-axis and y-axis. 

If the area of the triangle formed by 3x + 4y = k and the positive x and y axes is 24 
square units, find the value of k. 


Write down the equation of any line parallel to 2x — 3y + 8 = 0. 
If a particular parallel line contains the point (4, 2), find its equation. 


Write down the equation of any line parallel to €: 4x + y = 6. 


Hence find the equation of the line parallel to € which forms a triangle of area 18 square 


units in the first quadrant. 


21. An aircraft flight-path takes a plane directly ^ 
over a beacon B(36, —4) heading to the airport 0km 
at A(4, —75). Okm ” 
There is a proposal to build a school m enar "B 
at C(20, —36). 
(a) Check if the flight path [BA] passes over 201 
the school. 
(b) If not, find out how far (directly) east or 30km 
west of C, the aircraft would be, if flown Ko 
along this flight path, give your answer —A0km 
correct to 2 places of decimals. 
-50km 
-60km 
-70km 
E 
Section 4.4 Dividing a line segment in a given 
ratio 
Internal division A 
In the given diagram, the point C divides "T PCy D, 
the line segment [PO] in the ratio a:b. b 
The coordinates of C are given by the formula, C(x, y) 


Find the coordinates of the point which divides the line segment 
A(~1, 3) and B(4, —2) in the ratio ^: k 2 2:1. 


A(-1,3) B(4, -2) h:k=2:1 


(x1, y1) (2, yz) 
hx ar kx, hy» ae a 
mai 7o malk 


E (ee *(üX-1) Q-2 + DON 
2c í 2+1 


Internal divisor = | 


Exercise 4.4 


1. 


10. 


Find the coordinates of the point which divides the line segment A(—3, 4) and 
B(5, —4) in the ratio 4 : 1. 


Find the coordinates of the point P which divides the line segment X(—5, 8) and 
Y(3, —8) in the ratio 3: 1. 


Find the coordinates of the point which divides the line segment joining (2, —3) and 
(4, 6) in the ratio 5:2. 


A line segment joins A(5, 0) and B(1, —2). 
Find the coordinates of the point which divides [AB] in the ratio 3:2. 


The extremities of a line segment are A(2, 3) and B(5, 7). 
Find the point (x, y) which divides [AB] in the ratio 3:1. 


The line segment A(—2, —1) and B(3, 4) is produced to C such that |AC|: |CB| = 4:1. 
Find the coordinates of C. 


A(2, —3) and B(x, y) are two points in the plane. 

The point P(6, 1) divides [AB] in the ratio 2:1. 

Find the values of x and y. By plotting the points (2, —3), (6, 1) and (x, y) show how the 
same result can be obtained by translation. 


The point P(—6, y) divides the line segment A(—10, 7) and B(x, —5) 
in the ratio 1:3. 
Find the values of x and y. 


A (x, 0) and B(0, y) are two points in the plane. 
The point C(9, —8) divides [AB] in the ratio 4:3. 
Find the values of x and y. 


A(4, —3) and B(-2, 0) are the end points of a line segment. 
The point P(2, —2) divides [AB] in the ratio A: k. 
Find the ratio h: k. 


Section 4.5 Concurrencies of a triangle 


The line which joins a vertex of a triangle to A 
the midpoint of the opposite side is called a median. 


In the given triangle [AM] is the median. 


1. 


The Centroid 
The given diagram shows the three medians 
[AE], [BF] and [CD] intersecting at the point G. 


G is called the centroid of the triangle. 


C (x3, y3) 


The medians of a triangle divide each other in the 


ratio 2:1. A (xy, y) L 
In the given triangle, 


|AG|:|GE] 22:1; [BG| :|GF| = 2:1 and 
(CG|:|GD| = 2:1. 


B (x2, y2) 


» 
x 


O 


The circumcentre 

The circumcentre of a triangle is the point of intersection 
of the mediators (the perpendicular bisectors of 

the sides) of a triangle. 


The line segment from a vertex of a triangle to the 
circumcentre is the radius of the circumcircle. 
This is shown here as r. 


The orthocentre 
The orthocentre of a triangle is the point of intersection 
of the perpendiculars from the vertices to the 
opposite sides. 


In the given triangle, H is the orthocentre. 


orthocentre 


The vertices of a triangle are A(—4, 3), B(0, —5) and C(3, 4). 
Find the coordinates of 
(i) the centroid (ii) the orthocentre of the triangle. 


(i) Centroid — | 


XQ X3 Xs nrAtA 
3 $ 3 
=i eee ee) A (-4,3) 


3 
= (i 
3’ 


(ii) The orthocentre is the point of intersection 
of the perpendiculars from the vertices to 
the opposite sides, as shown. 

(Two perpendiculars are sufficient.) 


= slope of AE = -d 


Equation of AE: y — y; = m(x — xi) (x, y1) = (74,3) 


= slope of BD = —7 


Equation of BD: y+5=-—7(x — 0) 
= Wty tS 0 
Solving equations (D and @: x + 3y =5...0 
Te e y = =A 
© x+3y =5 
@ 5« 3E 21x + 3y = —15 
— ANN =20>x=-landy=2 


-. the coordinates of the orthocentre are (—1, 2) 


Exercise 4.5 
1. Find the coordinates of the centroid of the triangle whose vertices are 
(i) (2, —3), (4, 0) and (—3, 9) 
(ii) (1,3), (6, 2) and (5, —2). 
2. Find the coordinates of the circumcentre of the triangle with vertices (0, 0), (4, 0) and (1, 3). 
(Draw a sketch to simplify your work.) 


3. Find the coordinates of the circumcentre of the triangle with vertices (8, —2), (6, 2) and 
(3, -7). 


4. Find the coordinates of the orthocentre of the triangle with vertices A(4, 2), B(—2, 5) 
and C(-1, —3). 

5. Find the coordinates of the orthocentre of the triangle with vertices O(0, 0), A(4, —2) 
and B(4, 4). 

6. Show that the circumcentre of the triangle with vertices (—2, 2), (—4, —2) and (5, —5) is 
(1, —2). 

7. A(4, 6), B(-2, 7) and C(k, —4) are the vertices of a triangle. 
If the coordinates of the centroid of the triangle are (—1, 3), find the value of k. 


Section 4.6 Perpendicular distance from a point to 
a line 


The perpendicular distance, d, from the point 
(xi, y1) to the line ax + by + c = 0 is given by 
the formula 


(i) Find the perpendicular distance from the point (1, —4) to the line 
ye = 9 (0), 

(ii) Find the distance between the parallel lines 3x — 4y + 12 = 0 and 

3s dy il (0) 


+ by, + + by+c=3x-y- 
(i) Perpendicular distance = Leslee US QN UT i 


Val + b2 i (arn) =O = 4) 


_ BQ) + EDC4 + (72) 
Sa 10 10 
io RIO 


(ii) To find the distance between two parallel lines, we — — >~ 


find a point on one of the lines and then find the 
distance from that point to the other line. 


A point on the line 3x — 4y + 12 = 0 is (0, 3). eee 
Perpendicular distance from (0, 3) to 3x — 4y — 1 = Ois 

> BO) se C43) — 1) == 1 

Bee 


d 


Points in relation to a given line 
The sign of the expression inside the modulus signs can be very useful when we are 
investigating whether points are on the same side or opposite sides of a given line. 


Investigate whether the points (5, —2) and (3, —3) lie on the same side of the line 
5x — 4y — 30 = 0. 


The perpendicular distance from (5, —2) to the line 5x — 4y — 30 = 0 is: 


Oe, sr LD, ar € 
(eae 
_ 55) + (74)(72) - 30 
(a+ € 
-Dror 3) 3 
v4 V41 
The perpendicular distance from (3, —3) to the line 5x — 4y — 30 = 0 is: 
IG) sr (C21X(—3)) = 3X0 
(S4 
4,133: 12 —39 _ = 
v41 v41 
Since the perpendicular distances are opposite in sign, the points are on opposite 
sides of the line. 


Distance = 


...positive 


Distance — 


.. Negative 


Find the equations of the two lines which are parallel to the line 
3x — 4y — 1 = 0 and 3 units from it. 


The equation of any line parallel to 3x — 4y — 1 = 0 has the form 3x — 4y + k = 0. 
(0, -1) is a point on the line 3x — 4y — 1 = 0. 


The distance from (0, -1) to 3x — 4y + k = Ois3 units. 
I3(0) — 4(-4) + kl 
B0) =4-D +H _, 


e+e 
Riess, 
M 


14k- +3 Slee (Sel be S16 
=> k = l4or k = —16 


The equations of the lines are 
3x — 4y +14=0 or 3x—4y — 16-0. 


Exercise 4.6 
1. Find the perpendicular distance from (2, —4) to 3x — 4y — 17 = 0. 


2. Show that the point (1, 1) is equidistant from the lines 3x + 4y — 12 = 0 and 
5x — 12y + 20 = 0. 


3. Show that the perpendicular distance from the point (6, 2) to the line 
5x — 3y + 10 = 0 is /34. 


4. Verify that (5, —5) is equidistant from the lines x — 2y + 10 = 0 and 2x + y — 30 = 0. 


5. Find the values of c if the perpendicular distance from (3, 1) to the line 
4x + 3y +c =0isS. 


6. Verify that the line 3x — y — 4 = 0 contains the point (2, 2). 
Hence find the shortest distance between the parallel lines 3x — y — 4 = 0 and 
6x —2y+7=0. 


7. Investigate if the point (1, 1) is equidistant from the lines x + 7y — 3 = 0 and 
x-yt1=0. 


8. Find the values of a if the perpendicular distance from the point (—2, 3) to the line 
ax + y — 7 = Qis v10. 


9, Ifthe point (—2, a) is equidistant from the lines 4x + 3y — 3 = 0 and 12x + 5y — 13 = 0, 
find the value of a, a € Z. 


10. Show that (—2, 6) lies on the same side of the line 3x + 2y — 7 = 0 as the origin. 


11. Show that the points (3, 4) and (9, 3) lie on opposite sides of the line 
3x + 4y — 36 = 0. 


12. Investigate if the points (—3, 1) and (3, —4) are on the same side of the line 
2x - 3y - 7 — 0. 


13. Write down the equation of any line parallel to 4x + 3y + 1 = 0. 
Hence find the equations of the two lines which are parallel to the line 4x + 3y + 1 = 0 
and two units from it. 


14. Write down the equation of any line that is perpendicular to the line 3x — 4y + 5 = 0. 
Now find the equations of the two lines which are perpendicular to the line 
3x — 4y + 5 = 0, if the perpendicular distance from the point (1, 1) to each line is 
4 units. 


15. Write down the equation of any line through the point (—4, 2). 
Hence find the equations of the two lines through the point (—4, 2) whose 
perpendicular distance from the origin is 2. 


16. The length of the perpendicular to a line from the origin is 5 units. 
The line passes through the point (3, 5). 
Find the equations of two such lines. 


17. The vertices of a triangle are the points 


18. 


20. 


A(1, 2), B(3, 1) and C(-1, —2). 
(i) Find the length of the perpendicular 
from A to BC, i.e., find |AN|. 


(ii) Hence find the area of the triangle ABC. 


Two aircraft approach an airport along 
parallel flight paths, one red and one blue, 


as shown. 


(a) Find an equation for each flight path. 


(b) Calculate the shortest possible distance 


yA A (1,2) 
B (3,1) 
N 
> 
x 
C (71, 2) 
À 
5km 
4km 
3km 


between two aircraft travelling along 
these paths at the same time. 


km 


Okn? 


4km -3km -2km -1km 


A river flows through a town and its path can be approximated by the line 4x — 5y = —6. 
Two friends live at coordinates (—5, —3) and (4, 4) respectively. Investigate if they both 


live on the same side of the river. 


The council has two waste pipes travelling along 

the lines 4x — 5y = —2 and 4x — 5y = -1 

as shown in diagram. 

They want to place a third pipe in the centre, parallel 
to the existing pipes. 


(a) Find the equation of the line of the third pipe. 


(b) What is the shortest between the centres of the 
original pipes. 


A 


Section 4.7 The angle between two lines 


The diagram shows two lines /, and h. 


(180° — 0)“ 


Let the slope of 4 be m. Let the slope of J, be mp. 
> mı = tana => m, = tan f 
The angle, 6, between the lines is given by 
0=a-Bß 
tan 0 = tan (a — B) 

tan a — tan B 

1+ tan a tan B 

mM — mh 

ls m; nm» 


— tan 0 — 


The second angle between /, and and J, is (180? — 6). 
tan (180? — 0) = — tan 0 
= — Mı ™ 
1+m,m, 
Since the angle between /, and /, may be acute or obtuse, 
we generally define the angle as shown on the right. 


Note: In practice we generally use tan 0 = to find the acute angle, 0, between 


two lines. 


S — m, 
1+ m,m) 


The obtuse angle is obtained by finding 180° — 6. 


Find the acute angle between the lines y 2 2x - 5 and 3x * y - 7. 


Let the slope of y = 2x + 5 be m, > m, = 2 
Let the slope of 3x + y = 7 be m, > m; = —3 
Let 0 be the ps between the lines. 
23e 
Ian ETE meme tal © 
tan 0 = 1 > 6 = 45° is the acute angle. 


Note: the obtuse angle is 180° — 45° = 135°. 


More difficult problems 

A particular type of problem in coordinate geometry involves E Py) 
finding the equations of two lines through a given point and NES 

which make angles of 45°, for example, with a given line. 


From the given diagram we can see that there are 2 lines through P S 
which make angles of 45° with the line Z. 


To find the equations of the required lines, we start with the formula l 
T3 = Ma 
= f MAT m 
angai 1+ mm’ 
where 6 is the angle between the line required and the given line and 
m, is the slope of the given line. 


By solving the equation using the + signs, we get two values for 7. 


Find the equations of the two lines through the point (2, 3) which make angles of 
45° with the line x — 2y = 1. 


Let m, be the slope of the given line x — 2y = 1. 


=m, =} 


Let m; be the slope of the required line. 
The angle between the two lines is 45°. 


: m—m 
Using the formula tan 0 = + —— we have 
il => mnm» 
Qm = m 


tan 45 anne 


1 
lI—mm. Re 
2 8 l- 2m, 


3 “T+ (Dm; xd TOURS 
=> 2+m = +(1—- 2m) 
=> 2+m,=1-2m, or 2+m=—(1- 2m) 
=> 3m, =-1 or 2+m,=—1+ 2m, 
> m= -i => m=3 
Taking these two values of the slope and the point (2, 3) we get these equations 


m, = —4: Y= Pa SEE x) m, = 3: V= yi = 1% = 2) 


possc 2) yos) 
sy = 2) = se ap 2 lug 3e—y=—Z=0 
ie sear shy — JUL e) 
x+3y—-11=0 and 3x—y—3- are the required lines. 


Exercise 4.7 


1. Findthe value of the tangent of the acute angle between each of the following pairs of lines: 
(ij) x+2y+4=0 and x—-—3y+2=0 
(ii) 2x +3y-1=0 and x-2y-3-20 
(ili) 2x £y -6-0 and 2x-—3y+5=0. 


2. Find the acute angle between the lines y = 2x +5 and 3x + y 7 7. 
3. Find the obtuse angle between the lines x — 2y - 1 = 0 and 3x — y + 2 = 0. 


4. Find, correct to the nearest degree, the smaller angle between the lines x — 3y + 4 = 0 
and2x * y - 5-0. 


5. Find the measure of the obtuse angle between the lines x — 2y + 7 = 0 and 3x — y +2 = 0. 
6. Find the measure of the acute angle between the lines x — V3y + 4 = Oand 3x — y — 7 — 0. 


7. Find the slopes of the lines which make an angle measuring 45° with the line 
2x —-3y+1=0. 


8. Find the equations of the two lines through the origin which make angles of 45? with the 
line 2x + 3y —4— 0. 


9, Find the equations of the two lines through the point (—1, 1) which make angles of 45? 
with the line 2x + y — 2 = 0. 


10. Find the equations of the two lines through the point (4, 2) which make angles of 
tan ! (4) with the line x + y - 2 = 0. 


11. Find the equation of the line such that the x-axis bisects the angle between it and the 
line 2x — 3y — 6 = 0. 


12. Cisthe line tx + y—7=0. 
(i) Write down the slope of €. 
(ii) If the angle between the line € and the line y = 2x + 5 is 45°, find two possible 
values of t. 


Section 4.8 Using linear relationships to solve 
problems 


In this section we will illustrate the importance of the straight line when the relationship 
between two variables is plotted on a graph. In many scientific experiments when the 
relationship between two sets of data is displayed graphically, the points often lie on, or very 
close to, a straight line. 


This line is generally referred to as the line of best fit. 
We will deal more fully with this line in another part of our course. 


In this section we will deal only with straight-line graphs and show how useful they can be in 
the world of science and business. 


A spring has an unstretched length of 10 cm. When it is hung with a load of 80g 
attached, the stretch length is 28 cm. Assuming that the extension of the spring is 
proportional to the load, 
(i) draw a graph of extension E against load L. 
(Put load L on the horizontal axis.) 
(ii) find the equation of the line you have drawn in terms of L and E. 
(iii) use your graph to find the load required to extend the spring to a length of 
20 cm. 


'This particular spring passes its elastic limit when it is stretched to four times its 
original length. (This means that if it is stretched more than that it will not return 
to its original length.) 


(iv) Find the load which would cause this to happen. 


(i) Two points on the line are (0, 10) and (80, 28). 
EX 
40 


W 
=] 


N 
= 


Centimetres 


© 20 40 60 830 100 
Grams 
(ii) The line contains the points (0, 10) and (80, 28) 


—29-—10 19 . & 
80-0 80 40 


Equation of line: y — y; = m(x — xi) 


Slope 


E es 
18, = IO 40 (Lb =) 
=> 40E — 400 = 9L 
=> 9L — 40E + 400 = 0 is the required equation 


(iii) From the graph it can be seen that a load of 44 grams is required to extend 


the spring to a length of 20 cm. 
(iv) A load of 133 grams is required for the elastic limit of 40 cm to be reached. 


Exercise 4.8 


1. The linear graph below shows the relationship between degrees Celsius and degrees 
Fahrenheit. 


aA 


Degrees Celsius (°C) 
N 
© 


o” E 
30 40 SO 60 70 80 90 100 
Degrees Fahrenheit (°F) 


(i) Use the graph to convert approximately 
(a) 35°C to Fahrenheit (b) 15°C to Fahrenheit 
(c) 50°F to Celsius (d) 100°F to Celsius. 


(ii) Use the two marked points on the graph to find the equation of the line in the form 
ax + by+c=0. 


(iii) Use the equation you have found to convert 95°C to degrees Fahrenheit. 


2. When a carpet cleaner visits a house to clean carpets, his charge €C is based on the 
formula 
C = €(20 + 4M), 
where M is the number of square metres of carpets cleaned. 
Draw a straight-line graph of this relation, plotting M on the horizontal axis for 0 < M 
< 80. 
Use your graph to find 
(i) the cost of cleaning 75 m? of carpet 
(ii) the number of square metres of carpet that can be cleaned for €200. 
Use the formula to find 
(ii) the cost of cleaning 105 m? of carpet. 


3. Asum of €5000 is invested and simple interest is paid at the rate of 8%. 
(i) Calculate the interest received after 1, 2 and 3 years, and hence draw a sketch of 
the graph of interest (/) against time (T), putting time on the horizontal axis. 


(ii) Find the equation of the line you have drawn using the variables / and T, 
where J = interest and T = time. 

(iii) Use the equation to find the length of time for which the money must be invested 
for the total interest to reach €3500. 


Adding the interest to the sum invested gives the amount of the investment after a period 
of time. 
(iv) Find the linear equation of amount against time, using A and T as variables. 


4. A firm manufacturing jackets finds that it is capable of producing 100 jackets per day, 
but it can only sell all of these if the charge to the wholesalers is no more than €60 per 
jacket. On the other hand, at the current price of €100 per jacket, only 50 can be sold 
per day. 

Assuming that the graph of price, P, against the number sold per day, N, is a straight 
line, 

(i) draw a sketch of the graph, putting the number sold per day on the vertical axis 
(ii) find the equation of the line you have drawn using the variables P and N. 


Use the equation to find 

(ii) the price at which 88 jackets a day could be sold 

(iv) the number of jackets that should be manufactured if they were to be sold at €72 
each. 


5. Two rival taxi firms have the following fare structures: 


Firm A: fixed charge of €5 plus €2 per kilometre 
Firm B: no fixed charge and €2.20 per kilometre 
(i) Sketch the graph of price (vertical axis) against distance travelled (horizontal axis) 
for each firm (on the same axes). 
(ii) Find the equation of each line using P for price and D for distance travelled. 
(iii) Use your graph to find the distance for which both firms charge the same amount. 
(iv) Which firm would you use for a distance of 12 km? 


6. When the market price €p of an article sold in a free market varies, so does the number 
demanded, D, and the number supplied, S. 
In a particular month, D = 20 + 0.2p and S = —12 + p. 
(i) Sketch both of these lines on the same graph. 
The market reaches a state of equilibrium when the number demanded equals the 
number supplied. 
(ii) Find the equilibrium price and the number bought and sold in equilibrium. 


Revision Exercise 4 (Core) 


1. The equation of the line f is 3x — 2y + 6 = 0. 
Find the equation of the line perpendicular to € that contains the point (—1, 4). 


2. Find the area of the triangle with vertices (0, 0), (3, —2) and (—2, 4). 


3. The line £ contains the points (3, —2) and (1, 6). 
If the line 2x + ay + 7 = 0 is perpendicular to £ find the value of a. 


4. The line joining the points (6, a) and (—3, 6) has a slope of i. 
What is the value of a? 
5. The line y = $x — 2 crosses the x-axis at the point P and the y-axis at the point Q. 
(i) Write down the slope of the line. 
(ii) Find the coordinates of P and Q. 
(iii) Calculate the area of the triangle OPQ, where O is the origin. 


6. Write down the slope of the given line /. yt l 
Hence find the equation of /. 3 | 
ii 
» 
O 1 6 * 


7. The straight lines y = k*x + 12 and 2ky = 4x + 5 are perpendicular, k # 0. 
(i) Find the value of k. 
(ii) Find the point of intersection of the two lines. 


8. Determine which of the following pairs of lines are perpendicular. 
(a) 2x +y=3 and x-2y+4=0 
(b y=3x4+2 and x+3y—-2=0 
(c) y+2x+1=0 and x=2y-4 
(d) x + 3y-6 and 3x ty +2=0 


9. Find the equation of the line through the point (5, 2) and which is perpendicular to the 
line x +2y - 3-0. 


10. The perpendicular bisector of the line joining the points (1, 2) and (5, 4) meets the 
y-axis at the point (0, K). 
Find k. 


Revision Exercise 4 (Advanced) 


1. (i) Calculate the perpendicular distance from the point (—1, —5) to the line 
3x — 4y —-2=0. 
(ii) The point (—1, —5) is equidistant from the lines 3x — 4y — 2 = 0 and 
3x — 4y + k = 0, where k + —2. Find the value of k. 


2. (i) A(—7,3) and B(8, —2) are two points. 
Find the coordinates of the point that divides [AB] in the ratio 2:3. 
(ii) € is the line 2x + ky = 6. 
(a) Find, in terms of k, the points where ¢ intersects the x-axis and y-axis. 
(b) If the area of the triangle formed by £, the x-axis and the y-axis is k square 
units, find the value of k. 


3. (i) Find the equation of the line which is parallel to the line 2x + y = 5 and which 
passes through the point (2, 5). 
(ii) (a) Find the equation of the line € which is perpendicular to the line 2x + y = 5 
and which passes through the point (1, k), where k is constant. 
(b) Hence find the value of k for which the line € passes through the origin. 


4. The vertices of a triangle are A(4, 2), B(—1, 7) and C(A, k). 
If the coordinates of the centroid of the triangle ABC are (2, 4), find the values of ^ and k. 


5. Find the coordinates of the orthocentre of the triangle with vertices (1, 8), (1, —2) and 
(7, 1). 


6. The line k passes through the point (—4, 6) and has slope m, where m > 0. 
(i) Write down the equation of k in terms of m. 
(ii) Find, in terms of m, the coordinates of the points where k intersects the axes. 
(iii) The area of the triangle formed by k, the x-axis and the y-axis is 54 square units. 
Find the possible values of m. 


7. (i) Find the value of k if the distance from the point (3, k) to the line 3x — 4y + 7 = Q is 
6 units and k < 0. 
(ii) Use this value for k to find the equation of the line through (3, k) which is parallel 
to the line 3x — 4y + 7 = 0. 


8. Find the equations of the two lines parallel to 4x — 3y + 8 = 0 if the perpendicular 
distance from the origin to each line is 4. 


9, Find the equations of the lines through the point (2, 4) which make angles of 45° with 
the line x — 2y — 6 = 0. 


10. €is the line 4x + 3y - 5 = 0. 
(i) Verify that (2, —1) € €. 
(ii) Write down the equation of any line parallel to €. 
(iii) Hence find the equations of the two lines parallel to € and 2 units from it. 


Revision Exercise 4 (Extended-Response) 


1. To clean the upstairs window on the side of 
a house, it is necessary to position the ladder 
so that it just touches the edge of the lean-to 
shed as shown in the diagram. The coordinates 
represent distances from O in metres, in the 
x and y directions shown. 
(i) Find the equation of the line of the ladder. 
(ii) Find the height of the point A reached by 
the top of the ladder. 
(iii) Find the length of the ladder, correct to O (25,0 x 
the nearest centimetre. 


A line € contains the point (2, 5) and has slope m. 
(i) Find the equation of € in terms of m. 
(ii) Find, in terms of m, the coordinates of the points where € intersects the x-axis and 
y-axis. 
(iii) Find the values of m if the area of the triangle formed by £ and the positive x and 
y-axes is 36 square units. 


ABCD is a rectangle, where A, B and C are the points (3, 4), (1, k) and (4, —3) respectively. 
(i) Find the gradient of the line AB, giving your answer in terms of k. 

(ii) Determine the two possible value of k. 

(iii) Find the area of the rectangle ABCD for the case in which k is positive. 


(i) The line k has a positive slope and passes through the point P (2, —9). 
k intersects the x-axis at Q and the y-axis at R and IPOI: IPRI = 3:1. 
Find the coordinates of O and the coordinates of R. 

(ii) The line 3x + 2y = c intersects the x-axis at P and the y-axis at Q. 

If the area of the triangle OPO is 24 square units, find the values of c. 


. The vertices of a triangle are (0, —9), (—3, 6) and (8, 3). 


(i) Find the coordinates of the circumcentre of the triangle. 
(ii) Find the length of the radius of the circumcircle. 
(iii) Find the area of the circle in terms of z. 


In the parallelogram OABC where O is the origin, B is the point (2, 3). The equation of 
OA is x = 4y and the slope of OC is —1. 

(i) Draw a rough sketch of the parallelogram and then find the equation of BC. 

(ii) Find the coordinates of the points A and C. 


RSTU is a quadrilateral where R = (—1, —5) and S = (13, 9). 
Q(3, —1) lies on the line RS. 


T 
S (13,9) 


Q (3, —1) 


R (+1, —5) 


(i) The coordinates of U are (—2k, 3k), where k € R and k > 0. 
The area of the triangle RQU is 28 square units. 
Find the value of k. 

(ii) The slope of TS is -2 and SR is parallel to TU. 
Find the coordinates of T. 


8. 


10. 


11. 


When the interest rate for deposits is 7%, a small building society attracts €35 million of 
savings. When the rate is increased to 8.5%, the savings increase by €2 million. 
Assuming that the graph of savings against interest rates is linear for interest rates 
between 5% and 12%, 
(i) sketch the graph of savings (in € million) against interest rates (% ) in this interval, 
with interest rates on the horizontal axis 
(ii) find the equation of the line. 


Use the equation you have found to 
(ii) find the value of savings attracted by a rate of 11.596 
(iv) find the interest rate needed to attract savings of €40 million. 


A line containing the point (2, —4) has slope m, where m # 0. 

The line intercepts the x-axis at (xı, 0) and the y-axis at (0, yı). 

If x, + y = —4, find the slopes of the two lines that satisfy this condition. 
Hence find the tangent of the acute angle between these two lines. 


€ is the line tx + (t + 2)y — 11 = 0, where t E€ R. 
(i) Write down the slope of € in terms of t. 
(ii) If the angle between £ and the line x — 2y — 1 = 0 is 45°, find the two possible 
values of t. 


In the given diagram Z ABC = 90°. ^ 
D lies on the perpendicular bisector of AB. 
The coordinates of A and B are (7, 2) and (2, 5) 
respectively. 
The equation of the line AD is y = 4x — 26. 
(i) Find the equation of the perpendicular bisector 
of the line segment AB. 
(ii) Find the coordinates of the point D. 
(iii) Find the slope of the line BC. 
(iv) If C has coordinates (8, c), find the value of c. 
(v) Find the area of the quadrilateral ABCD. 


Probability 1 


Key words 
the fundamental principle of counting permutations factorial 
combinations relative frequency expected frequency addition rule 
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Section 5.1 Permutations 


1. The fundamental principle of counting 


The diagram below shows three towns A, B and C. 
There are 2 roads from A to B and 3 roads from B to C. 


The number of ways a person can travel from A to C is 6. These are listed as follows: 


(1, 3), (1, 4), (1, 5),(2, 3), (2, 4), (2, 5). 


This illustrates that there are 2 ways of going from A to B and for each way of going from A 
to B, there are 3 ways of going from B to C. 
Thus there are 3 X 2 = 6 ways of going from A to C. 


Similarly, if a car manufacturer produces 5 different models of a car and each model comes in 
4 different colours, then a customer has 5 X 4 i.e. 20 different ways in which he can select a car. 


These examples illustrate what is generally referred to as the Fundamental Principle of 
Counting which can be stated as follows: 


If one task can be accomplished in m ways and following 


Fundamental 
pred ‘ A this a second task can be accomplished in n ways, 

. then the first task followed by the second task can be 
Counting 


accomplished in m X n ways. 


From the given number of names and surnames, 
determine how many different name-surname 
pairs are possible. 


Mooney 


Jennifer Byrne 


'There are 6 names and for each of these, there 


Cormac O'Brien 
are 5 surnames. 


Kate Lawiski 
Barry 
Shane McCarthy 


Number of possible different pairs — 6 X 5 
= 30 


Note: The Fundamental Principle of Counting can be extended to any number of tasks. 
For example, if there are 3 roads from A to B, 2 roads from B to C and 4 roads from 
C to D, then there are 
3X24 ie. 24 ways of going from A to D. 


2. Permutations 
A permutation is an arrangement of a number of objects in a certain order. 


If the letters A, B and C are written in a row, one after another, there are 6 possible 
arrangements as follows: 


ABC ACB BAC BCA CAB CBA 
Each arrangement is called a permutation; so there are 6 different permutations possible. 


When calculating the number of permutations that can be made from a number of items, it 
is convenient to use “boxes”, and working from the left, write down the number of ways in 
which each box can be filled. 


Again, returning to the permutations of the letters A, B and C. 

The first letter can be selected in 3 different ways. 

Once the first place has been filled, there are only two letters left to choose from. 
Thus the second place can be filled in 2 ways. 

Similarly the third place can be filled in 1 way only. 

Thus the letters A, B and C can be arranged in 


3}|2||1}=3 x 2 x 1 = 6 ways 


3. Factorial notation 


To represent 3 X 2 X 1, we write 3!, pronounced “three factorial”. 
Similarly,8 X 7X 6X 5X4X3x2x1-8! 


In general, the product of all natural numbers from any number, n, down to 1 is called n 
factorial, and written as n!. 


Definition 


Thus (i) 5 different objects can be arranged in 5! i.e. 120 ways 
(ii) 8 different objects can be arranged in 8! i.e. 40320 ways. 


There are 6 different books, including a science book, on a shelf. 
(i) In how many different ways can the 6 books be arranged on the shelf? 
(ii) In how many ways can the 6 books be arranged if the science book is always 
on the extreme left? 


(i) The number of permutations of 6 different books is 6! 
61-6X5X4X3X2x1-2720 


If we use “boxes”, it is clear that the box on the extreme left can be filled in 
1 way only (i.e. with the science book). 


1/514/]13]|211 


The next box can be filled in 5 ways, the next in 4 ways and so on. 
-. the number of permutationsis1 X 5X 4X 3X2x1 
= 120 ways 


In how many ways can the letters of the word SCOTLAND be arranged in a line? 
(i) In how many of these arrangements do the two vowels come together? 
(ii) How many of the arrangements begin with S and end with the two vowels? 


The letters of the word SCOTLAND can be arranged in 8! ways. 
8!=8X7X6X5X4X3X2 X 1 = 40320 ways 


(i) Ifthe two vowels come together, we treat them as one ‘unit’. 


HOO eej0oOo 


There are now seven ‘units’ (or boxes) and these can be arranged in 7! ways, 
i.e., 5040 ways. For each arrangement of these seven boxes, the box 
containing AO can be arranged in 2! ways. 
-. the number of arrangements is 7! X 2! 

— 5040 X 2 — 10080 ways 


Arrangements beginning with S and ending with AO or OA: 


IS]L JL 1L JE IE Ao] 


The S is fixed and we treat AO as one ‘unit’ and that is also fixed. 
The remaining 5 letters can be arranged in 5! ways. 
For each of these arrangements, AO can be arranged in 2! ways. 
-. the number of arrangements is 5! X 2! 

= 120 X 2 = 240 


Example 4 


How many four-digit numbers can be formed using the digits 0, 2, 5, 7, 8 if a digit 
cannot be used more than once in any number? 

(i) How many of these numbers are greater than 5000? 

(ii) How many of these numbers are odd? 


Using boxes for the digits, the first box can be filled in 4 ways as 0 cannot be used 
as a first digit. 


4 


4J1[3]12 


The second box can also be filled in 4 ways as one digit is used but the zero can 
now be used. 

The third box can be filled in 3 ways and the fourth in 2 ways. 

-. the number of numbers is 4X 4X3 x2 = 96 


(i) If a number is greater than 5000, the first digit must be either 5, 7 or 8. 


4. Permutations of n different objects taking r of them at a time 


Therefore the first box can be filled in 3 ways. 


3J]|4:1131/|2 


The remaining boxes can be filled in 4, 3 and 2 ways. 
-. the number of numbersis 3 x 4 xX 3 X 2 = 72 


If one of these numbers is odd, it must end with 5 or 7. 
Therefore the last box can be filled in 2 ways only. 


ENEE 


We then go to the first box and, as either 5 or 7 is used and zero cannot be 
used, this box can be filled in 3 ways. 

The zero can now be used and 2 digits are already used, so the second and 
third boxes can be filled in 3 and 2 ways. 

-. the number of 4-digit odd numbers is 3 X 3 X 2 X 2 = 36 


To find the number of ways the five letters A, B, C, D, E can be arranged in a line when 
taking 3 at a time, we could use boxes as follows: 


5 


4 


3 


=5 x 4 X 3 = 60 ways. 


The first box can be filled in 5 ways, the second in 4 ways and the third in 3 ways. 


Notice that 5X 4 x 3 = 


5x4X3Xx2x1_51_ 5! 
2x1 21 (5-3) 


We use the notation $P, to denote the number of permutations of 5 objects, taking them 
3 at a time. 
5P} = 5 X 4 X3 ...starting at 5 and going down 3 numbers 


c ——— —8 
Similarly, ?P, = 8 X 7X 6x 5[or (8 d 


(i) Evaluate P, (i) Eindor 16 7 [225] = G] 


(i) 1P; = 10 x 9 x 8 = 720 
(ii) 7["P3] = 6[^*1 P4] > 7n(n — 1)(n — 2) = 6(n + 1)(n)(n — 1) 
=> 7(n — 2) = 6(n + 1) 

=> 7n—14=6n+ 6 

Zn? 


Example 6 


How many different four-letter arrangements can be made from the letters of the 
word THURSDAY if a letter cannot be repeated in an arrangement? 
How many of the arrangements begin with the letter D and end with a vowel? 


There are 8 letters in THURSDAY. 
The number of four-letter arrangements = §P, = 8 X 7 X 6 X 5 
= 1680 


To find the number of arrangements that begin with D and end with a vowel, we 
will use ‘boxes’. 


DILIS 


The first box can be filled in one way only, i.e. with D. 
The last box can be filled in 2 ways, i.e., U or A. 


Having used two letters, the remaining two boxes can be filled in 6 and 5 ways. 
-. the number of arrangements = 1X 6 X 5 X2 
— 60 ways 


Exercise 5.1 


1; 


10. 


11. 


13. 


A three-course lunch menu consists of four starters, three main courses and five desserts. 
In how many ways can a three-course lunch be chosen? 


There are six nominations for the post of Chairman and seven nominations for the post 
of Secretary of a committee. 
In how many ways can a Chairman and Secretary be elected? 


A code consists of a letter of the alphabet followed by two digits from 1 to 9, e.g. A34. 
How many different codes are possible if a digit cannot be repeated in the same code? 


Jack has 10 shirts, 6 pairs of shoes and 4 pairs of trousers. 
In how many different ways can he dress himself? 


In how many ways can six books be arranged on a shelf? 


In how many ways can seven children sit on a bench? 
In how many of these arrangements are the two oldest always together? 


In how many ways can the letters A, B, C, D and E be arranged in a row? 
In how many of these arrangements 

(i) is D always first? 

(ii) is A first and E last? 


How many different arrangements can be made from the letters of the word 
PROBLEM? 

(i) How many of these arrangements begin with a vowel? 

(ii) In how many of these arrangements do the two vowels come together? 


How many different arrangements can be made from the letters of the word PRINCE if 
(i) the first letter must be a consonant 

(ii) the last letter must be a vowel 

(ii) the letters P and R must be together? 


In how many ways can the letters of the word LEAVING be arranged if 
(i) L is always at the beginning 
(ii) the letters E and A are always together? 


In how many ways can the letters of the word IRELAND be arranged if each letter is 
used exactly once in each arrangement? 
In how many of these arrangements do the three vowels come together? 


Three girls and four boys are to sit in a row of seven chairs. 
How many different arrangements are possible 

(i) if the girls sit beside one another 

(ii) if no two boys may sit beside each other? 


In how many ways can 7 books be arranged on a shelf, taking 4 at a time? 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


In how many ways can the letters of the word BRIDGE be arranged in a row taking 4 
at a time? 


There are eight horses in a race. 
In how many ways can the first three places be filled if there are no dead-heats? 


A code consists of two vowels followed by two of the digits 1 to 9, e.g. AE29. 
How many different codes are possible if no repetition is allowed in a code? 


How many three-digit numbers can be formed using the digits 
(i) 1to9 (ii) 0 to 9 
if a digit cannot be repeated in the same number? 


How many 4-digit numbers can be made from the digits 4, 5, 6, 7 if no digit is repeated 
in the same number? 

(i) How many of these numbers are greater than 7000? 

(ii) How many of these numbers end in 7? 
(ii) How many of these numbers are less than 6000? 


How many four-digit numbers can be formed from the digits 0, 1, 2, 3, ..., 9, if no digit is 
repeated in a number? 

How many of these numbers 

(i) are greater than 8000 (ii) are divisible by 10? 


How many different four-digit numbers greater than 5000 can be formed from the digits 
2, 4, 5, 8, 9 if each digit can be used only once in any given number? 
How many of these numbers are odd? 


How many different three-digit numbers can be formed with the digits 0, 1, 4, 6, 7, 8 if 
each digit can be used once only in a number? 

(i) How many of these numbers are greater than 600? 

(ü) How many of the numbers begin with 1? 


A security lock requires a four-digit code to be keyed in before it can be released. 
The digits can be 0, 1, 2, 3, 4 or 5 but the four-digit code cannot start with the digit 0. 
How many different codes are there if 

(i) allthe digits are different 

(ii) the first digit is 5 and no digit is repeated? 


A code consists of any permutation of the letters A, B and C followed by any 
permutation of the numbers 1, 2, 3. 

How many different codes can be made if no letter or number can be repeated 
in a code? 


A woman has 10 ornaments, including a clock, of which only 7 will fit on the 
mantelpiece. If the clock must go in the centre, how many different arrangements can 
be made with the ornaments? 


25. Seven children, including one set of twins, are arranged in a line. 
How many different arrangements can be made? 
In how many of these arrangements are the twins 
(i) always together (ii) always apart? 


26. Acompetition has a first prize, a second prize and a third prize. 10 competitors enter 
this competition and the 3 prizes are awarded in order of merit. 
(i) Find the number of different ways in which these prizes could be won. 


Smith and Jones are 2 of the 10 competitors. Find the number of different ways in which 
the prizes could be won if 

(ii) neither Smith nor Jones wins a prize 

(ii) each of Smith and Jones wins a prize. 


Section 5.2 Combinations 


A combination is a selection of objects chosen from a given set. 

When we select, for example, three letters from A, B, C, D and E, then the combination ABC 
is the same as the combination BCA. 

Thus in combinations, unlike permutations, the order is not important. 


7 
3 


from seven different objects. 


We use the notation ) to denote the number of ways in which three objects can be chosen 


E sn at andan dons to 
= 210 = 35 
Similarly () (8) = §%7% $X3- 70 
B) [5] = sx d i r9 
In general, (7) = sa i a aan le) = CE 


Combinations 
Asaini [a —10x9x8X7x6x5- startat10 and go down 6 factors 
S 6 6X5X4X3X2X1 — start at 6 and go down to 1. 


— 210 


Also (12) =10x9Xx8X7 -210 


4] 4X3X2x1 
This shows that F = ey Le. T bus 6) 


In general, it can be shown that i) = P id zl as follows: 


n! 


iGo er) Gi Gal 


n! = n! 
(n—r)r! rin —r)! 


Also since (7) = m ii ;) > 


The fact that (7 ) = (,, n » is very useful for shortening the calculation involved in 


evaluating Gal for example. 
(Gee) =e aan er a 


Note: (” ) may also be written as "C,. 
The notation n Cr is generally used on calculators. 


To find (16) on your calculator, key in 
12 


[= The result is 1820. 


(i) In how many ways can a team of 5 players be chosen from 9 players? 
(ii) In how many ways can this be done if a certain player must be selected in 
each team? 


(i) 5 players can be selected from 9 players in @ ways. 


(5) = (4) "xem s 


(ii) If a certain player must be included, this results in 4 players being selected 
from the remaining 8. 


4 players can be selected from 8 in (3) ways. 


In how many ways can a group of five be selected from ten people? 
In how many ways can this group be selected if two particular people cannot both 
be selected for the group. 


Five people can be selected from ten in i ways. 


. 10xX9XxX8XxX7*x6 
53€412€ 3 2€ 23€ Al 


— 252 ways 


If two particular people cannot be in the same group, we find 

(i) the total number of ways 5 people can be selected from 10, i.e., 252, from 
above 

(ii) the number of ways the group can be selected if the two people are always 
included. 


If the 2 people are in each group, the number of ways is 


(8) - $37X6 - 


Emir 56 ... select 3 from 8 


Therefore the number of ways the group can be selected if the two people cannot 
be in the same group is (1) less (ii). 
-.the number is 252 — 56 = 196 ways 


Combinations from two different sets 


If we have two different sets, one containing m different things and the other containing n 
different things, the number of combinations which can be made containing r of the first and s 
of the second is, 


(7) *(5) 
The selections of ) and e ) are multiplied because for each selection from I ) we can 


associate every selection from " 


Find the number of ways in which a panel of four men and three women can be 
chosen from seven men and five women. 


4 men can be selected from 7 men in "n Ways. 


5 


3 women can be selected from 5 women in i ways. 


5 


3 selections. 


With each of the " selections, we may associate one of the 


— the panel can be selected in Ul x B ways 


= 35 X10 
— 350 ways 


Example 4 


In how many ways can a committee of six be formed from 5 teachers and 8 
students if there are to be more teachers than students on each committee? 


If there are more teachers than students on each committee, the committee will 
consist of either of the following combinations: 

(i) 4 teachers and 2 students 

(ii) 5 teachers and 1 student 


(i) 4 teachers and 2 students can be selected in "m x | ways 


= 5 X 28 = 140 ways 


(ii) 5 teachers and 1 student can be selected in (3) x a ways 


= 1 X 8 = 8 ways 
The total number of possible committees is 140 + 8 
= 148 committees 


Note: In example 4 above, the committee could consist of combinations (i) or (ii). 
Notice that these results were added. 


In general, when dealing with problems involving permutations, combinations or 
probability, the word or indicates that results are added. 


Exercise 5.2 


1. Evaluate each of the following: 


oH e) oM vR ot 


10. 


11. 


12. 


13. 


Show that @ (12) " (2) 2 (13) (ii) 8( 10) =3(10) 


In how many ways can a committee of 5 be selected from 8 people? 


In how many ways can a team consisting of 11 players be selected from a panel of 14 
players? 

If the 14 players include only one goalkeeper, how many different teams can be selected 
if the goalkeeper is included in each team? 


How many different selections of 5 letters can be made from the letters of the word 
CHEMISTRY? 
(i) How many 5-letter selections can be made if the letter C is included in each selection? 
(ii) How many 5-letter selections can be made if the letter C is always included and Y 
is always excluded? 


An examination paper consists of 9 questions. 
In how many ways can 5 questions be selected? 
If Question 1 is compulsory, in how many ways can 5 questions then be selected? 


From a pack of 52 cards, how many different hands of 3 cards can be selected? 
How many different hands of 3 spades can be chosen from the 52 cards? 


In how many different ways may 5 colours be selected from 10 different colours 
including red, blue and green, 
(i) ifblue and green are always included 
(ii) if red is always excluded 
(iii) if red and blue are always included but green excluded? 


In how many ways can a committee of six persons be chosen from five men and four 
women if each committee is to consist of 3 men and 3 women? 


A school council consists of 10 teachers and 12 students. 

In how many ways can a group of 6 be selected if the group consists of 
(i) 3 teachers and 3 students 

(ii) 2 teachers and 4 students? 


How many subsets, each containing three letters, can be made from the set {a, b, c, d, e, f}? 
How many such subsets can be formed if 

(i) each subset contains one vowel and two consonants 

(ii) each subset contains at least one vowel? 


In how many ways can a jury of 6 persons be chosen from 4 men and 4 women? 
In how many of these ways will all the women have been chosen? 


A board of six persons is to be chosen from five men and three women. 
In how many ways can this be done 

(i) when there are 4 men on each board 

(ii) when there is a majority of men on each board? 


14. There are 3 goalkeepers, 6 backs and 4 forwards available for selection on a 6-man 
team. How many different teams can be selected if each team has a goalkeeper, three 
backs and two forwards? 


15. There are eight people, including Mr. and Mrs. Jones, on a committee. 
How many subcommittees of four can be selected 
(i) ifall members are eligible for the subcommittee 
(ii) if Mr. and Mrs. Jones are included on each subcommittee 
(iii) if neither Mr. nor Mrs. Jones can be included on the subcommittee? 


16. Five points are marked on a plane. No three of them are collinear. 
How many different triangles can be formed using these points as vertices? 
Two of the five points are labelled X and Y respectively. 
How many of the above triangles have [XY] as a side? 


17. Six points A, B, C, D, E, F are marked on a sheet and no three of them are collinear. 
(i) How many different quadrilaterals can be formed using these points? 
(ü) How many of these quadrilaterals have A and B as one side? 


18. Nine friends, including Ann and Barry, wish to go to a show but only five tickets are 
available. 
In how many ways can the group of five be selected if 
(i) both Ann and Barry are included 
(ii) either Ann or Barry is included, but not both? 
Another member of the group is named Claire. 
(ii) In how many ways can the group of five be selected, given that at least one of 
Ann, Barry and Claire must be included? 


19. Anexamination paper consists of 12 questions, 5 in Section A and the remainder in 
Section B. A candidate must attempt 5 questions, at least 2 of which must be from each 
section. In how many different ways may the candidate select the 5 questions? 


20. A registration system consists of the four letters A, B, C, D and the four digits 2, 4, 6, 8. 
Find the maximum number of registrations the system can have if each registration 
consists of 2 letters followed by 3 digits, none of which may be repeated in a registration. 


21. Findthe value of n € N in each of the following: 
s; n\ _ T Hy _ sss n+1)\ _ 
(i) (5) = 10 (ii) (5) = 45 (iii) 2 | — 28 


Section 5.3 Elementary probability 


Probability uses numbers to tell us how likely something is to happen. 
The probability or chance of something happening can be described by using words such as: 


Impossible Unlikely Even Chance Likely Certain 


An event which is certain to happen has a probability of 1. 


An event which cannot happen has a probability of 0. 
All other probabilities will be a number greater than 0 and less than 1. 
The more likely an event is to happen, the closer the probability is to 1. 


The line shown below is called a probability scale. 


0 1 


Impossible Unlikely Even Chance Likely Certain 


NIK 


Before you start a certain game, you must throw a die and get a 6. 

The act of throwing a die is called a trial. 

The numbers 1, 2, 3, 4,5 and 6 are all the possible outcomes of the trial. 
The required result is called an event. 


If you require an even number when throwing a die, then the 
event or successful outcomes are the numbers 2, 4 and 6. 


" 


The chance of getting a red with this spinner is the same as the chance 
of getting a blue. Getting a red and getting a blue are equally likely. 


In general, if E represents an event, the probability 
of E occurring, denoted by P(E), is given below: 


Note: 1. The probability of any event E cannot be less than 0 or greater than 1, i.e., 
0 « P(E) <1. 
2. The probability of a certainty is 1. 
3. The probability of an impossibility is 0. 
4. If Eis an event, then the probability that E does not occur is 1 minus the 
probability that E occurs. 
This is written as P(E not occurring) = 1 — P(E). 


If a card is drawn from a pack of 52, find the probability that it is 
(i) an ace (ii) a diamond (iii) a red card. 


eres 


(i) There are 4 aces in the pack > P (ace) = 5 = 45 


(ii) There are 13 diamonds in the pack = P (diamond) = E = 


(iii) There are 26 red cards in the pack = P (red card) = E = 


A letter is selected at random from the letters of the word STATISTICS. 
Find the probability that the letter is 
(i) C (ii) S (iii) S or T (iv) a vowel. 


There are 10 letters in the word STATISTICS. 


(i) There is just one C. (ii) There are 3 Ss. 
=> P(C) = = P(S)=2 
(iii) There are 3 Ss and 3 Ts, i.e. 6 altogether 


= P(SorT)-£-i 


(iv) There is one A and two Is in the word, i.e., 3 vowels. 
= P(vowel) = m 


Two events - use of sample spaces 


When two coins are tossed, the set of possible outcomes is 
(HH, HT, TH, TT}, where H = head and T = tail. 


This set of possible outcomes is called a sample space. 


By using this sample space, we can write down the probability of getting 2 heads, for 
example. 


P(HH) = i and P(one head and one tail) = i = 4 


In an experiment such as throwing two dice, for example, the construction of a sample space 
showing all the possible outcomes can assist in finding the probability of a given event. 


If two dice are thrown and the scores are added, set out a sample space giving all 
the possible outcomes. Find the probability that 

(i) the total is exactly 7 (ii) the total is 4 or less 
(iii) the total is 11 or more (iv) the total is a multiple of 5. 


The sample space is set out on the right. 
There are 36 outcomes. 
(i) There are 6 totals of 7. 


(ii) There are 6 totals of 4 or less. 


= P(4or less) = x = 1 
(iii) There are 3 totals of 11 or more. 


= P(11 or more) = x = 4 


(iv) The multiples of 5 are 5 and 10. 
There are 7 totals of 5 or 10. 


= P(multiple of 5) = $ 


Exercise 5.3 


1. There are seven labels on the probability scale below: 


Impossible Very Unlikely Even Likely Very Certain 
unlikely Chance likely 


Which of these labels best describes the likelihood of each of these events occurring? 
(i) You will score 10 in a single throw of a normal die. 
(ii) It will rain in Ireland sometime in the next week. 
(ii) You will win a prize in the club lottery with a single ticket. 
(iv) You will live to be 100 years old. 
(v) IfItoss a coin, it will show tails. 
(vi) A day of the week ending with the letter Y. 
(vii) You will draw an even number from these cards. 


2. Yoghurt is sold in packs of 12. 
Robbie is going to take one without looking. 


0 1 
ME 
nut berry plain vanilla 


Use the probability scale to work out how many of these flavours are in a pack: 
(i) vanilla (ii) plain (iii) nut (iv) berry. 


10. 


11. 


NER 


| 
| 
Yellow Red Blue 


In a game, Todd spins an arrow. The arrow stops on one of 
sixteen equal sectors of a circle. Each sector of the circle is 
coloured. The probability scale shows how likely it is for the 
arrow to stop on any one colour. How many sectors are 


(i) coloured red (ii) coloured blue (iii) coloured yellow? 
A fair die is rolled. 
What is the probability of getting 
(i) a5 (ii) alora2 (iii) 4 or more 
(iv) an odd number (v) less than 3 (vi) a prime number? 


If one card is selected at random from a pack of 52 cards, what is the 


probability of getting 
(i) a king (ii) a diamond (ii) a picture card 
(iv) a black queen (v) an even number on the card? 


Tickets numbered 1 to 17 are placed in a box. 

If one ticket is drawn at random, what is the probability that it has 
(i) an odd number (ii) a2-digit number 

(iii) a multiple of 3 (iv) a perfect square? 


A letter is selected at random from the word ADDITION. 
Find the probability that the letter is 
(i) T (ii) I (iii) Tor D (iv) a vowel. 


A counter is drawn from a box containing 15 red, 10 black and 5 green counters. 
Find the probability that the counter is 
(i) red (ii) green (iii) red or green (iv) not red. 


Two unbiased dice are thrown. Using the sample space given in Example 3 of this 
section, find the probability that 

(i) the total is 10 (ii) both numbers are odd 
(iii) the totalis4orless (iv) the total is odd and greater than 6. 


Two dice are thrown simultaneously. The scores are to be multiplied. 
If P(n) is the probability that the number n is obtained, find 
(i) P(9) (ii) P(4) (ii) P(12). 


There are 6 counters in a box. 

The probability of taking a green counter out of the box is i. 
A green counter is taken out of the box and put to one side. 
Gerry now takes a counter from the box at random. 


What is the probability it is green? 


12. There are some yellow and purple blocks in a toddlers toy bin. 
The probability of getting a yellow block, if you take a block at random out of the bin, is Z, 
(i) What is the probability the block will be purple? 
(ii) Karl takes one block out of the bin. 
It is yellow. 
What is the smallest number of purple blocks there could be in the bin? 
(iii) Karl then takes another block out of the bin and it is also yellow. 
What is the smallest number of purple blocks there could be in the bin? 


13. You play a game with two spinners, as shown. 
They are spun at the same time and the scores are added. 
Make out a sample space for the possible results and 
write down the probability of getting a total of 
(i) 6 (ii) 10 (iii) an even number. 
Which score do you get most often? 
Hence write down the probability of getting this score. 


14. Ina particular game, a player throws two fair dice together. 
If their total is 7 or 11 he wins. 
If their total is 2, 3 or 12 he loses. 
For any other total, he neither wins nor loses. 
(i) Find the probability of winning. 
(ii) Find the probability of losing. 


15. Three coins are tossed, each toss resulting in a head (H) or a tail (T). 
Make out a sample space for the possible results and write down the probability that 
the coins show 
(i) HHH (ii) HTH in that order (iii) 2 heads and 1 tail in any order. 


16. This two-way table shows the Male | Female | Total 
numbers of males and females 


in a group of 50 who wear or MCOnn lanes Sd 
do not wear glasses. Not wearing glasses E NEA 16 
Work out the probability that Total 50 
a person chosen at random is: 

(i) female (ii) not wearing glasses (iii) a male who wears glasses. 


If a male is chosen at random, find the probability that he wears glasses. 


17. The pie chart gives information about how some 
students travelled to school one day. 
One of these students is chosen at random. 
Use the information in the pie chart to work 
out the probability that the student: 
(i) travelled to school by bus 
(ii) walked to school. 


18. Consider a full deck of playing cards: 
(i) In how many ways can 3 clubs be selected from 13 clubs 
(ii) In how many ways can 3 cards be selected from a full deck of cards. 
(ii) What is the probability of selecting 3 clubs from a full deck of cards. 


19. This two way table results from a | Data | Men Women Total. 
survey of coffee drinking in a cafe. 
(i) Complete the table. Writs CHG Y 2s 
(ii) Complete the second table Does not order coffee — 15 
converting the data from Total 50 
the first table into 
probabilities. Probability Male Female Total 
(iii) Using the probability table find: | Orders Coffee 0.2 
(a) the probability of a man Does not order coffee 
not ordering coffee. Total 0.5 1 


(b) the probability of a 
customer not ordering coffee. 


20. At an NCT garage it is found that 5 out of 15 trucks belonging to a company do not 
meet emission standards. 
If four of the trucks were chosen at random what is the probability that all of them 
would have met the emission standards. 


21. (i) Find the probability of rolling a total of “7” when tossing a pair of dice. 
(ii) Find the probability of rolling at least two 7’s in four tosses of a pair of dice. 


22. A debating team of 4 is chosen at random from 5 girls and 6 boys. 
(i) In how many ways can the team be chosen if 
(a) there are no restrictions 
(b) there must be more boys than girls. 
(ii) Find the probability that the team contains only one boy. 


Section 5.4 Experimental probability 
- Relative frequency 


In the previous section, we calculated probabilities on the basis that all outcomes are equally 
likely to happen. However in real-life situations, events are not always equally likely. For 
example, the probability of a football team winning a game, or the probability that the next 
car that passes the school gate will be coloured red, can only be estimated by analysing 
previous results or carrying out an experiment or survey. 


Experiment 


John suspects that a coin is biased. In an experiment, he tossed the coin 200 times and 
recorded the number of heads after 10, 50, 100, 150 and 200 tosses. 


The results are shown in the table on the right: Number Number | Heads 
As the number of tosses increase, the number . of tosses ofheads | tosses 
of heads divided by the number of tosses gets 10 7 0.7 
closer to 0.5, i.e., 1. 50 28 0.56 
This value is called relative frequency and 100 53 0.53 

it gives an estimate of the probability that 150 78 052 
the event will happen. 200 103 0.515 


Thus an estimate of the probability that an event will occur, by carrying out a survey or 
experiment, is given by 


In general, as the number of trials or experiments increases, the value of the relative 
frequency gets closer to the true or theoretical probability. 


Dara collected data on the colours of cars passing the school gate. 
His results are shown on the table below. 


enag 


How many cars did Dara survey? 

What was the relative frequency of blue cars? 

What was the relative frequency of red cars? 

Give your answer as a decimal. 

Write down an estimate of the probability that the next car passing the 
school gate will be green. 

How can the estimate for the probability of green cars be made more reliable? 


The number of cars in the survey is the sum of the frequencies. 
'This is 100 cars. 
16 


Relative frequency of blue cars = 455 = $ 

Relative frequency of red cars = A = 0.32 

Probability of next car green = relative frequency of green cars 
— i 


^ 100 10 
The estimate for the probability of green cars can be made more reliable by 
increasing the number of cars observed. Five hundred cars would give a very 
accurate estimate of the true probability. 


Expected frequency 

A bag contains 3 red discs and 2 blue discs. 

A disc is chosen at random from the bag and replaced. 
The probability of getting a blue disc is Z, 

This means that, on average, you expect 2 blue discs 
in every 5 chosen or 20 blue discs in every 50 chosen. 


To find the expected number of blue discs when you choose a disc 100 times, 


(i) Work out the probability that the event happens once. 
(ii) Multiply this probability by the number of times the experiment is carried out. 
Thus the expected number of blue discs is 


2 100 _ 
2 x 100 — 40, 


This spinner is biased. y 
The probability that the spinner will land on each of RY AN 


the numbers 1 to 4 is given in the table below. 


Probability 0.35 


The spinner is spun once. 
(i) Work out the probability, k, that the spinner will land on 5. 
(ii) Write down the number on which the spinner is most likely to land. 
(iii) If the spinner is spun 200 times, how many times would you expect it to land 
on 3? 


(i) The sum of the probabilities is 1. 
So O35 T QUIE T O25 3E OS sr ie = 1 
> 0.85 +k=1 
=>k=1—085>k=0.15 
The spinner is most likely to land on 1 as it has the highest probability. 
P(3) = 0.25 
Expected frequency of 3 = P(3) X number of trials 
= 0.25 x 200 
= 50 
You would expect to land on a three 50 times. 


Exercise 5.4 


1. A fair die is thrown 900 times. 
(i) How many twos would you expect to get? 

(ii) How many sixes would you expect to get? 

(iii) How many twos or sixes would you expect to get? 


2. One ballis selected at random from the bag 
shown and then replaced. This procedure 


is performed 400 times. 


(i) What is the probability of getting a red ball? 
(ii) How many times would you expect to select 


(a) a red ball 


3. Ben tosses a coin 100 times. 
His results are shown on the right. 
(i) Find the relative frequency of getting a head. 
(ii) Is the coin fair? Explain your answer. 


4. Helen wanted to find out if a die was biased. She threw the die 300 times. 


(b) a white ball? 


Her results are given in the table below. 


Outcome Frequency 
Head 34 
Tail 66 


p 


3 


4 


S 


6 


Number on dice il 
Frequency 30 


40 


55 


65 


50 


60 


(i) For this die, calculate the experimental probability of obtaining 


(a) a6 (b) a2. 
il) For a fair die, calculate the probability of scorin 
p y g 
(a) a6 (b) a2. 


(iii) Do your answers suggest that this die is fair? 


Give your reasons. 


5. The sectors of a 3-sided spinner are each coloured red or orange or green. 


The table gives the results when the spinner is spun 300 times. 


Orange 


Green 


Colour Red 
Frequency 154 


56 


90 


(i) Use the information in the table to find an estimate for getting red. 
(ii) Is this a fair spinner? Give a reason for your answer. 


6. Aspinner has 10 equal sectors, 5 red and 5 green. 
Dave carries out an experiment. 
He spins the spinner 300 times. 
The spinner lands on red 120 times. 
Is the spinner fair? Explain your answer. 


The probability that a biased dice will land on each of the numbers 1 to 6 is given in the 
table below: 


Probability 


(i) Calculate the value of x. 
(ii) If the dice is thrown once, find the probability that the dice will show a number 
higher than 3. 
(iii) If the dice is thrown 1000 times, estimate the number of times it will show a 6. 


Gemma keeps a record of her chess games with Helen. 

Out of the first 10 games, Gemma wins 6. 

Out of the first 30 games, Gemma wins 21. 

Based on these results, estimate the probability that Gemma will win her next game of 
chess with Helen. 


Paula records the number of 6s she gets when she rolls a dice 10, 100 and 1000 times. 
The table below shows her results. 

| Number of rolls 10 | 100 | 1000 
| Number of 6s 1 15 | 165 


Use this information to work out the best estimate for getting a 6 on Paula's dice. 
Give a reason for your answer. 


Four friends are using a spinner for a game and they wonder if it is perfectly fair. 
They each spin the spinner many times and record the results. 


| Number Results 


Name ofspins o 2 


Alan 30 12 12 6 

Keith 100 31 49 | 20 Qo» 
Bill 300 99 133 | 68 
Ann 150 45 | 2 


(i) Whose results are most likely to give the best estimate of the probability of getting 
each number? 
(ii) Make a table by adding together all the results. 
Use the table to decide whether you think the spinner is biased or unbiased. 
(iii) Use the results to work out the probability of the spinner getting a ‘2’. 
(iv) Ifthe spinner is spun 1000 times, use the table in (ii) to write down the number of 
zeros you could expect. 


(i) Sarah takes a cube and writes these numbers on its six faces: 1, 1, 2, 2, 2, 3. 
She then rolls the cube. 
What is the probability that the number 1 is uppermost? 

(ii) David writes numbers on the faces 
of a different cube. 
He rolls the cube many times and 
makes this record of how it lands. 
What numbers do you think he wrote on the six faces of the cube? 


Number uppermost | 1 2 3 4 
Frequency 42 | 79 | 85 | 34 


12. Mark is the captain of the basketball team. 

Based on last year’s results it is noted that the team won 90% of their home games 
when Mark played and 70% when he was injured and did not play. The team lost 1596 
of its away games when Mark played and 30 ?6 when he did not. 
This season it is expected that the team will play 10 games away and 10 games at home. 
How many games would they expect to win if: 

(i) Mark plays all the games 

(ii) Mark plays none of the games. 


13. Inatown the probability that it will rain on an April day is 0.4, the probability that 
in April a day in which it rains is followed by a day in which it rains is 0.7 and the 
probability that in April a day in which it does not rain is followed by a day in which it 
rains is 0.2. What are the probabilities that on three consecutive days in April it will: 

(i) rain on each day, 

(ii) not rain on the first day and rain on the next two days? 
What is the probability that it will 
(il) rain, rain, not rain, rain on four consecutive days in April? 


Section 5.5 Mutually exclusive events 
- The addition rule 

Consider the following two events when drawing a card from a pack of 52 playing cards: 
A — drawing an ace B — drawing a king. 

These two events are said to be mutually exclusive as they cannot occur together. 

If the events A and B cannot happen together, then 
P(A or B) = P(A) + P(B) 

This is called the addition law for mutually exclusive events. 


So P(draw an ace or king) = P(ace) + P(king) 


ee 
32 t 32 
= 8.= 2. 
23 


When events are not mutually exclusive 
We will now consider events which may occur at the same time. 
If A is the event: selecting an ace from a pack of cards and 

B is the event: selecting a heart from a pack of cards 


then P(A) = £ and P(B) = E 


In this situation, both events may occur at the same time since the ace of hearts is common to both. 


In general, when two events A and B can occur at the same time, 


Thus in the example given above, 


P(ace or heart) = P(ace)  P(heart) — P(ace and heart) Ace 
24.113. 1 i 
—52 ^ 52 532 Hearts, 


This result can be verified as there are 4 aces and 13 hearts in a pack of cards. Since one of 
the aces is the ace of hearts, there are 16 aces or hearts in the pack. 


i.e. P(ace or a heart) — £, as already found. 


A card is drawn at random from a pack of 52. 
What is the probability that the card is 
(i) a club (ii) a king (iii) a club or a king 
(iv) a red card (v) a queen (vi) a red card or a queen 
(i) P(club) = £= + 
(i) P(king) =S=4 
(iii) P(a club or a king) = P(club) + P(king) — P(club and king) 
L21.4.1 
gy "sm se 
= d. 4 


52 13 


(iv) P(red card) = 2$ = 


(v) P(queen) = E = E 


1 
2 


(vi) P(a red card or a queen) = P(red card) + P(queen) — P(red card and queen) 


Venn diagrams for mutually exclusive events 


(i) Mutually exclusive (ii) Non-mutually exclusive 
A B 
P(A or B) = P(A) + P(B) P(A or B) = P(A) + P(B) — P(A NB) 


P(A UB) = P(A) + P(B) P(A UB) = P(A) + P(B) — P(A n B) 


A and B are two events such that P(A) — E P(B) = E and P(A U B) = i. 
Find P(A N B). 


Using P(A U B) = P(A) + P(B) — P(A n B) 
i-i -2- P(AnB) 


5 
P(ANB)=2+2-4 


Exhaustive events 
Consider these events when throwing a dice: 


A: Getting an odd number 
B: Getting an even number 


These two events contain all the possible outcomes 
when a dice is thrown. 

These events are said to be exhaustive. 

If A and B are exhaustive events, then 


P(A) + P(B) = 1. 


Venn diagrams 


A Venn diagram is a useful way to represent data or probabilities. 
Each region of a Venn diagram represents a different set of data. 


The Venn diagram on the right shows two sets, A and B, S(30) 
in the sample space S. 


The number of elements in each region is also shown. o 


81s the number of elements in A but not in B. PIS) =1 
This is written as A/B. 
12 is the number of elements in B but not in A. 
This is written as B/A. © 
6 is the number of elements in A and B. This is written as A N B. 
4 is the number of elements in neither A nor B. 15 
This is written as (A U B)'. 


If information is presented in the form of a Venn diagram, it is easy to write down the 
probability of different events occurring. 


In the diagram on the previous page, the probability of either A or B is given by P(A U B). 


= 846412 26 13 
P(AUB)-g 6412-4 30 15 


The given Venn diagram represents the 
subjects taken by a group of 50 pupils. 
(i) Find the value of x. 


Now find the probability that a person 
chosen at random takes 

(ii) both subjects 

(iii) neither subject 

(iv) Science but not Maths 

(v) Maths or Science or both. 


(i) x= 50 — (20 + 12 + 4) ie.x — 14 


(ii) P(both) = T = 


50 


i _20+14+12_ 46. 23 
(v) P(Science or Maths or both) 50 50 25 


Exercise 5.5 


1. A box contains discs numbered 1 to 16. 
If a disc is selected at random, what is the probability that it is 
(i) an odd number (ii) a multiple of 4 
(iii) an odd number or a multiple of 4? 


2. Acard is selected at random from a pack of 52 playing cards. 
What is the probability that it is 
(i) aspade (ii) a red picture card 
(iii) a spade or a red picture card? 


3. A number is selected at random from the integers 1 to 30 inclusive. 
Find the probability that the number is 
(i) a multiple of 3 (ii) a multiple of 5 
Explain why events (i) and (ii) are not mutually exclusive. 
Now find the probability that a multiple of 3 or 5 is selected. 


10. 


A number is selected at random from the integers 1 to 12 inclusive. 
Find the probability that the number is 
(i) even (ii) a multiple of 3 (iii) even or a multiple of 3. 


A card is drawn at random from a pack of 52. 
What is the probability that the card is 
(i) aclub (ii) aking (iii) a club or a king 
(iv) ared card (v) a queen (vi) a red card or a queen? 


If two fair dice are thrown, what is the probability of getting 
(i) the same number on both dice 

(ii) a total of 8 

(iii) the same number on both dice or a total of 8? 


In a small school, a class consists of children of a variety of ages as given in the table. 


5-year-old 5-year-old 6-year-old 6-year-old 7-year-old 7-year-old 
girls boys girls boys girls boys 


A pupil is selected at random. 
What is the probability that the pupil is 


(i) a girl (ii) not 5 years old 
(iii) a boy and 6 years old (iv) a girl or 6 years old 

(v) 60r 7 years old (vi) 6 and 7 years old? 
The results of a traffic survey of colour and type of car are given in the table shown. 
One car is selected at random from this group. Saloon ES 
Find the probability that the car selected is White 68 62 

(i) a green estate car 

(ii) asaloon car Croon zo 2 
(iii) a black car or an estate car. Black 6 6 


Ina fairground game, players each choose a number on this board. none 
An electronic device lights up and turns off the numbers 

in a random way. When it stops, one number is lit up. [5 |6|7/ 8 | 
What is the probability that the lit-up number is |9 |10 11 |12 


(i) in the first row 

(ii) in the first column 
(iii) either in the first row or the first column 
(iv) on the edge of the board 

(v) on the diagonal from top left to bottom right 
(vi) either on the edge or on the diagonal from top left to bottom right 
(vii) either a square number or an odd number? 


na ais e 


A bag contained 8 red, 12 blue and an unknown number of green beads. 
In a random draw, the probability of drawing a green bead was i 
How many green beads were in the bag at the start? 


11. 


12. 


13. 


14. 


15. 


Of 100 tickets sold in a raffle, 40 were red, 30 were blue and 30 were green. 

If the winning ticket was drawn at random, find the probability that it was 
(i) red (ii) not blue. 

Every red ticket is even-numbered and every blue ticket is odd-numbered. 

Of the green tickets, 20 are even-numbered and 10 are odd-numbered. 

Find the probability that the winning ticket was 

(iii) green or even-numbered. 


Of one hundred people in a sports club, 40% are male. A recent survey showed that 
10% of the males and 15% of the females play tennis. 
(i) Find the probability that a person chosen at random from the group is male and plays 
tennis. 
(ii) Find the probability that a person chosen at random from the group plays tennis. 
(iii) Find the probability that the person chosen is female or plays tennis. 


LU ATE fo) [2 | 22] [23] 24] [25] [26] (27) [28] [29] 


A card is picked at random. 


The event A is ‘The number picked is less than 24’. 
The event B is “The number picked is a multiple of 5’. 
The event C is ‘The number picked is prime’. 
The event D is ‘The number picked is a multiple of 3’. 
(i) Are these pairs of events mutually exclusive? 
(a) A,B (b) A,C (c) A, D (d) B, C (e) B, D 
(ii) What is the probability that the number picked is either prime or a multiple of 3? 
(ii) Jeff said: 
‘The probability of picking a number less than 24 is £. 


The probability of picking an even number is =. 


So the probability of picking either a number less than 24 or an even number is 
Is he right? If not, why not? 


9, 
10° 


The Venn diagram on the right shows the number 
of elements in each region. 


Write down (i) P(A) (ii) P(B) (ii) P(A U B). 
Now verify that P(A U B) = P(A) + P(B) — P(A A B). 


The given Venn diagram shows the probabilities S 
of events C and D in the universal set S. C D 


Find (i) P(C) (ii) P(D) 
(i) P(CUD) . (iv) P(CnD) 
Verify that P(C U D) = P(C) + P(D) - P(C n D) 


0.1 


16. 


17. 


18. 


19. 


20. 


21. 
22. 


23. 


24. 


The given Venn diagram shows the languages 
taken by a group of 50 students. 

(i) Find the value of x. 
If a student is selected at random, find the 
probability that the student takes 

(ii) French 
(iii) both French and Spanish 
(iv) French or Spanish 

(v) one of these languages only. 


Spanish 


The Venn diagram shows the hobbies of a group 
of girls. 
(i) Write down the total number of girls. 
(ii) A girl is chosen at random. 
Find the probability that she does both 
Drama and Art. 
(iii) A girl is chosen at random. She does Drama. 
Find the probability that she does Art. 
(iv) A girlis chosen at random. She does Sport. 
Find the probability that she does Drama. 
(v) A girl is chosen at random. She does both 
Drama and Art. 
Find the probability that she does all three. 


A town council gets a grant to build two sports centres. During the first year the centres 
were open, it was found that 36% of the population had been to centre A, 22% had 
been to centre B and 10% had been to both. 

(i) Draw a Venn diagram to represent this data. 

(ii) What percentage of the population had been to neither centre? 
(iii) What percentage had been to centre A only? 


For events A and B, it is known that P(A) — 2, P(A UB)= iand P(AnB)- i 
Find P(B). 

For events X and Y, it is known that P(X) = L P(Y) = 3 and P(X U Y) = =. 

Find P(X N Y). 

For events C and D, P(C) = 0.7, P(C U D) = 0.9 and P(C N D) = 0.3. Find P(D). 
A and B are two events such that P(A) = 0.8, P(B) = 0.5 and P(A N B) = 0.3. 


(i) Find P(A UB). 
(ii) Verify that P(A U B) = P(A) + P(B) — P(A n B). 


A and B are two events such that P(A) = i, P(B) = 2 and P(A N B) = i. 
() Find P(A U B). 
(ii Are A and B mutually exclusive? Explain your answer. 


A and B are mutually exclusive events. 
If P(A) = and P(B) = i, find P(A U B). 


25. In a survey, 50 teenagers were asked if they went out S=( ) 


to the cinema(A) or they watched movies at home(B) 
or both, over the weekend. The following data was 
collected: 

(i) BNA=25 

(ü) ANB’ =10 
(iii) A’ NB’ =10 
(a) Using this data, copy and complete 

the Venn diagram for this survey. 


(b) Describe the set of students A’ N B’. P(S)=1 
(c) Using the data redraw the Venn diagram 
inputting the probabilities for regions 

1,2, 3 and 4. 


(d) Using the Venn diagram find the probability of 
choosing a student who went to the cinema 
but who did not watch movies at home 
over the weekend. 

(e) Findalso (i) P(A) (ii) P(B) 


Section 5.6 The multiplication law for 
independent events 


Paul spins a coin SES and rolls a dice. 


His results are shown on the right. 


so their outcomes are independent. 


There are 12 equally likely outcomes of the coin 
and die, as shown in the diagram on the right. 


6 
5 
The coin and the die do not affect each other, 4 
3 
2 
1 


From the sample space, we can see that the H(e ad) T(ail) 


probability of a head and a 5 is + Coin 
The probability of each outcome can also be found 
by multiplying the separate probabilities i.e. P(H) = i P(5) = En P(H and 5) = i x H = + 


This illustrates the multiplication law of probability which states that for independent events 
A and B, 


The multiplication law applies to any number of independent events. 
If the events are A, B, C, ..., then 


P(A and B and C ...) = P(A) X P(B) X P(C) x ... 


The multiplication law is particularly useful when dealing with problems where one event is 
followed by another event such as throwing two dice or selecting two or more cards from a 
pack. The use of the multiplication law eliminates the need to construct a sample space and 
so significantly reduces the work involved in solving certain problems. 


When two dice are thrown, what is the probability of getting 
(i) two sixes (ii) 4 or more on each die? 


(i) The probability of getting 6 on the first die is E 


The probability of getting 6 on the second die is also L, 


^ P(66)7i1xi-il 


(ii) The probability of getting 4 or more on any die is 1. 


(Both of these answers could be found by using the sample space for throwing 
two dice.) 


'These two spinners are spun. 

What is the probability that 
(i) spinner A shows red 
(ii) spinner B shows red 

(iil) both spinners show red 

(iv) A shows red and B shows blue 
(v) both show blue 

(vi) both show white 

(vii) neither shows white? 


(i) P(A shows red) = 
(ii) P(B shows red) = = 
(iii) P(both show red) = P(A red) X P(B red) 
1 


Mem 
=a 


(iv) P(A red and B blue) = P(A red) X P(B blue) 


4 
6 
1 


(v) P(both blue) = P(A blue) X P(B blue) 
sa EM 
Goss a G 


(vi) P(both white) = P(A white) x P(B white) 


A gambler must throw a 6 with a single dice to win a prize. 
Find the probability that he wins at his third attempt. 


To win at his third attempt, he must fail at the first, fail at the second and win at 
the third attempt. 


P(not throwing a 6 at his first attempt) — 2 
P(not throwing a 6 at his second attempt) — H 


P(throwing a 6 at his third attempt) — i 


= P(winning at his third attempt) = i x i x 


Example 4 


Three pupils A, B and C have their birthdays in the same week. 
What is the probability that the three birthdays 
(i) fall on a Monday 
(ii) fall on the same day 
(iii) fall on three different days? 


(i) P(A's birthday falls on a Monday) = 


1 
7 
P(all three on Monday) = i x E x 1 = 


= 
343 


(ii) P(A has birthday on some day of week) = 1 ... a certainty 
P(B has birthday on the same day) = i 
P(C has birthday on the same day) = i 
.. P(all have birthday on the same day) = 1 X 1 x i = $ 
(iii) P(A has birthday on some day of the week) = 1 ... a certainty 
P(B has birthday on a different day) — B 
P(C has birthday on different day from A and B) — 
= P(all have birthday on different days) = 1 X £ x 


Exercise 5.6 


1. 


This spinner is spun twice. 
Find the probability of getting 
(i) 2reds 
(ii) 2 greens 
(iii) 2 yellows 
(iv) ared and a green in that order. 


A dice is thrown twice. What is the probability of getting 
(i) two sixes 
(ii) a six on the first throw and an even number on the second 
(iii) an odd number on the first throw and a multiple of 3 on the second? 


A coin is tossed and a dice is thrown. Find the probability of obtaining 
(i) ahead and a six 
(ii) a head and an even number. 


A card is drawn from a pack of 52 and then replaced. A second card is then drawn. 
What is the probability that 
(i) both cards are black 
(ii) both cards are kings 
(iii) the first card is a black ace and the second card is a diamond? 


A bag contains 4 red discs and 6 blue discs. A disc is drawn at random and then 
replaced. A second disc is then drawn. Find the probability that 

(i) both discs are red 

(ii) the first is blue and the second is red 
(iii) the first is red and the second is blue 
(iv) both discs are blue 

(v) both discs are of the same colour. 


The probability that it will rain tomorrow is 2. 
The probability that Jean will forget her umbrella tomorrow is 5. 


Work out the probability that it will rain tomorrow and Jean will forget her umbrella. 


A card is taken at random from each of two ordinary packs of cards, pack A and pack B. 
Work out the probability of getting: 

(i) a red card from pack A and a red card from pack B 

(ii) a diamond from pack A and a club from pack B 
(iii) a King from pack A and a picture card (King, Queen, Jack) from pack B 
(iv) a 10 from pack A and the 10 of clubs from pack B 

(v) an ace of hearts from each pack. 


A fruit machine has three independent reels and pays out a Jackpot of €50 when three 
raspberries are obtained. Each reel has 12 pictures. The first reel has four raspberries, 
the second has three raspberries and the third has two raspberries. 

Find the probability of winning the Jackpot. 


10. 


11. 


12. 


13. 


14. 


15. 


An archer shoots at a target. The probability of hitting the gold area is 0.2. 
He fires two shots at the target. 

(i) What is the probability that both arrows hit the gold area? 

(ii) What is the probability that exactly one arrow hits the gold area? 


Three children take a test. The probability that Chris passes is 0.8, the probability that 
Georgie passes is 0.9 and the probability that Phil passes is 0.7. 

(i) What is the probability that all three pass? 

(ii) What is the probability that all three fail? 
(iii) What is the probability that at least one passes? 


Two men, Alan and Shane, each have one shot at a target. The probability that Alan 
hits the target is i and the probability that Shane hits the target is 2. 
Find the probability that 

(i) both men hit the target 

(ii) neither hits the target 


(ii) only one of them hits the target. 


John drives to work and passes three sets of traffic lights. 
The probability that he has to stop at the first is 0.6. 
The probability that he has to stop at the second is 0.7. 
The probability that he has to stop at the third is 0.8. 
(i) Calculate the probability that he stops at all three sets of traffic lights. 


He arrives late if he has to stop at any two sets of traffic lights. 
(ii) Calculate the probability that he is late. 


A fair dice is thrown 3 times. Find the probability that there will be 
(i) no sixes (ii) at least one six (iii) exactly one six. 
Find also the probability that the three throws all show the same number. 


The birthdays of Jack and Jill fall on the same week. Find the probability that 
(i) both have their birthdays on Monday 

(ii) both have their birthdays on the same day 

(ii) they have their birthdays on different days 

(iv) Monday is the birthday of one or both. 


Three people were selected at random and asked on which day of the week their next 
birthday was falling. 
What is the probability that 
(i) none of the birthdays falls on a Sunday 
(ii) only one of the birthdays falls on a Sunday 
(iii) atleast one of the birthdays falls on a Sunday? 


Section 5.7 Conditional probability 


A box contains 2 red counters and 4 yellow counters, 
as shown. 


One counter is picked at random. 

P(red) = A and P(yellow) = 4 

Suppose the counter is not put back in the box. 

The contents of the box will be different, depending on whether the counter taken out was 
red or yellow. 


If it was red, the box would now contain 1 red and 

4 yellow counters, as shown. 

If another counter is now taken out at random, the probability that it is red is dependent on 
the colour of the first counter. 


This is called conditional probability. 


Returning to the second box above, P(red) is now i 


This probability is calculated on the assumption that a red was got on the first draw. 


The box and counters discussed above is an example of a situation where the probability of 
the second event depends on the outcome of the first event. 


If A and B are two events, the conditional probability that A occurs, given that B has already 
occurred, is written P(A |B). 
P(A |B) is read as “the probability of A given B". 


The conditional probability (A | B) is illustrated in the 
given Venn diagram. 


To find P(A | B), the sample space is reduced to B only, 
since B has already occurred. 


#(ANB)_ P(ANB) 
#B PB ^ 


Thus P(A |B) = 
ANB 


The part of B in which A also occurs is the part denoted by A N B. 


Note: 


This result can be described in words as follows: 


“The probability of A given B is the probability of A and B divided by the probability of B". 


A rule known as “The General Multiplication Law" which we will use in book 5. 


'The numbers 1 to 9 are written on cards and placed in a box. 
A card is drawn at random from the box. 
Find the probability that the number is prime, given that the number is odd. 


The prime numbers up to 9 are 2, 3, 5, 7. 


number of odd primes 


pom E number of odd numbers 


A bag contains 6 red and 4 blue discs. A disc is drawn from the bag and not 
replaced. A second disc is then drawn. 
Find the probability that 
(i) the first two discs are blue 
(ii) the second disc drawn is red 
(iii) one disc is red and the other disc is blue 
(iv) both discs are the same colour. 


[The notation P(R, B) represents the probability of red first and blue second.] 


(i) P(Ist disc is blue) = + 
P(2nd disc is blue) — i 


=> P(B, B)=4xi= 2-2 
(ii) For the 2nd disc to be red, we could have 
(a) 1st red and 2nd red or (b) 1st blue and 2nd red 


P(1st red and 2nd red) = D x 3 = A 


P(1st blue and 2nd red) — E X E - E: 


i = "Jes 30 24 
= P(2nd disc red) = sum of probabilities 55 and 
Em P Si 
90 ' 90 90 
(iii) P(one disc is red and the other blue) is 
P(1st red and 2nd blue or 1st blue and 2nd red) 
= P(R, B) + P(B, R) 
= e xå d 
(5X3) + (5$) 


— 2828. 
90 90 


-. P(one red, one blue) = Ẹ 


(iv) P(both discs the same colour) = P(R, R) + P(B, B) 


RD 9 — 20) 
= to X 9 = 96 


c : 
= i... from (i) above 


= P(both discs the same colour) = 2 +2 = £ 


15 


Use the given Venn diagram to write down 
(i) P(AIB) (ii) P(BIA) 


P(AnB) 01 
P(B) 


(i) P(AIB) = 


[These probabilities could be written 
down directly from the Venn diagram.] 


Example 4 


Two events A and B are such that P(A) = 0.7, P(B) = 0.4 and P(A |B) = 0.3. 
Determine the probability that neither A nor B occurs. 


The shaded region is the part of the diagram 

where neither A nor B occurs. 

P(A MB) 
P(B) 

to find the probability of A N B. 


We use the formula P(A |B) = 


P(A N B) _ P(A n B) 
JE cbe 04 


=> P(A N B) = 0.3 x 0.4 = 0.12 


P(AIB) = 


We now fill in the other probabilities A (0.7) 


in the Venn diagram. 


P(neither A nor B) = 1 — P(A UB) 
= 1 — [0.58 + 0.12 + 0.28] 
= 1 — 0.98 = 0.02 


Exercise 5.7 


1. 


2. 


A card is drawn at random from a pack of 52 playing cards. 
(i) Given that the card is black, find the probability that it is a spade. 
(ii) Given that the card is red, find the probability that it is a queen. 
(iii) Given that the card is a picture card, find the probability that it is a king. 


The table shows information 
about a group of adults. 


Can drive 


(i) A person is chosen at random 
from the group. 


What is the probability that the person can drive? 

(ii) A man in the group is chosen at random. 
What is the probability that he can drive? 

(iii) Find the probability that a person chosen at random can drive, given that the 
person is a female. 


Two fair dice are thrown and the product of the numbers showing is recorded. 
Given that one dice shows a 2, find the probability that the product of the two 
numbers showing is 


(i) exactly 6 (ii) 6 or more. 
A school enters 120 pupils for the Junior Ordinary Higher 
Certificate maths exam. | Girl 20 35 
The given table shows the details of the entries. | z5 | 

Boys DS 40 


(i) Write down the probability that a pupil 
chosen at random is entered for Ordinary level. 
(ii) A pupil is chosen at random. This pupil is a girl. 
Find the probability that the girl was entered for Higher level. 
(iii) A pupil is chosen at random. The pupil was entered for Ordinary level. 
Find the probability that the pupil was a boy. 


10. 


A bag contains 5 red discs and 3 blue discs. 
A disc is taken from the bag and not replaced. A second disc is then taken from the bag. 
Find the probability that 
(i) the first disc is red 
(ii) the first 2 discs are red 
(iii) the first two discs are blue 
(iv) both discs are the same colour. 


A bag contains 5 red and 6 black marbles. The marbles are removed, one at a time, and 
not replaced. Find the probability that 

(i) the first 2 removed are red 

(ii) the first is red and the second is black 
(iii) the first 2 removed are black 
(iv) the first 2 removed are of the same colour 

(v) the second marble removed is red. 


Five cards, labelled E, V, E, N, T, are thoroughly shuffled and then dealt out, face 
upwards, on a table. 
Find the probability that 
(i) the first two cards to appear are labelled 7, N, in that order 
(ii) the first two cards to appear are labelled E, V, in that order 
(ii) the second card to appear is labelled E. 


If two letters are selected at random from the word SWIMMING, what is the 
probability that both letters are the same? 


This table gives information about the | Left-handed | Right-handed 
children in a primary school class. Girls 5 15 


(i) One of the children is picked at 

random from the class. 
What is the probability that the child is a girl? 

(ii) One of the boys in the class is picked at random. 
What is the probability that he is left-handed? 

(iii) A boy in the class is picked at random, and a girl is picked at random. 
What is the probability that they are both left-handed? 

(iv) One of the right-handed children is picked at random. 
What is the probability that the child is a boy? 


In a TV game show, contestants are given two tasks. 
In each task, they either succeed or fail. 


The probability of succeeding in the first task is 0.8. 

If a contestant succeeds in the first task, the probability of succeeding in the second is 0.6. 
If a contestant fails in the first task, the probability of succeeding in the second is 0.3. 
What is the probability that a contestant 

(i) succeeds in both tasks (ii) fails in at least one task? 


11. 


13. 


14. 


15. 


16. 


Josie takes a card at random from this pack and keeps it. 

Then she takes a second card at random. B B BJ (a) 
Find the probability that she takes one odd number 

and one even number (in either order). 


E) 


Based on the probabilities shown in the given S 
Venn diagram, find each of the following: A B 


(i) P(A) 
(ii) P(A NB) 
Gii) P(A U B) 
(iv) P(AIB) 
(v) P(BIA). 0. 


m 


The given Venn diagram shows the numbers of S 
elements in the sets A, B and the universal set S. A B 
Use the diagram to write down 


(i) P(A) 
(ii) P(A NB) 
(ii) P(A U B) 
(iv) P(AIB). 6 
Is P(AIB) = P(BIA)? 
X and Y are two events such that P(X) = 0.2, P(Y) = 0.25 and P(X N Y) = 0.1. 


Illustrate this information on a Venn diagram. 
Use the diagram to find 


(i) PXU Y) (ii) P(XIY) (ii) P(Y IX). 

Use the given Venn diagram to find these S 

probabilities: A B 
(i) P(A) (ii) P(A U B) 

(iii) P(A‘) (iv) P(A U B) 


(v) P(A'NB) (vi P(BIA). 


0. 


U 


Two events A and B are such that 
P(A) = 0.2, P(A N B) = 0.15 and P(A’ N B) = 0.6 


228 
(i) Copy and complete this Venn diagram. à p 
(ii) Find the probability that neither A nor B 
occurs. 
(ii) Find P(A |B). 
(iv) Is P(AIB) = P(BIA)? 


17. Ina group of 100 people, 40 own a cat, 25 own a dog and 15 own a cat and a dog. 
Draw a Venn diagram to illustrate this information. 
Now write down the probability that a person chosen at random 
(i) owns a dog or a cat 
(ii) owns a dog or a cat but not both 
(iii) owns a dog, given that (s)he owns a cat 
(iv) does not own a cat, given that (s)he owns a dog. 


18. A and B are two events such that P(A) = 0.6, P(B) = 0.5 and P(A N B) = 0.4. 
Represent this information on a Venn diagram. 
Use the diagram to find 
(i) P(A UB) (iii) P(AIB) 
(ii) P(BIA) (iv) P(BN A’). 


19. A and B are two events such that P(A) = P(B) = i and P(A IB) = E, 
Draw a Venn diagram to show the probability of each region. 
Use the diagram to find 
(i) P(AnB) 
(ii) P(BIA). 


20. The probabilities of events A, B and C are 
shown in the given Venn diagram. 


Use the Venn diagram to find 
G) P(B) 

(ii) P(ANC) 

(iii) P(AIB) 

(iv) P(CIB) 

(vy) PANC’) 

(vi) P(BIA n C). 


Revision Exercise 5 (Core) 


1. How many different 3-digit numbers can be formed using the digits 1, 2, 3, 4, 5 if no 
digit is repeated in the number? 
(i) How many of these numbers begin with 3? 
(ii) How many of these numbers are greater than 300? 


2. (i) How many different groups of four can be selected from five boys and six girls? 
(ii) How many of these groups consist of two boys and two girls? 


3. A pair of dice are thrown and the numbers are added. What is the probability of getting 
(i) atotal of 12 
(ii) the same number on both dice 
(iii) a total of 12 or the same number on both dice? 


This spinner is biased. / 
The probability that the spinner will land on each of the 9 lan 
numbers 1 to 4 is given in the table below. 

Number il 2 3 4 5 Pa d 


Probability 0.35 | 0.1 | 0.25 | 0.15 


The spinner is spun once. 
(i) Work out the probability that the spinner will land on 5. 
(ii) Write down the number on which the spinner is most likely to land. 
(iii) If the spinner is spun 200 times, how many times would you expect it to land on 3? 


Six people, including Mary and John, sit in a row. 
(i) How many different arrangements of the six people are possible? 
(ii) In how many of these arrangements are Mary and John next to each other? 


Thirty students were asked to state the activities 

they enjoyed from swimming (S), tennis (T) and 

hockey (H). 

The numbers in each set are shown. 

One student is randomly selected. 

(i) Which of these pairs of events are mutually 

exclusive? 
(a) ‘selecting a student from S’, ‘selecting a student from H^ 
(b) ‘selecting a student from S’, ‘selecting a student from T’ 

(ii) What is the probability of selecting a student who enjoyed either hockey 
or tennis? 


A dice has the numbers 1, 1, 1, 2, 2, 3 on its faces. 

(i) What is the probability of scoring 2? 
The dice is thrown three times. 

(ii) What is the probability of getting a 2 on each of the first two throws? 
(iii) What is the probability of getting the first 2 on the third throw? 


There are thirteen tickets in a draw. Six of the tickets are blue, four are red and three 
are green. Three tickets are drawn at random, one at a time, without replacement. 
Find the probability that the first ticket drawn is blue, the second is red and the third is 
red or green. 


A possibility space consists of integers from 1 to 20 inclusive. 


A is the event: The number is a multiple of 3 
Bis the event: The number is a multiple of 4. 


If an integer is picked at random, find 
(i) P(A) 

(ii) P(A UB) 

(iii) P(A MB)’. 


10. The following table gives the age and gender of 


Boys | Girls 
twenty five pupils in a class. | 16 ld z 7 
(i) Ifa pupil is picked at random, what is the ELLE 
probability that the pupil picked is a girl aged 17-year-olds | 7 6 


seventeen or a boy aged sixteen? 
(ii) Find the probability of selecting a pupil aged 16, given that the pupil chosen was a girl. 
(iii) If two pupils are picked at random, find the probability that both are 16-year-old boys. 


Revision Exercise 5 (Advanced) 


1. 


5. 


To start a game, a player has to throw a 6 with a dice. 
Find the probability that a player starts at 

(i) his first throw (ii) his second throw 
(ili) either his first or his second throw. 


Four delegates are to be chosen from eight members of a club. 
(i) How many choices are possible? 

(ii) How many contain a certain member A? 

(ii) How many contain A or B but not both? 


(i) How many arrangements can be made with the letters of the word SOLDIER if 
all the letters are taken at a time? 
(ii) How many of these arrangements begin with the letters SO in that order? 
(ii) How many of the arrangements begin and end with a consonant? 


A game is played by spinning each of 3 arrows which are freely pivoted at the centres 
of 3 circles as shown below. Each arrow may score either 2 or 3 points according to the 
sector to which it points on stopping, and it is equally likely to face in either direction. 
The sectors scoring 2 points are of 240°, 180? and 240° respectively. 


Given that the game score is the sum of the points scored by the 3 arrows, calculate the 
probability of getting a game score of 

(i) 6 (i) 9 (ii) 7. 

(i) Give an equation involving probabilities which represents the statement 'the 
events L and M are mutually exclusive'. Explain what is meant by *mutually 
exclusive events’. 

(ii) Janelle's mathematics class has 22 students. 
Four students are selected at random to enter a mathematics competition. 
(a) In how many ways can the four students be selected? 
(b) In how many of the selections is Janelle included? 
(c) Now find the probability that Janelle is included to enter the competition. 


10. 


Karen has two 5c and four 10c coins in her purse. At random, she takes out one coin 
and then a second coin (without replacing the first). Find the probability that 
(i) the first coin is a 10c and the second coin a 5c 
(ii) the two coins are worth 15c 
(ii) the two coins are worth 20c. 


Use the given Venn diagram to answer these questions. 


S 
A B 
0.1 
(i) Find the value of x (ii) Find P(A) 
(ii) Find P(A U B) (iv) Find P(AIB) 
: . P(A n B) 
(v) Verify that P(AIB) — PB) 


There are 15 male and 20 female passengers on a train. 
10 of the males and 16 of the females are over 25 years old. 
A ticket inspector selects one of the passengers at random. 


A is the event: The person selected is female 
B is the event: The person selected is over 25 years old. 


Write down each of these: 

(i) P(A) (ii) P(B) (iii) P(AIB) (iv) P(A n B) (v) P(A U B). 
Hence verify that P(A B) = P(B). P(AIB) 
Why is it not possible to apply the result P(A U B) = P(A) + P(B) in this case? 


A box contains 4 white discs, 2 red discs and x green discs. 
Two discs are picked at random, without replacement, from the box. 
(i) Write down an expression in x for the probability that the two discs are green. 


If itis known that the probability of picking two green discs is i 
(ii) how many discs are in the box? 
(ii) what is the probability that neither of the two discs picked is green? 


In a multiple-choice test, each question offers a choice of 5 answers, only one of which 
is correct. The probability that a student knows the correct answer is 5. If he does not 
know which answer is correct, he selects one of the 5 answers at random. 

Find the probability that he selects the correct answer to a question. 


Revision Exercise 5 (Extended Response Questions) 


1. 


A bag contains 5 red and 4 green discs, identical in all but colour. 
Three discs are drawn at random from the bag without replacement. 
Find the probability that 

(i) they are all the same colour 

(ii) atleast one is red 
(ii) at most one is green. 


8% of a population is known to have a certain virus which can be detected by a medical 
test. However this test is only 9096 effective, meaning that it gives a correct reading only 
90% of the time. If Sam is tested for the virus, what is the probability that 

(i) he has the virus but it is not detected 

(ii) he has the virus and it is detected 
(iii) he does not have the virus but it is falsely detected? 


(i) What do you call outcomes that have the same chance of happening? 
(ii) Explain conditional probability. 
Complete the following formula: P(AIB) — Le 
(iii) Two events C and D are such that P(C) = i P(D) = i and P(CID) = i. 
Find (a) P(CND) (b P(CU D) (c) P[(CU D)'] 


The probability that a person has blue eyes is A and the probability that a person is left- 
handed is L 
Find the probability that a person 
(i) is not left-handed 
(ii) has blue eyes and is left-handed. 


Given that two people are chosen at random, find the probability that one of them has 
blue eyes and is left-handed and the other has blue eyes and is not left-handed. 


To drive legally on Irish roads, all drivers are required to have both a driving licence and 
an insurance disc. At a checkpoint, a garda officer found that 14% had no insurance, 8% 
had no driving licence and 2% had neither a driving licence nor insurance. 
(i) Represent this information on a Venn diagram. 
(ii) Find the probability, as a fraction, that a driver checked in this survey was driving 
illegally. 
(iii) The following day, 300 drivers were stopped and checked. 
How many of these drivers can the gardaí expect to find who have a driving 
licence but no insurance? 


6. A game is played using a regular 12-sided spinner numbered 1 to 12, a coin and a simple 
board with 9 rectangles, as shown in me aa below. 


Initially the coin is placed on the shaded Tem 
The game consists of spinning the spinner and then moving the coin one rectangle 
towards L or R. If the outcome is a prime number (2,3, 5, 7 or 11), the move is towards 
R; otherwise it is towards L. 
The game stops when the coin reaches either L or R. 
Find, correct to three decimal places, the probability that the game 
(i) ends on the fourth move at R 
(ii) ends on the fourth move 
(iii) ends on the fifth move. 


7. SWEET SIXTEEN 


‘Sweet Sixteen’ is a game for any number of players. To play the game, players take it 
in turns to throw a fair dice and then move their counter the number of places shown 
uppermost on the dice. If a player lands on one of the shaded squares, the player must 
start again. The first player to finish on square 16 is the winner. If a player would move 
past square 16 on a throw, the player is not allowed to move and misses that turn. 
(i) What is the probability that a player lands on a shaded square on the first throw? 
(ii) A player moves to square 3 on the first throw. What is the probability that the 
player lands on a shaded square on the second throw? 
(ii) (a) A player is on square 12 after three throws. 
Write, in the order thrown, three scores the player could have had. 
(b) In how many different ways could a player have reached square 12 with three 
throws? Show your working to support your answer. 
(iv) (a) What is the minimum number of throws necessary to complete the game? 
(b) What is the probability of this happening? 


8. The given Venn diagram shows the probabilities of the 
events A, B and C happening. 
(i) Given that P(B) = 0.4 and P(C) = 0.35, 
find the values of x, y and z. 


Now find each of these probabilities 


(ii) P(AIB) (iv) P[(A U B)'] 
(ii) P(BIC) (v) P(AUBU C) 
P(A N B) 


Now show that P(AIB) = 


P(B) 


9. Two dice are thrown. Find the probability that 


10. 


11. 


(i) there is at least one 6 
(ii) the sum is 8 
(iii) there is at least one 6 and the total score is 8 
(iv) there is at least one 6 or the total score is 8 (or both) 
(v) there is at least one 6, given that the total score is 8. 


A high-jumper training for the Olympic games estimates the probabilities that she will 
be able to clear the bar at various heights, based on her experience in training. 
These probabilities are given in the table below: 


Height Probability of success at each attempt 


1.60m 1 
165m | 0.6 
170m 02 
175m | 0 


In a competition, she is allowed up to three attempts to clear the bar at each height. 
If she succeeds, the bar is raised by 5 cm and she is allowed three attempts at the new 
height, and so on. 
If it is assumed that the result of each attempt is independent of all her previous results, 
(i) show that the probability that she will be successful at 1.65 m is 0.936. 
(ii) calculate the probability that if she is successful at 1.65 m, she will not be 
successful at 1.70 m. 


Hence find the probabilities that, in the competition, the height she jumps will be 
recorded as 
(iii) 1.60m (iv) 1.65 m. 


At a charity fundraiser a circular wheel of fortune is divided into n sectors, each of 
which makes an angle of 6? at the centre of the wheel. Each of the n sectors has a 
number printed on it. When the wheel is spun a player chooses five numbers to bet on 
for that spin. If the pointer at the top of the wheel lands on any one of the five chosen 
numbers the player wins. 
(i) Find the value of n. 
(ii) What is the probability that a player wins on a single spin of the wheel? 
(iii) What is the probability that the player will win at least once on two consecutive spins. 
(iv) It costs €2.00 to play and you receive €20.00 if you win. 
(a) If Tom plays 36 times, how many games would he expect to win? 
(b) How much would Tom expect to collect in winnings? 
(c) How much money would Tom expect to win/lose? 
(d) What fraction of the money bet on this game is kept by the charity? 
(e) Based on past experience the organisers know that the game will be played 
300 times during the day. If they hope to make a profit of €400.00 for the day 
how much should they charge for each play. 


Geometry 1 


Key words 
isosceles equilateral corresponding alternate axiom theorem 


converse corollary ratio transversal segment similar triangles 


tangent chord point of contact 


Section 6.1 Angles, triangles and parallelograms 


The diagrams shown below will help you recall some of the results you have encountered in 
your earlier study of geometry. 


af 


a+b+c=180° a+ b = 180? a+b+c+t+d= 360° When two lines 
intersect, vertically 


Angles which meet at ^ A pair of angles Angles which meet Í 
a point on a straight that add together to at a point add up to opposite angles are 
line add up to 180°. make 180° are called 360°. equal in measure. 


supplementary angles. 


Angles formed when a straight line crosses a pair of parallel lines have the following properties: 


“fb A ov 


Corresponding angles are equal. Alternate angles are equal. The interior angles x and y 
Soa=b. Soa=b. sum to 180°. 
You can find them by looking Look for a Z shape. x + y = 180°. 


for an F shape. 


Triangles and their properties 


A y 


An equilateral triangle An isosceles triangle A right-angled triangle Triangles with no 


has: has: has: equal angles and no 

e 3 sides equal e 2 sides equal e 1 angle of 90° equal sides are called 

e 3 interior angles equal e base angles equal d-brg scalene triangles. 
(60°) 


| a+ e+ 202189 L= LA + ZB 


MA A 


The angles of a triangle sum to 180°. The exterior angle of a triangle is equal to the 
sum of the interior opposite angles. 


In the given triangle, |AB| = |BCl, and|ZABE| = 56°. A 
Find (i) |ZACB| (ii) |ZACDI. 


(i) |ZABC| = 180° — 56° = 124° 
|ZBAC| = |ZBCA| ... isosceles triangle 
But |ZBAC| + |ZACB| = 180° — 124° = 56° 
= |ZACB| = 28° 


(ii) |ZACB| + |ZACD| = 180° ... straight line 
= |ZACD| = 180° — |ZACB| 
= (EP = 2X 
= |ZACD| = 152° 


Theorem of Pythagoras 


Pythagoras was a Greek mathematician and 
philosopher who lived during the sixth century BC. b 
The theorem that carries his name, the Theorem of 

Pythagoras, is probably the best known and widely- c 
used theorem in mathematics. 


a = b? + œ 


Calculate the lengths marked x and y. 


JP = BY st ae y? + x? = 13? y 
=9+ 16 y + 5% = 13? 
x =V25 y= 5 = 169 pen 
x = 5cm y? = 169 — 25 
y = yI 3cm 


y = 12cm 


Congruent triangles 


Two triangles are congruent to one another if they are equal in all respects i.e. all corresponding 
sides are equal and all corresponding angles are equal. 

It follows that congruent triangles have the same area. 

(Note, congruent triangles fit exactly on top of one another) 


Triangles are congruent if one of these conditions is true: 


QP d & 


Three pairs of sides are equal (SSS). Two pairs of sides are equal and the angles between 


them (the included angle) are equal (SAS). 


Two pairs of angles are equal and the Both triangles have a right angle, the hypotenuses 
sides between them are equal (ASA). are equal and one pair of corresponding sides is 
equal (RHS). 


ABC is a triangle with |AB| = |AC|. The bisectors of the angles B and C meet the 
opposite sides in D and E respectively. Prove that |BD| = |CE]. 


It is always advisable to draw a sketch of the information given 
y 8 


To prove that |BD| = |EC| we need to prove 
that ABCE is congruent to ACBD 


Proof: 

|AB| = |AC|(given) > ZEBC = ZDCB (A) 

BD and CE are bisectors of Z EBC and ZDCB (given) 

=> ZDBC = ZECB (A) 

Also |BC| =|CB| (S) 

Therefore the triangles ABCE and ACBD are congruent (ASA) 

Therefore the corresponding sides BD and CE have the same length i.e. |BD| = |CE]. 


Exercise 6.1 


1. Write down the size of the angles marked with letters in each of the following diagrams 
where arrows indicate parallel lines. 


DA A uw 
la» 
Pa 


2. Find the size of the angle marked with a letter in each of the following triangles where 
equal sides are marked: 


3. Find the values of a, b, c and d in the following triangles where equal sides are marked: 


4. Find the values of x and y in the following triangles, where the arrows indicate parallel 
lines: 


l | ! i N 
x 5 8 
3 | i 
4—3] 


x 
4 ><—) — 


6. In the given figure, |ZACB| = |ZCDB| = 90°. 
Find the lengths of the sides marked x and y. 


7. Inthe given diagram, |AC| = |AD| A 
and |BD| = |CE]. 
Prove that the triangles ABC 
and ADE are congruent. 


8. ABCD is a parallelogram and M is the midpoint of [AB]. P 
C, B and P are collinear. 


(i) Explain why |ZDAM| = |ZMBP|. 


(ii) Now show that the triangles AMD and MBP A M 
are congruent. 


(iii) Hence show that B is the midpoint of [CP]. 


w 


9. (i) Triangle ABC has angles 90°, 50° and 40°. Q 


P 
Triangle XYZ also has angles 90°, 50° and 40°. 
The triangles are not congruent. 
Can you explain why? T 
(ii) In the diagram on the right, PQ is equal and parallel to RS. 
The lines PS and OR intersect at T. 


Prove that triangles PTO and STR are congruent. R 


on 


10. ABCD and BEFG are identical squares. E 


(i) Explain why |ZABG| = |ZCBE]. A B 
(ii) Show that |AG| = |CE| by proving that 
the triangles ABG and CBE are congruent. 


11. The outline of a rectangular solid is shown. 
ICD] = 8, |CE| = 4 and |HE| = 5. 
Find the length of the longer diagonal [HD], 
marked x. 
Leave your answerin| form. 


ip 5 | 


12. ABCD is a parallelogram. 
Copy the diagram on the right in which 
DE bisects ZADC. 
Mark in another angle equal to |ZADE]. 
Now prove that |AE| = [BC]. 


13. Inthe diagram A B 
IDX] = |CXI, [DF] = |CEI 
and AB is parallel to CD. 
Prove that ABCF and AADE are congruent. 


C E F D 


Section 6.2 Theorems involving triangles and 
parallelograms 


Proofs of theorems 


Geometry results or theorems are proved in a 
formal or structured way by using previously 
established results and axioms to explain the 
steps that we take. This method of proving 
geometric results was first used by a Greek 
mathematician named Euclid about 300 BC. 


The proofs of numerous theorems are contained 
in his famous book on geometry called Elements. 
Today, over 2000 years later, we still use Euclid’s 
approach to solve many problems in geometry. 


In this section formal proofs of the theorems on 
your course are given. 


These theorems are numberd as in the official syllabus. 


You may be asked to reproduce the proofs of theorems 11, 12 and 13 only. 


Note 1. When we are asked to prove something in geometry it is important to give a reason 
for each deduction made. In a formal proof you must also provide the standard headings of 
“To prove”, “Given”, “Construction”, “Proof” 


Note 2. A converse is where we check if the proposition and conclusion are switched is the 
statement true. 


e.g. In a right-angled triangle, à? + b? = c? (where a, b and c are the lengths of the sides and c 
is the longest side(hypotenuse). 


Converse: If à? + b? = c? (where a, b and c are the lengths of the sides and c is the longest side 
(hypotenuse) is the triangle a right-angled triangle? Answer: Yes (the converse is true). 


e.g. If it is raining outside then the grass will be wet. 


Converse: If the grass is wet is it raining outside? Answer: Not necessarily. 


Angles and sides 


The triangle ABC on the right is drawn to scale. 


Notice (i) the largest angle is opposite the longest side 
(ii) the smallest angle is opposite the shortest side. 


These properties will hold for all triangles and are stated in 
the theorem below. 


In the triangle on the right, we are given the measures of 
the three angles. 


The converse of the theorem above states that [BC] is the 
longest side because it is opposite the greatest angle and 
[AB] is the shortest side because it is opposite the smallest 
angle. 


Triangle inequality 
The shortest distance between two points is the line that joins these points. 
A 


It follows from this that 
IBA| + |AC| > IBC] 
Similarly |AB| + |BC| >|AC| 
and |BC| + |CA| > |AB|. 


C 


Areas of triangles and parallelograms 


The diagrams below show two identical triangles. 
A 


B C B C 
Area = 1|BC| x hy Area = 1|AB| x h, 


In this triangle, the base is [BC] In this triangle, the base is [AB] 
and the perpendicular height is h4. and the perpendicular height is hy. 


Since both triangles are identical, their areas are equal. 


The areas were found by using different bases 
and different perpendicular heights. 


This illustrates an important theorem about the area of 
a triangle, as given on the right. 


Area of a parallelogram 
The figure on the right shows a parallelogram ABCD. 


In a parallelogram, the opposite sides are parallel and 
equal in length. 


The diagonal [DB] divides the parallelogram into two 
triangles, ABD and BCD. 


These triangles are congruent because the three sides in 
A ABD are equal in length to the three sides in ABCD. 


Since the triangles are congruent, they are equal in area 


L—1 
GER 


This shows that the diagonal [DB] bisects the area of the parallelogram ABCD. 


In the given parallelogram, 
area of ADCB = i X base X height 
-ix|DC| xh 


Area of ABCD = twice area of ADCB. 
-. Area of ABCD = 2[4b x h] 
=bxh 


(i) Find the area of the given 
parallelogram ABCD. 

(ii) If [BC| = 9cm, find the 
perpendicular height, h, 
from A to [BC]. 


DZ 


(i) Area of ABCD = base X perpendicular heig 
=14x8 
= ese 


A B 


ht 


(ii) Area of ABCD is also |BC| X A 
=9cm Xh 
= 9h cm? 


But area of ABCD = 112cm? ... from (i) above 
: 9h = 112 
= 1D 
h= “> cm 


Problems involving area 


The triangles ABC and ABD on the right are equal in p E > 
area because they have the same base [AB] and | 
they are between the same parallel lines. h 
The area of each triangle is 1|AB| xh. | 

> 
Similarly, the parallelograms ABCD and A B 
ABEF are equal in area as they have the D C F S E 
same base [AB] and they are between the 
same parallel lines. 

h 
A B z 


Exercise 6.2 


1. In the given triangle, |AB| = 9cm, |BC| = 12cm and 
the perpendicular height from C to [AB] is 8cm. 
Find (i) the area of the triangle ABC 
(ii) the perpendicular distance from A to [BC]. 


2. Find the value of / in each of these triangles: 


(i) 2 (ii) 
Gem 10cm 
8cm 


12cm 


. Find the area of each of these parallelograms: 


Om (ii 
8cm 
12cm 14cm 
. Find the area of the given parallelogram ABCD. A B 


Now find the length of the side [BC]. 


De 22cm >C 


(i) Name the largest and smallest angle in AABC. A 
Give reasons for your answers. 


(ii) If [AB] and [BC] are fixed at 5cm and 10cm 5cm 
respectively, what is the range of possible 
lengths of [AC]? B C 


10cm 


In the given parallelogram, DE | AC and 
BF L AC. 
The area of ABCD is 80 cm?. 
(i) If | AC| = 16cm, find [DE|. 
(ii) Explain why [DE| = [BF]. 
(ii) If | AB| = 10cm, find the length of the 
perpendicular height, h. 


ABCD and ADBE are both parallelograms. 
If the area of the triangle DCB = 15 cm’, find 
(i) area of parallelogram ABCD 
(ii) area of parallelogram ADBE 
(iii) area of the figure ADCE 
(iv) the perpendicular height from A to [DC], 
if |DC]| = 7.5 cm. 


In the diagram on the right, ABCF, E 
ABFE and ACDE are parallelograms. 
The area of triangle AFE is 30 square units. 
(i) State clearly why the area of = D 
the triangle AFB is also 
30 square units. 
(ii) Find the area of the figure B Cc 
ABCDE. 


9, (i) Find and simplify an expression 
for the area of each of these 
shaded shapes. 

(ii) Find the value of a that gives 
both shapes the same area. 


10. (i) Find and simplify an expression for the area of each of 
these shaded shapes. 
(ii) Find the value of x that 
gives both shapes the 
same area. 


— N —— 


(Arrows indicate 
parallel lines.) 


11. Calculate the area of the given shaded figure where the arrows indicate that the lines are 
parallel. 


12cm > 


VAT. 


«——5cm—— 


12. (i) ABCD is a parallelogram. 
A E B 


D E C 


E is the midpoint of [DC] and F is the midpoint of [AB]. 
Prove that the area shaded in blue is equal to the area shaded in yellow. 


(ii) In this parallelogram, E and F are any points on the sides [DC] and [AB] 
respectively. 
A F B 


In this case, prove that the area shaded in blue is also equal to the area shaded in 


yellow. 


13. ABCD is a rectangle. E and F are any points on the sides [AB] and [BC] respectively. 
A E B 


a 


Sy 


D C 


(i) Prove that the area of triangles (D ge © = area of triangles ©) + O) 
(ii) By numbering the remaining triangles, or otherwise, show that the region shaded 
in green is equal to the region shaded in blue. 


Section 6.3 Ratio theorems 


1. Transversals 


In the given diagram, /, m and n are parallel lines. p q 

The lines p and q are called transversals. A Diy; 
For the transversal p, |AB| = |BC]|. x E 

In this case we say that the parallel lines cut off zd 
equal segments on the transversal. C F — 


The line, q, is another transversal. 
It can be shown that the line segments [DE] and [EF] are also equal in length. 


The same property also holds for all other transversals. 


Mandatory Proof 
Theorem 11 If three parallel lines make segments of equal 


length on a transversal, then they will also make 
segments of equal length on any other transversal. 


à i 
C 
m 
E 
n 
t 
Given: Three parallel lines /, m and n intersecting the transversal t at the 


points A, C and E such that |AC| = |CE]. 
Another transversal k intersects the lines at B, D and F. 


To prove: [BD| = [DF|. 
Construction: Through D draw a line parallel to t intersecting / at X and n at Y. 
Proof: ACDX and CEYD are parallelograms. 


= |AC| = [XD] and |CE| = |DY|  ...opposite sides 
But |AC| = |CE|. 
=> |XD| =|DY| 
In the triangles BDX and YDF, 
[XD| = |DY| 

|ZBDX| = |ZYDF|  ...vertically opposite 

|ZDBX| = |ZDFY]|  ...alternate angles 
= the triangles BDX and YDF are congruent 


=>  |BD| -|DF| ...corresponding sides of congruent triangles 


2. Line parallel to a side of a triangle 


The diagram on the right shows the side [AB] of the triangle 
divided into three equal parts. 


If lines are drawn through D and E parallel to BC, then the 
points X and Y will also divide the line [AC] into three equal 
parts. 


In the given triangle, X divides the 
side [AB] in the ratio m:n. 


If [XY] is parallel to [BC], then Y will 
also divide [AC] in the ratio m:n, as shown. 


The diagram above illustrates a very important geometric result which states that: 


In a triangle in which XY||BC, the following ratios are always true: A 
4 IAXI _ IAY! i) IABI _ IACI (ii IABI _ IACI 
GO xp wa © Taxi avi ^T XB YC 
X X 
B i C 
Mandatory Proof 
Theorem 12 Let ABC be a triangle. If a line / is parallel to BC — 


and cuts [AB] in the ratio s:t, then it also cuts [AC] 
also in the same ratio. 


AD, +) 


B(D;) S 
Given: The triangle ABC with / parallel to [BC]. 
Let /cut [AB] in D in the ratios:t ~». |BD|:|DA| = s:t 
To Prove: ICE| : |EA| = s:t 
Construction: Mark points Dy (= B), Dj, D», ......... TOP ym Dy, +;(= A) 


equally spaced along [AB]. 

i.e. the segments [DoD;], [D;D,], ......... [D,.,-1 Dy +;] all have equal 
length. 

Draw lines D;E;, D>E,, ..... parallel BC with E;, E2, E3, ....on [AC]. 


Proof: The line segments [CE], [£;, Fy], [E», E;], ....... re 282] eol 
have the same length. ....(theorem 11) 
and E, — E is the point where / cuts [AC]. 
Hence E cuts [AC] in the ratio s: t. 
Te ZA = ser Q.E.D. 


In the given figure, the lines /, m and n are parallel. 
P 


bi 


These three lines divide the transversal p in the ratio a: b. 
The three lines divide the transversal q in the ratio a; : b4. 


Prove that 4 = b 


a by 


Draw another transversal (in red). 


Let this transversal be divided in the ratio x: y. 


In the blue triangle, the line m is parallel 
to the base line n. 


In the given triangle, DE||BC. 
LAD = 8, IS Ain cles ANS. ESO 
Find IAEI. 


Let |AE| =x = |EC|29-x 


IAD! _ IAEI 
IDBI IEC! 


3. Similar triangles 
The triangles ABC and DEF shown below have 
equal angles. 


Notice that the triangles have the same shape but 
different sizes. These triangles are said to be 
similar or equiangular triangles. 


The sides [AB] and [DE] are said 
to be corresponding sides, as 
they are both opposite the 60? angle. 


Notice that [DE| = 14 |AB| and |DF| = 12 [ACI. 


Similarly |EF| is 15 |BC]. 
IABI _ IACI IBCl 6 2 


IDE IDF) IEF 9 3 


This illustrates that 


This important result for similar triangles is stated in E F 
the theorem below. 


Note Two triangles will be similar if two angles 
in one triangle are equal to two angles in 
the second triangle. The remaining angles 
must be equal. 


. rae Mandatory Proof 
Theorem 13 If two triangles ABC and DEF are similar, then 


their sides are proportional in order: 


IABI IBC! _ IACI 
IDE| |EH  IDFH 


Ves 


B (C 


Given: The triangles ABC and DEF, in which 
|ZA| = |ZD|, |ZB| = |ZE| and |ZC| = |ZF\. 


IABI _ IBCI _ IACI 


Hus DEI EFI (DFT 
Construction: Mark the point X on [AB] such that [AXI = IDEI. 
Mark the point Y on [AC] such that [AYI = IDFI. 
Join XY. 
Proof: The triangles AXY and DEF are congruent ...(SAS) 
ZAXY| = |ZDEF|  ...corresponding mide 
ZAXY| = |ZABC| 
XY||BC 
IABI = IACI ...a line parallel to one side divides 
IAX| — IAYI the other side in the same ratio 
IABI _ IACI 
DEI IDFI 
E IABI  IBCI 
Similarly it can be proved that IDEI EFT 


IABI _ IBCI _ IACI 
DEI EF IDF 


Find the EX of the side marked x in the triangle below. 


——( — 


ian 


Corresponding sides are opposite equal angles. 
The unmarked angles are equal. 
The sides with lengths x and 3.5 cm are corresponding sides. 


Exercise 6.3 


1. In each of the following triangles, the arrows indicate that the lines are parallel. 
Find the length of the line segment marked x in each triangle: 


(ii) (iii) 5 


2. In the following triangles, the arrows indicate that the lines are parallel. 
Find the length of the line segment marked with a letter in each triangle: 


6 7 
4 12 
4 
< a > 3 
3. In the given triangle, XY||ST. R 
If |XS| = 5,|YT| = 6 and |RS| = 12, 
find |RTI. 
X Y 
S 7 T 
4. In the given triangle, XY||BC. A 
If |AB| = 5, [BX| = 2 and |ACI = 8, 
find | AY]. 
X bá 


w 
Q 


In the given triangle, PO||BC. 
Find [BC| and |BP]. 


In the given triangle, XY||BC. 
|AB|:|AX] = 3:2. 

(i) It |YC| = 10cm, find |AY]. 
(ii) What is the ratio [XY| : [BC|? 
(iii) If |BC| = 30cm, find [XY]. 


. a,b and c are parallel lines. 
p,q and rare three transversals intersecting a, b and c. 
[DE| = [EF|, |GH| = 8cm and |JK| = 7cm. 


Find (i) |HI| (ii) [GJ]. 


In the given figure, d, e and f are parallel lines. p q 
p and q are two transversals. 

The transversal p is divided in the ratio 4 : x. 
Find, in terms of x, the length of the line 
segment [AB]. 


B 6cm | E xcm F 


(i) Explain why the triangles ABC and DEF are similar. 
(ii) Which side of the triangle DEF corresponds to the side [AC]? 
(iii) Find the values of x and y. 


10. Find the value of x and the value of y in the y 
given similar triangles. 3 
N x 8 6 


11. The triangles ABC and XYZ are similar. 


B 15 C Z 
(i) Which side of the triangle XYZ corresponds to [AB]? 
Explain your answer. 


(ii) Find the values of x and y. 


12. Given below are two pairs of similar triangles. 
The equal angles are marked. 
Find the values of x and y for each pair. 


(i) 6 (ii) 
e. y 3 X 
y x 9 7 12 
4 
6 


15 


13. In the given figure, the diagonal [AC] B 6 
bisects the angle BAD. C 
|ZABC| = |ZACDI]. 8 
Find (i) |CD| 12 

(i) |ADI. ; 


14. ABCD is a quadrilateral in which AB||DC and [ZDAB| = |ZDBCI. 


D iu c 


A 4cm B 


(i) Prove that the triangles DAB and DBC are similar. 
Gi) If |AB| = 4cm and |DC| = 9 cm, calculate |BD]. 


15. Draw separate diagrams of the triangles ABD and ACD. A 
Mark in equal angles and explain why the two triangles D 
are similar. 
Hence find |BD| and |AB|. 7.5 


y 
B 


C 5 D 
16. In the given figure, |ZBAD| = |ZCBD|. 
B 
m 
3 4 
A n D 2 C 
(i) Name two similar triangles. (ii) Hence find the values of m and n. 


17. The triangles ABC and BED are similar but 


DE is not parallel to AC. 
Work out the length of the side marked x. 
X 
D 
3 
B 4 


18. In the given figure, |ZWYZ| = |ZXWZ| = 90w°. 


A 
E2 Œ 
W 
(i) Which triangle is similar to 
the triangle WXY? 5 4 w 
(ii) Hence find the values of v and w. 
X 3 Y v Z 


19. From the rectangle ABCD, asquareis A F x B 
cut off to leave rectangle BCEF. 
Rectangle BCEF is similar to ABCD. — 
Find x and hence state the ratio of 
the sides of rectangle ABCD. 

Give x correct to 3 decimal places. D E Cc 


20. An A3 sheet of paper can be cut into two sheets of A4. 


The A A4 sh th ically similar. 
e A3 and sheets are mathematically simular. na Ni " 


Find the ratio: 


long side of A3 sheet datis 
long side of A4 sheet | cue | 


21. The diagram shows the side-view of a swimming pool being filled with water. 


Calculate the length of x. 


* 15m > 
j A 
1.2m 
x 3.7m 
1.8m 
1 | 


Section 6.4 Circle theorems 


In this section we will deal with the geometry of the circle and look at 
some important mathematical results known as circle theorems. 


Angles in circles 


C 
The diagram on the right shows the ZAOB at the centre and the A 
ZACB at the circumference of the circle, both standing on 
the arc AB. 


An important circle theorem states that 


|ZAOB| = 2|ZACB| 


The theorem stated above gives rise to two important corollaries: 


Corollary 2 D C 
A B 


|ZACB| = |ZADB| 


Corollary 3 c 
Each angle in a semicircle is a right angle, : r 
{Fone 4 (The converse of Corollary 3) 


a + b = 180° 
Corollary 5 


LSS 
! 


In the given diagram, O is the centre of the circle, 
|ZAOB| = 110° and |ZOBC| = 30°. 


Find (i) |ZACB| (i) |ZOACI. 


(i) |ZAOB| = 2|ZACBI... angle at the centre is double angle at circumference 
= 110° = 2|ZACB| 
= |ZACB| - 1 (110°) = 55° 


(ii) To find |ZOAC|, join CO, as shown. 
|ZOBC| = |ZOCB| = 30°... |OB! = |OC! = radius 
|ZACB| = 55° ... from (i) above 
= |ZOCA|= 55° — 30°, i.e., 25° 
But |ZOAC| = |ZOCAI, since |OA| = |OC| = radius. ^ 
= |ZOAC|= 25°. 


Tangents and chords 


A tangent to a circle is a straight line that meets 
the circle at one point only. 


In the given diagram, ¢ is a tangent to the circle. 
T is called the point of contact. 
[AB] and [CD] are chords of the circle. 


In the given diagram, [OM] is perpendicular 
to the chord [AB]. 


|AM| = |MB|. 


Circle k has a diameter 20cm in length. 
AB L CD and |CD| = 16cm. 
Find |EB|. 


The diameter [AB] is perpendicular to the chord [CD]. 

=> |C SEDES 

|OD| = 10cm = radius 

AODE is right-angled. 

=> 10 =8+|OE? 
=> 100 = 64+ OBP 
= OE? =% 
=> |OE| = 6cm 
=> 
=> 


[EB| = (10 — 6)cm 
[EB| = 4cm 


The diagram shows a tangent PT to the circle k with centre O. 
T is the point of contact and [OT] is a radius. 
OT L TP 


This diagram illustrates that the angle between a tangent and a 
radius is 90°. This result is stated in the theorem below: 


Corollary 6 


In the given diagram, PT is a tangent to the circle and 
[OT] is a radius. 

If |ZTOQ| = 120°, find the measures of the 

angles marked x and y. 


The triangle OTO is isosceles as 
|OT| = |OQ| = radius Since OT LPT = |ZOTP| = 90° 
Lorg ore ss ey = 90° 
2r = T = TOXDF 30 + y = 90° re = 30° 
= 60 pe = 30" 
x = 30° y = 60° 


Exercise 6.4 


1. Find the measure of the angle marked with a letter in each of the following circles, 
where O is the centre. 


2. Find the measure of the angle marked with a letter in each of these circles: 


D à SD 
6608 


3. Find the measures of the angles marked a, b and c in 
the given diagram, where O is the centre of the circle. Ness 
Explain your answer in each case. (S D 


zb 
4. Find the measures of the angles marked f, g and h in < 
the given circle. V 


KA 


5. Find the measure of the angles marked with letters in the following circles, where O is 
the centre: 


d A 
e eg 


6. Find the measures of the angles marked with letters in the following circles, where 
equal line segments are indicated: 


yy a 
ad Wy Ye 


7. Inthe given diagram, O is the centre of the circle. 
Find the sizes of the three interior angles of the 
triangle ABC. 

Give reasons for your answers. 


8. ST is a tangent to the given circle with O as centre. 
If |ZPST| = 40°, find 
(i) |ZOST| 
(ii) |ZOSP| 


(ii) |ZOPS| E 
(iv) |ZSOP| A 
Ao 


9. O isthe centre of the given circles and t is a tangent in each case. 
Work out the size of the angles marked with a letter. 


2 KR (2 


A, 


10. In the given figure, |ZBDC] = 62° and |ZDCA| = 44°. 


D 
Find (i) |ZBAC| 
(ii) |ZABDI. PS 
C 
EV 
B 


11. In the given diagram, O is the centre of the circle. 
PA and PB are tangents to the circle. 
(i) Prove that the triangles AOP and BOP 
are congruent. 
(ii) Hence show that |PA| = |PB|. 
(iii) Prove that |ZAPB| + |ZAOB| = 180°. 


13. 


14. 


15. 


16. 


In the given diagram, PA and PT are tangents to the 
circle of centre O. 
If |ZAPT| = 40°, find |ZATO]. 


In the given circle, |AB| = |BC| and |ZADC] = 34°. 
Find (i) |ZABC| 
(i) |ZBAGI. 


In the given diagram, O is the centre of the circle. 
Prove that x + y = 90°. 


[RP], [PO] and [OR] are tangents to the given circle. 
X, Y and Z are the points of contact. 
|ZPRQ| = 58? and |ZPOR| = 64°. 
(i) Name three isosceles triangles. 
(ii) Find | ZPXY]. 
(iii) Now find the measures of the interior angles 
of the triangle XYZ. 


ABC is a triangle inscribed in a circle with centre O. 
TA and TB are tangents to the circle. 
If |ZACB| = 53°, find 
(i) |ZAOB| 
(ii) |ZBTA| 
Gii) |ZABTI|. 


17. In the given figure, |AB| = |AD| and |ZDAB| = 84°. 
(i) Find |/DBA| 
(ii) Find |/BCA|. 


18. Inthe given circle, the chords [AC] and [BD] intersect 


B 
at the point E. A 
Prove that the triangles ABE and ECD are similar. 
C 
D 


Revision Exercise 6 (Core) 


1. The length of a rectangle is 3 m longer than its width. If the length of the perimeter is 
equal area of the rectangle find the length and width of the rectangle. 


2. Find the value of the angle a° in this diagram. 


A 
Give reasons for your answer. | 
457 e 559 


3. Two concentric circles with centre A have radii of 
6 cm and 10 cm respectively. Find the length |BC| 
of the chord that is a tangent to the smaller circle. 


4. Find the value of the angle b° in this diagram. 
Give a reason for each deduction you make. 


10. 


Prove that triangles BEF and DCF are similar. 

(Give a reason for each deduction made). 

Given that |BF| = 6 cm, | EF| = 8 cm, | FD| = 2.5 cm and 
|CD| 23 cm, find the lengths of the sides [BE] and [FC]. 


Find the area of this isosceles triangle. 


Given that |Z XZY| = 90? and |XZ| = |AZ| 
find y in terms of x. 


In the triangle ABC, |Z ADE| = | ACB| = 90°. 
Find the value of x. 


In the triangle ABC, |Z ABC| = 90°. 

|AB| = 8cm,|BC| = 6cm. 

[BD] is drawn perpendicular to [AC] 
Find (i) |BD| (ii) |AD| (iii) |DC| 


CBisa tangent to circle centre A at the point B. 
If |CD| = 2 and |CB| = 4, find the length of 
the radius [AB]. 


Revision Exercise 6 (Advanced) 
1. AED and ABC are two right angled triangles. 
Given that |DE| = 1 cm, |AE| = 2 cm, |EB| = 3 cm 
find |AC|, leaving your answer in surd form. 


2. Inthe given diagram 
|AF| = |FE| and |DF| = |FC| 
Prove each of the following: 
(i) |ZADF| =|ZFCE| 
Gi) IBD] = |BC| 


State your reasons for each deduction made. 


3. (i) A regular hexagon is drawn and divided 
into 4 triangles. Using the triangles 
calculate the size of the angle at each 
point of the hexagon. 


(ii) If a regular pentagon has 5 equal sides, 
using the same procedure as above 
find the size of angles in a pentagon. 


(iii) Using the pattern formed from parts (i) and (ii) above write down a formula for an 
n sided polygon and use it to find the measure of the internal angle of a decagon 
(10 sides) 


4. The given circle is inscribed in the triangle ABC. 
Q, R and S are the points of contact. 
|ZARQ| = 70? and |ZRQS] = 54°. 
Find |ZACB|. 


5. Inthe triangle ABC, 
|AB| = |ACI, 
|ZADE| = |Z AFE| = 90°, 
|DE|:|EF| =5:7and|BC| = 48 
Find |EC| 


6. A chain fits tightly over two cogs of radii 19 cm and 12 cm as shown in the diagram. 
Given that the centres of the cogs are 41 cm apart, calculate the length of the straight 
section of chain, [AB].(The dotted line, parallel to [C,C,], may be useful.) 


7. Given that T is a tangent to a circle centre O, explain why 
CAT=ZADC=ZABC=a’ . Hence find the measure of the angles marked x, y, d, c. 


8. Sarah made this design of overlapping circles on cm squared paper. Show that the area 
of the blue-shaded region is 18 cm?. 


9. (i) Complete the following sentences 
1. “The external angle of a triangle is equal to ....... 
2. "In an isosceles triangle ............. 


(ii) [CD] is any chord of a circle centre A and [CD] 
is extended to E so that | DE| = radius r. 


E is joined to A and continued to N. 
Use the information above to show that 
ZDEB = 14 CAN 


(Hint: Join D to A and continue) 


Revision Exercise (Extended-Response Questions) 
1. In the given circle with centre O, [PA] is a tangent and [PR] is a diameter of the circle. 
|ZAPQ| = a’. » R 
To prove that | APO| = |ZPTO|, copy and complete the following: S 
|ZPOR| = 90°, because ... 


= |ZPRO| + |ZRPQ| = 90°, because ... o 
ZOPA| + |ZRPQ| = 90°, because ... 
=> |ZPRQ|+|ZRPQ| = |ZOPA| + |ZRPQ| J) 
=> |ZPRQ]| = |ZQPA|, Za 
But |ZPRO| = |ZPTQ], because ... P 2x 
=> |ZQPA| = |ZPTO|, as required. 


2. (i) Two spheres lie on a level surface and touch, as shown. 
The radius of the smaller sphere is 40cm and the radius of the larger sphere is 70cm. 
Find the distance |AB|, the length of the line between the points of contact of the 
spheres with the level surface. 


B 


(ii) A third sphere is placed beside the two spheres in part (i). 


C 


In order to ensure that the three centres X, Y and Z are collinear, find |ZC]|, the 
length of the radius of the third sphere, correct to the nearest cm. 


3: 


4. 


5, 


(i) In the given diagram, AB||DC. 
Prove that the triangle AEB is isosceles. A B 


(ii) If the diagram was redrawn so that E is the 
centre of the circle and AB is still parallel to 
DC, which of the following statements is not 
always true? 

(a) |AB| =|DC 

(b) The triangle ABE is equilateral 

(c) The triangles AEB and EDC are similar. 
Give a reason for your answer. 


S 
e 


P 


(i) A circular tunnel of radius 7 m has a road 9 m wide "a a 
as a base. Find the height h of the tunnel correct to p 
one place of decimals. 


(ii) Two cylinders of radius 2 m are resting on 
level ground. A cylinder of radius 1.5 m 
rests on top of them as shown. 

If the lines joining the centres of the circular 
ends make an angle of 90? i.e. ZAEC = 90°, 
find: 

(a) the distance between the bottom of the 


smaller cylinder and the ground 
i.e. find A. 
(b) the distance between the larger cylinders i.e. find x. 
Leave your answers in surd form. 


(i) Prove that the sum of the angles of a quadrilateral add up to 360°. 


(ii) Hence find the size of the angles marked with a letter in each of the following 
diagrams. 


(iii) A cyclic quadrilateral BCDE is one in which all vertices 
lie on the circumference of a circle. 
Find the size of the angles Z BED and Z BCD. 


(iv) Sean has made a regular kite ABCD with 
|AB| = |AD| and |BC| = |DC|, if the 
|Z ABC| = 87? and | BCD| = 52° show that 
the kite does not form a cyclic quadrilateral. 


6. (i) Two tangents [BC] and [DC] are drawn to a circle 
centre A. Prove that the triangles ABC and ADC 
are congruent. 


State your reasons for each deduction made 


(ii) A circle, centre A, is inscribed in a quadrilateral BCDE 
as shown. The sides of the quadrilateral are tangential 
to the circle. 

If |DF| = 9.6 cm, |EG| = 3.7 and |BC| = 12 cm, 
Find the length of the perimeter of BCDE. 


(iii) A square is inscribed in a circle which is inscribed 
in a square as shown. Find the ratio 
(area of the larger square BCDE) 
(area of the smaller square FGHI) 


(iv) If a circle is inscribed in a square which is 
inscribed in a circle as shown, prove that 


(area of the larger circle) _ 
(area of the smaller circle) — 


A thin circular sheet of aluminium of radius — 24 cm has a 
sector with an angle of 120° cut from it. 
The remaining sector is folded until the edges [CA] and [AB] 
match resulting in an aluminium funnel of radius r cm 
and height h cm. 
(i) Find the values of r and h 
Liquid is poured into the funnel. 
(ii) (a) What is the depth of the liquid when the radius of the 
surface of the liquid is half the radius of the funnel. 
(b) What fraction of the volume of the funnel is filled 
at this point. h 
The funnel is filled with a viscous liquid and allowed to pour 
out through a hole in the bottom of the funnel at a rate of 20 cm?/min. 
(iii) At what depth should a sensor be placed so as to give a 10 min 
warning indicating that the funnel is nearly empty? 


(i) A trapezium ABCD is a quadrilateral with two 
parallel sides [BC] and [AD] as shown in diagram. 
If |AD| = x and |BC| = y, show that the area 
of the trapezium can be written as 
Area of ABCD = i (x + y)h where A is the 
perpendicular distance between the parallel sides 
(ii) A surveyor has a map of a trapezoidal field with 
side [AB] parallel to side[CD]. ———— 
|AB| = 20 cm and |DC| = 30 cm. He wants to 
mark the line of a fence [EF] on the map so that 
|AE| = 3 cm. 
Find the value of x so that the area of 
D z B 


AEDF = area of CBEF. 30 > 


7 Differential Calculus 


Key wovds 


average rate of change instantaneous rate of change 


differentiation from first principles product rule 


trigonometric function inverse trigonometric function 


logarithmic function 


Introduction to calculus 


quotient rule 


derived function 


chain rule 


exponential function 


In this chapter, we begin the study of a very important branch of mathematics called calculus. 
Differential calculus is mainly concerned with measuring the rate of change of one quantity 
with respect to another. For example, the speed of a car is the rate at which the distance it 
travels changes with respect to time. However, we know that a car is unlikely to travel at 

a constant speed, even for a short time. If a car is accelerating, it is changing speed by the 
second. If 60 km/hr is registered on the speedometer, this tells us the instantaneous speed. 
Calculus is the mathematical tool that will enable us to find instantaneous rates of change. 


Section 7.1 Average rate of change 


We have already learned how to find the slope of a line if yA € 
we are given two points on the line. (x2, y2) 
The slope, m = 2 —31. y2= V1 
í : Qa. y1) 
We will now refer to this slope as the rate of change of X21—X 
y with respect to x. 
The slope of a line will always be a fixed number as the 5 > 
slope is constant all along the line. 
The curve on the right is the graph of yA 7 
afunction y = f(x). y= fix) 
How do we find the slope of a curve? m, 
The slope of a curve at any point is defined as 
the slope of the tangent to the curve at that point. 
m» 
[9 x 


m3 


The diagram above also shows tangents drawn at three different points on the curve. 


The three tangents have different slopes — m, mz and m3. 


In the next section of this chapter, we will show how calculus can be used to find the slope 


of the tangent to a curve at any point on the curve. 


Average rate of change 
The curve on the right is the graph of 


Sx 


f(x) = x. fe) =x 


(3, 9) 


The points (1, 1) (2, 4) and (3, 9) are 


shown on the curve. 
Lines are drawn through (1, 1) and (3, 9) 


and also through (1, 1) and (2, 4). 
These lines are marked / and m. 


-31.9-1.8.4 


Slope of |= 32 —u 3-1 2 


Q. 4) 


ine) 


The slope of the line / joining (1, 1) and 


1) 


(3, 9) is generally referred to as the 3 2 


=y 


average rate of change. 
The average rate of change of the line m = slope of m = 3. 

In general, for any function y = f(x), YA 
the average rate of change of y with respect 


to x over the interval [a, b] is the slope of 
the line joining (a, f(a)) to (b, f(b)). 


= f(a) 


Average rate of change — =. 


Find the average rate of change of y with 
respect to x for the function y = f(x) over 
the interval [1, 4] as shown. 


The average rate of change = slopeAg 


B(4, 7) 


The temperature T (°C) in a classroom on a particular day can be modelled 
by the equation 


T =——200____ where ris the time after 6.00 p.m.. 


© Ay aN 


Find (i) the temperature in the room at 6.00 p.m. 
(ii) the temperature in the room at midnight 
(iii) the average rate of change of temperature from 6.00 p.m. to midnight. 


(i) At 6.00p.m., t= 0 
200 
T= = 10° 
(0)? = 2(0) + 20 » 
(ii) At midnight, t = 6 
= 200 
(CF (6) 20 


>T IOS 


(iii) The average rate of change — E = 1.18°C/hour 


Exercise 7.1 


1. The curve on the right is the graph of YA 
the function f(x) = x? + x — 2. 7 
The points A, B, C and D are shown. fey Eat tk [2 6 
Find the average rate of change of y ALLEE 5 
with respect to x of the line through D 4 a 
(i) Aand B 3 
(ii) B and C 2 
(iii) C and D. 1 
B » 
O x 
3 1 1 2 3 
C 
S 
2. Find the average rate of change of the YA 
function depicted in the graph shown B(5, 20) 
for the interval [—2, 5]. 
A(-2, 4) 
O xX 


Find the average rate of change of y with respect to x from point A to point B for 
each of the following graphs. 


(1) (ii) yA 
204 
ACS, 30) B(3, 15) 
104 
B(2,5 A(0, 3) 
-5 0 5X O 5x 


. The depth, d cm, of water in a bath tub t minutes after the tap is turned on is 

—300 
(t + 6) 
Find the average rate of change of the depth of the water in the tub over the first 
10 minutes after the tap is turned on. 


modelled by the function d(t) = *50,tz 0. 


The graph of a person's height h (cm) versus hy 
t (years) from some time after birth to age 20 md 
is shown. 
(i) When is the growth rate greatest? 150 
(ii) Estimate the average rate of growth 100 
between the ages of 5 and 10 years. 
50 


» 
O 5 10 15 20 t(years) 


A cube has edge of length x cm. 


(i) Find an expression for the surface area, S(x), of the cube. 
(ii) Find the average rate at which the surface area changes with respect to x as x 
increases from x — 2cm to x =5cm. 


The curve on the right is the graph of 

the function y = x? — 2x. 

Q is the point (3, 3). 

P is any other point on the curve. 

(i) If P is the point (4, 8), find the slope 

of PQ. 

(ii) If P is the point (3.5, 5.25), find the 
slope of PQ. 

(iii) If P is the point (3.1, 3.41), find the 
slope of PQ. 

(iv) What do the results in parts (i) to (iii) suggest for 
the slope of the tangent to the curve at O? 


Section 7.2 Limits - Continuity 


Introduction to limits 
Consider this sequence of numbers: 1, 1, 1, 1, 4, 4 
If we add the first two numbers, we get 3. If we add the first three, we get z 


If we add the first six numbers, we get S, 


Notice that the more terms we add, the closer the result gets to 1 but it never reaches 1. 
In mathematics, we say that the limit of the sum of these numbers is 1. 


We will now take the function f(x) = x? and consider its value as x approaches 3 from below 
and above 3 


@ J0)e4:/(3)90251 (033) = 7.5625 ; (2.9) = 841... 
Q) f(4) = 16; f(3.5) = 12.25; f(325) = 10.5625 ; f(3.1) = 9.61 ... 


A 


As x gets closer to 3, the value of x? gets closer to 9. 
9 is said to be the limit of f(x) = x? as x tends to 3. 


This is written as lim (x?) = 9. 
X. 


We generally use the abbreviation lim for limit. 


In general, to find the limit of f(x), we substitute 


xa 


a for x in the function. 


. 3x+2_ 3(2)+2_ 8 4 
Foremmpe ad ud C 3 


Now consider lim X—2. 

x33 X — 3 

: 9-9 0 
When we substitute 3 for x, we get 3-3 Q0 


The result M is known as an indeterminate form as 


its value cannot be determined. 


If after substitution the result is 7 some other method must be found to obtain the limit. 


The most common method used involves factorising the numerator and denominator and 
then dividing by the common factor. 


2-9_ 4 E +303) 
293 15 G3) 


Thus, lim = lim (x + 3) 7» 6. 


x2—9 


Note: Itis important to realise that if f(x) = pee 


then f(3) does not exist, 


but the lim(x) does exist. 
x—. 


be ae Jl 
Dye ap 3) 


Evaluate (i) lim 
Xx! 


ae deti Oti a 
Ouo mecs 


a hen ee dosi o eciam ea eU) 5 ; | 
(ii) lim ES 2—3 oU indeterminate 
We now factorise the numerator: 


pic ES 


= lim (x + 3) =5 


Limit of a function as x — oo 

In the example above, we investigated the limit of a function as the variable tended to a fixed 
number. Now we will examine the limit of a function as the variable tends to infinity. 

We use the symbol œ to denote infinity. 


Now consider lim (+). 
xx 


W zu edt _ to à 

hen x = 10, — 10 0.1. When x 1000, + 1000 0.001. 
E POEM: ENS 

When x = 1,000,000, x 1,000,000 0.000001. 


These examples illustrate that as x increases, 


the value of i decreases and in fact tends to zero. 


If the numerator is any fixed number k, the lim k is also zero. 


Since lim l- 0, it follows that lim ES — 0 and lim ES = 0, where k € R. 
xXx X00 Xx x99 X 


a ve, abede il ey qna 3x2 — 2x +4 
Evaluate (i) lim rare} (ii) lim SESS 
(In examples of this type, we divide the numerator and denominator by the 

highest power of x in the expression and then use lim i = 0 or lim £ =0 to 


evaluate the limit of the function.) 


+1 
(i) lim T 3 lim 


(i) lim I =r 


am isa ... divide each term by x? 


Limits and slopes — — — — — — — — — — — — — — — — — — ——— 


th 
In the next section on differential calculus, we will be required to find lim E 


—0 


if we want to find the slope of the tangent to a curve at any point on the curve. 


Find wee Ce given (i) f()94x-5  (i)fQx)-3x +1. 


(i) f(x) 24x - 5 

f(x +h) ^ 4(x +h) — 

f(x +h) — f(x) = 4(x + h) — 5 — (Ax - 5) 
=4x+4h-5-4x+5 
= 4h 

O 4k, 

h 

O 

m h—0 


Gi) f(x) =x?4+1 
fath=a+hyP+1 
Ge 2-48) = Cs) = (ah YP sel = (ge se I); 
=x2+2xh +h? +1-—x?-1 
= 2xh + k? 
pum eee En M 
Wane f(x) 


= lim (2x + h) = 2x 
um h—0 


Continuity 


A function f(x) is said to be continuous when x = a if the graph of y = f(x) can be drawn 
through the point with coordinates (a, f(a)) without a break. 
Otherwise, there is said to be a discontinuity at x — a. 


Most of the functions that we encounter on our course 


are continuous functions. y l 
The graph on the right is continuous as the graph : 
can be traced with no jumps or breaks, that is, M 
the pen does not have to leave the page. 3 xl 
2 X 
76 
78 


Consider the two graphs shown below: 


A 
y^ y 
3 
5 
2 
05°} 05 1 X* 1 
5 


h O 1 X 


Discontinuity at x= 1 


Discontinuity atix-1 


On the left above is the graph of the function f(x) = T 
As x approaches —1 from below, the value of the function 
decreases rapidly. 

As x approaches —1 from above, the value of the function 


increases rapidly. 


f(—1) cannot be found as f(—1) — ate i E , Which is 
undefined. 
We say that the graph is not continuous at x — —1. 


Notice that the curve approaches but never touches 
the line x = —1. 
We say that the line x = —1 is an asymptote to the curve. 


Similarly, the graph on the right above shows a break 
at x — 1. 
Again, we say that the curve is not continuous at x — 1. 


A more formal definition of continuity is given below: 


Example 4 


Show that f(x) — 


3 


emm is not continuous at x — 3. 


2$ EURO 
Un = o 3—3 g » Which is undefined. 


Since f(3) is undefined, a Real value for f(x) does not exist at x = 3 
Therefore, f(x) is not continuous at x — 3. 


Exercise 7.2 
1. By examining the graphs below, write down the value(s) of x, if any, at which there is a 


discontinuity in the function: 


|y A 


(i) y^ (ii) ya! (iii) 
44 l 
3« 
2 i 
En: 1 O | x 
-i 
T T T T T r> Ne 
-3-2-10| 1 2 3% ix-3 


(iv) — » (v) 
"D om 
F 4 
20| 23 x 


2. A sketch of the function y = : is shown. 


(i) For what value of x is the function discontinuous? 


(ii) Use limits to explain why the function is 
discontinuous at this point. 


xy 


10. 


11. 


The graph of the function y = tanx is shown. 
Use your knowledge of trigonometry to explain 


why the function is not continuous at x — S 


For what value(s) of x is each of these functions discontinuous? 


, 2 " u x as E 1 
(1) f(x) m (ii) f(x) (x m 5)(x Fus 5) (iii) f(x) x? —3x-—4 
Evaluate these limits: 
xc 3 m : 2 m "S š x? —x— 3 
@ dimi GO Qon d IN Y 


Evaluate each of these limits: 


x+2 ey a 6x — 3 es 7 A? + 2h —-6 
G3 (i) hm tx (i) im "751 


Evaluate each of these limits: 


1 sy qua X2 — 4 sm onu x2 25 
(i) lim f] (ii) lim 5 (ii) m xum 
. . x2 —3x+2 . x27+x-2 WS ue x+3 
(iv) zn x—1 (v) m x—1 (vi) 2 e 


x“ —9 


By completing the following table, show that f(x) = 3 has a limit as x — 3 and 


write down its value. 


x 25 2.9 2.999 | 2.9999 | 3.0000 | 3.0001 | 3.001 Sil 3.5 
fe 


Write down the value of each of the following limits: 


(i) fe) = L (i) fl) = x (iii) fœ) = E Gv) f(x) = m 


X 


Evaluate each of the following limits: 


=3 — 3x 
(i) lim 2X 5x F = (ii) lim 4 D = (iii) lim 1—3x EE 
Evaluate each of these limits: 
m-4 5m —3 2m] — 3n +2 
P m ree ur per TEN: ae =o 


f(x +h) — f(x) 
P 


12. The slope of a function y = f(x) is given by slope = lim 
Find the slope of each of these functions: 


(i) f(x) = 2x -3 (ii) f(x) =x? (iii) f(x) 2324 5 


13. Given that x° — y? = (x — y)(x? + xy + y?), evaluate lim I 
x. E 


14. By completing the following table, find the lim (1 + L : 


1 [| 2 | s [ 1 [| 10 | 100 | 10,000 


The limit of this function should result in an approximate value for e. 


Section 7.3 Differentiating from first principles 


The graph of the function y — x? is shown. 

We could find the slope of the tangent to the curve 

at the point (2, 4) by drawing an accurate curve and 
tangent and then measure the slope by finding a 
second point on the tangent. However, this method 
will give only an estimate, so some other method must 
be found. 


The method used to find the slope of a tangent 

to a curve at any point is illustrated by the diagram 
on the right. If we select points C and D on the 

arc AB, we notice that the closer the point moves 
towards A, the closer the approximation to the slope 
of the tangent at A. 


As the point gets very close to A, we say that 


Differentiating from first principles 


We will now consider the method of finding the slope of the tangent to the curve y = f(x) at 
any point A (x, f(x)) on the curve. 


Let B be another point on the curve such that YA 
the x-coordinate of B is x + h, where h 
represents a small increase. 


B(x + h, f(x + h)) 
A 


fæ + h) fa) 


Thus, the coordinates of B are 


(x + h, f(x + h)). 


From the diagram, the slope of dq Zi o3 
= O r x+h x 
the chord AB = fot fe) 


When h becomes very small, the slope of the tangent at A is the limit of the slope of 
the chord AB as A — 0. 
f(x + h) - f(x) 

h 


— the slope of the tangent at A = lim 


lim 


lim , if it exists, Is called the derived function. 


f(x +h) — fœ) 
h 


d 
We use the notation d (pronounced ‘dee y dee x’), or f'(x) (pronounced ‘f dash of x’) 


to represent the derived function or simply the derivative. 


The derived function 


f(x +h) — f(x) 
h 


The process of finding the derivative of a function y — f(x) by finding lim 
: A "T e o h—0 
is called differentiating from first principles. 


In the next section of this chapter, we will see that there are basic rules that can be used to 
reduce the work involved in differentiating from first principles. 


Note: When a function is given in the form f(x) = ..., the derivative is written as f'(x) — .... 
When the function is given in the form y = ..., the derivative is written in 
dy 
he fi ==... 
the form dx 


For any function y = f(x), may also be written as i (y). 


This is pronounced ‘the dee dee x of y’. 


Differentiate f(x) = 3x + 8 from first principles. 


f(x) 3x48 
jii «re 1D) e Sox ar 19) ar (S 

jiGe 3-1) = Reo) = Ae + fb) se B = Se = 8 
ESO is) BSR 

= 3h 
fc +h) - fG) _ 3h _, 

h h 
TELEN 


h-0 


... dividing both sides by h 
= lim 3 =3 

h—0 
f(x) =3 


Note: 


Since the given function f(x) = 3x + 8 is linear, we expect 


the slope E to be a constant. 


Differentiate f(x) — x? — 6x from first principles. 


f(x) 9 x? — 6x 
DOSE DEG) 

= ie 4b Dine JE iP = Oe = Oh 

het =f ON =e 2h — Gx = 6 =x 16x) 
= 52 +b Die +b a? = Or = OR x + Gi 
= 2hx + h? — 6h 

NT E e E a 

queso 


h—0 


= lim (2x + h — 6) 


—2x—6 
f(x) = 2x — 6 


Note: Since the graph of f(x) = x? — 6x is a quadratic curve, the slope (rate of 


change) is not constant and varies as x varies, i.e. (2x — 6) varies as x varies. 


Find, from first principles, the slope of the tangent to the curve with equation 
f(x) =x? +x +5 atthe point where x = 3. 


To get the slope of the tangent, we find f'(x). 
fC) mag dis 
f(x * Rh) (xh t (xt h)-c5 
= b 2hxc fe tx the 5 
Ge 3r 10) = fos) eae sb Dee sp ap xe E Ih se S = (GO x3 S) 
Se NUI cuve peser es m 
=2hx +h? +h 
f(x +h) — f(x) 
h 
TO CRDI 


h—0 


= 25e sp fn ap il 


= lim (Be se lise 1) 
= Be sp Il 
f(x) =2x +1 
When x = 3, f'(x) = 2(3) +1=7. 
Hence, the slope of the tangent at the point where x = 3 is 7. 


Exercise 7.3 


1. Differentiate each of these from first principles: 
(i) f(x) = 5x (ii) f(x) = 3x —-4 (ili) f(x) 6 — 4x 


2. Find the derivatives of each of the following from first principles: 


O fo) =x (i) fx) 2 + 9x (ii) f) = 3x? - 4x - 6 


3. f(x) 2x2 - 2x +5 
(i) Find f'(x) from first principles. 
(ii) Hence, find the slope of the tangent to the curve y — f(x) at the point (2, 5). 
(iii) Now find the equation of the tangent to the curve y — f(x) at the point (2, 5). 


4. If f(x) = kx’, show from first principles that f'(x) = 2kx for all x € R. 


5. Find the derivative of each of the following from first principles: 


O nap (ii) f(x) = 4x - x? (iii) f(x) 22-x- 3x 


6. Use first principles to find the derivative of f(x) = 2x? — 3x — 2. 
Use your result to find 


(i) the slope of the tangent to the curve at the point (3, 7) 
(ii) the equation of the tangent to the curve at the point (3, 7). 
7. The area of a disc is given by the equation A = zr’, where r is the radius of the disc. 


Use first principles to find g. the rate of change of A with respect to r. 


8. If f(x) = x? — 3x + 1, find f'(x) using first principles. 
Use your result to find the point on the curve y = f(x) where the slope of 
the tangent is zero. 


Section 7.4 Differentiation by rule 


In the previous section, we found the derivative of a function from first principles. 
This method becomes very tedious as the function becomes more complex. 


We will now show how certain rules can be used to find the derivative of a function without 
having to use the method of differentiation from first principles. 


It can be shown from first principles that if 
(i) y =x’, then e = 2x 


(i) y = 4x), then 2 = 8x 
(iii) y — x^, then e = 3x? 


The pattern in these derivatives suggests a general result which is given below: 


Differentiation by rule 


In words, this rule may be expressed as follows: 


(i) y = 3x? (ii) y 7 (iii) f(x) = 5x (iv) f(x) = 6x4 
dy dy ' = 5;0 ' = 3 
ŽS, Z 221g > f'(x) = 5x => f'(x) = 24x 
=q X >97 x gs 


The derivative of a constant 


Notice that if y = 4 (a constant), then this can be written as y = 4x°. ... (any number to the 
power of zero is 1) 


This shows that the derivative of a constant is zero. 


The equation of the line / shown is y = 4. y 


: y=4 
The slope of / is zero. t 
: d : f 
Since i represents the slope, the diagram illustrates 2 
that the derivative of a constant is zero. 5 
x 


The derivative of a sum or difference of two functions 


If a function y = f(x) consists of more than one term, we differentiate each term in 
turn to find f'(x). 


Examples 
(i) y 22x? + 5x (ii) y= 6x — 3x +4 (iii) y =2 + 3x — 6x? 
dy _ dy anos dy _ 
> cin > Gq, 5 6x ae 12x 
To differentiate the function y = —, we rewrite the function as 
" ED noce. cedi. 0 
y =x? and so qum =24 1-24 -— “3 ...—2 reduced by 1 gives —3 


Find the derivative of f(x) = 6x? — 3x? + 4x. 
Hence, find f'(2) and interpret the result. 


f(x) = 68 — 3x? + 4x 

f'(x) = 3(62) — 2(3x) + 4 

f(x) = 18x? — 6x + 4 

f'(2) = 18(2)* — 6(2) + 4 = 64 

f'(2) = 64 states that the slope of the tangent to the curve at 
the point where x — 2 is 64. 


Find = for each of the following: 


: EP ums 
ouch 


2 


: RM 
(i) P= rg 


= og =a + Dew! 


Find the slope of the tangent to the curve y = 3x? + 4x — 5 at the point (1, 2). 
Hence, find the equation of the tangent at this point. 


The slope of the tangent is Ea 
yp ed dS 
dy _ 
ax =6x+4 
= 6(1) +4=10_ ... at the point (1, 2) 

We now use the formula y — y, = m(x — x,) to find the equation of the 
tangent at (1, 2). 
= y=2=10G—l) sys 
=> p= 2 = lr = Ie 
=> 10x — y — 8 = 0 is the equation of the tangent. 


Example 4 


Find the points on the curve y = x? — 3x? at which the slope of the tangent 
to the curve is 9. 


yee = Be 


E 2 = 3x? — 6x 
=> 3x?— 6x =9 ... since the slope = 9 
= 32=G—=9=C 
ee ses 
=> (x —3)(x +1) =0 
== 5 or 2= l 
When x = 3, y = (3)? — 3(3)? ie. 0 
— (3, 0) is one point. 
When x = =l, y = (-1)? —3(-1Y ie. —4 
= (-1, —4) is the second point. 
Therefore the two points are (3, 0) and (—1, —4). 


Exercise 7.4 


1. Find dy for each of the following: 


dx 
(i) y 256 (i) y = 5x? — 4x Gii) y 2 632 + 5x — 4 
(iv) y 2x3 — 8x +2 (v) ys *2x« (i) y- 28 4 3 «T 
2. Find f'(x) for each of the following: 
O fe) = 72 -2 (ii) f(x) = 3x (it) fle) = ax + 2 
i == =e =3y-2 +l 
v) f(x) = x? — Sx (v) f(x) "x (vi) f(x) = 3x + T 
3. If y= I» + Ip — 6x, find E 
4. Find f'(x) for each of the following: 
(i) flx) = Vx (ii) fx) = vx - Gi) flay = $+ 3 
(iv) fle) = 6-2 (v) fx) = Wx + Yx (i) fe) o 43-4, 
5. If y — Vx(1 + vx), remove the brackets and then find 24 


Find also the value of á when x = 4. 


6. If f(x) =x + 2/x, find f'(x) and hence evaluate f'(4). 


10. 


11. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


If f(x) = m find f'(4) and express your answer as a fraction. 


5 d d 
Given that y — x?, find d and show that when x — 2, the value of d can be written 


in the form p V2, where p is an integer to be found. 


If f(x) = x? + kx and f'(—1) is 3, find the value of k. 


x-—1 


2xVx 


Find the slope of the tangent to the curve y — x? — 2x — 3 at the point (2, 3). 


d 
If y 2 /x + TUN show that Z may be written in the form 
Vx dx 


Find the slope and hence the equation of the tangent to the curve y = 2x2 — 3x + 4 at 
the point (1, 3). 


Find the slope and hence the equation of the tangent to the curve y = 6 + x — x? at the 
point (2, 4). 


Find the value of x at which the slope of the tangent to the curve y = 8 + 2x — x? is 6. 
At what point on the curve y = x? — x is the slope of the tangent equal to 1? 
Find the point on the curve y = 2x? — x — 4 at which the slope of the tangent is 3. 


Find the value of a if the slope of the tangent to the curve y = x? + ax at the 
point where x = —1 is 3. 


Show that the tangent to the curve y = x? — 3x + 4 at the point where x = IE is 
parallel to the x-axis. 


Find the point on the curve y = 2x? — 8x + 3 where the tangent is parallel to 
the line 4x -y * 2-0. 


The tangent drawn to the curve y = 2x? + 3x at the point P(x, y) is parallel to 
the x-axis. 
Determine the coordinates of P. 


The equation of a function is y = avx + b, where a and b are constants. 


d 
If 4 = 3 at the point (4, 6), find the values of a and b. 
The tangent drawn to the curve with equation y = 3 atthe point (2, 3) meets the x-axis 
x 2 
at A, and the y-axis at B. 
What is the area of the triangle AOB, where O is the origin? 


Section 7.5 Product, Quotient and Chain Rules 


1. The Product Rule 


The function y = (3x — 4)(x* + 2) can be differentiated by multiplying out the brackets 
and then differentiating the product. 


Thus, y = 3x°— 4? + 6x — 8 
and Z =o- Be +6, 


When the expansion of brackets becomes too tedious, a product can be differentiated in 
a much shorter way by using a method generally called the Product Rule. 


Product Rule 


If y = (6x2 + 2x)(3x — 2), find T 
This is a product in which u = 6x +2x and v=3x-2 

=> se = 12x +2 => g mi 
SEU du 


dus erue 


(Gi + ONG) Se Gr NO + 2) 
= 18x? + 6x + 36x? + 6x — 24x — 4 


eee = 


Product Rule 
in words 


2. The Quotient Rule 
When differentiating a function of the form y = “, where u and v are both functions of x, 
D 


for example y = A3 we use the Quotient Rule given below: 
P 3x + 4 


Quotient Rule 


Quotient Rule 
in words 


2 ak 7 
If fe) = = +T, find f'G). 
x2+7 


TE is a quotient in which 


| Qx-1)09-(G?* 00) 6x? a — 3x — 21 
(See qe (sel): 


iO) = 


3. The Chain Rule 


When we write y = (3x — 4)°, we say that y is a function of x. 
If we let u = (3x — 4), then we have 
y — iP and u = 3x — 4. 


Now, y is a function of u and u is a function of x. 


For this reason, the function y = (3x — 4)? is said to be a composite function or a 
function of a function. 


Other examples of composite functions are: 


(i) y = (1 — 6x)4 (ii) y= V5x +2 (iii) y = V3x2 +6 


The function y = (3x — 4} could be differentiated by expanding the brackets and 
differentiating the result. However, it can also be differentiated in a more economical 
way by using a method called the Chain Rule. 


To differentiate the function y = (3x — 4, we let u = 3x — 4. 
Then, y = i? and u = 3x — 4. 


: dy dy du 
The Chain Rule states that de uu de 
dy dy du — 3 = E 
a ae yu? and u=3x—-4 
dy du 
= 2 — = 2 ALIM VI 
3u?.3 um 3u^ and i 3 


= 9u? = 9(3x — 4) 


The Chain Rule 


Find d if © y-Q2-1»  G)y-/32-2. 


O y= IDE 
Let u=2x -1 => 


UA = 3x? — 1)?.4x = 12x(2x? — 1)? 


(ii) y = V3x2—2 = (3x2 - 2y 


Let u232-2 > 


In the examples above, u was substituted for the function of x inside the brackets. 
In practice, we will omit this step and write down the derivative of a composite function 


without the use of substitution. 
Here are some examples: 


(0 y2Qx-5y 
dy _3(2 +5. d 
aU +5) græt’ 


= 3(2x + 52) 


= 6(2x + 5} 


Example 4 


Find z if (i) y = (2 - 3x) 


(i) y = (? — 3x)" 
= = 4(x? — 3x)3(2x — 3) 


= 4(2x — 3)(x? — 3x 


y = (x — 3x)* 


Wy an 3x 5 (2 
"rm 4(x^ — 3x) d € 3x) 


(i) 


= A(x? — 3xy Qx — 3) 


= 4(2x — 3)(x2 — 3x)? 


Gi) y = vx? — 6x. 


Sore). 4e — 3x) 


(ii) y = Vx? — 6x => y = (à — 6x)? 


dx 


dy 
Mi y= 
* il 3$ dx 


Here we have a quotient in which 


oE 5 (x? — 6x) 32x — 6) 


, evaluate — when x = —3. 


u-—x 


du _ 
c ed 


-Ml 
H= se. = 3c) 
dy _ Dea 


dx 2/1—x(1—x) 


-a V 2 —(-3) T5 
When x 3. = ae 


a a) (E 8) 


... multiply each term above and below by 2/1 — x 


Exercise 7.5 
1. Use the Product Rule to find the derivative of each of these: 
(i) y = (3x + 4)(x — 2) (ii) y = (3x — 4)(4x + 5) (ii) y = (x? + 2)(x — 1) 
Gv) y20Qx—-DQ^-2) dv) ys(l-250-2) (vi) y = Q? — 1)(2x + 1) 
2. Usethe w Rule to find f'(x) of each of the following: 
2 + 
(i) f= (ii) fQ) = 3 Gi) f() == 


(vi) fla) = 352 


(iv) fG) = 2 v) f(x) = 


3. Given that y = ril = l , find the value of 2 at x — 0. 


4. Use the Product Rule to differentiate y = Vx(2x — 1) with respect to x and express 
your answer as a single fraction. 


5. If y = (Vx + A)(Vx — 4), use the Product Rule to show that e =1. 


show that dy >0 forallx E R. 


EN. 
6. Ey d: 


20. 


21. 


22. 


Differentiate each of the following using the Chain Rule: 


(i) y 9 (x * 4y (ii) y = Qx - 1) (iii) y = (3x + 5? 
(v) y = Gà - 1» () y= (2x? +3)! (vi) y = (1 - 33) 


Find f'(x) for each of the following: 


(i) f(x) » v4Ax +1 (ii) f(x)-vx—4 (iii) f(x) = vx? — 2x 
d 
Find m for each of the following: 
(i) y = 2x x + 5) (ii) y 2 Q2— D)8Gx * 2 (iii) y = (x + 4Y(x — 2) 
If y = (x? — 3), find the value of SZ when x-1. 
x - TP a dy B 
If y= “aya? find the value of d at x — 0. 


d 
If y = (2x? — 3)’, evaluate atx =—1. 


If f(x) = xvx + 1, find f'(x). 


dy 


If 4x? + 2xy = 5, express y in terms of x and hence find dc 


dy dy 
lf y= —*—, find and evaluate — atx = 1. 
T Wed dx dx 
d 
T E , express Z in the form uy , Where k is a constant. 
-= = 2x 
If f(x) = V3x? — 2, find the value of f'(x) when x = 1. 


; 3 1 dy 3(x—-2) 
Show that if y = (x — 1)? —3(x — 1), then — = ————. 
y-G-Di-36- 1)f, then B= 752 


If y= 


d 
If y = ax? + 2bx? + 3cx and 4 = 6x? + 6x — 6, find the values of 
the constants a, b and c. 


If f(x) = T , find the value of f'(1). 


Which of the following is the derivative of (8 — 2x2 ? 


A: —8x(8 — 232) 5 B: (8 — 4x)3 C: £(8— 4x) 5 D: 2(8 — 2x?) 


Functions f and g are given by f(x) = 3x + 1 and g(x) = x? — 2. 
(a) (i) Find p(x) where p(x) = f(g(x)). 

(ii) Find g(x) where q(x) = g(f(x)). 
(b) Solve p'(x) = q'(x). 


Section 7.6 Second derivatives 


For any function y = f(x), the first derivative is e or f'(x). 


If we differentiate the resulting function, we get the second derivative. 


d? 
The second derivative is denoted by uud or f"(x). 


dx? 


dy. 
RAE pronounced 'dee two y dee x squared'. 


dz 
3 : dy 

We learned earlier that for any function y — f(x), de represents the slope of the tangent 

to the curve at any point on the curve. When dealing with the graphs of functions in book 5, 


diy 
we will see that — dà gives the rate at which the slope is changing over a given interval. 


d?y 
do 


Given that y =x +i =, find — 


2 2 
a and — nt hence, show that x? SEU 3r ae y=0. 


3 
Mi y Sa ay, find 7. de dz dr 


Exercise 7.6 


2 
Find z of the functions in numbers (1-9): 


1. 


10. 


11. 


13. 


14. 


2 


y =x + 2x? 2. y=xt- 3x7°+6 3. y=i 
— 1 2 E 1 E 
y=; t+3x 5. y-3xtzt4 6. y=vx 
x 
1 
= = = 93 = _i_ 
y=v2x+3 8. y = (3x - 2) 9, y 3 


2 
Given that y = x* — x? + 4x — 1, find z and hence find the values of x 


2 
for which z =0. 


3,44 CERT AE 
If y = 3x + xz, show that x de E y=0. 
Given that f(x) = 2 + 4/x , show that f"(4) = “ie 
; = axt (>) - (2) = 
Given that y = x^, show that 3 dd ps 0. 
2 
Given that y — = , find e and x. 


d?y E 
Hence, show that 2x dà +3—=0. 


Section 7.7 The derivatives of trigonometric functions — 


The basic rules for differentiation apply to trigonometric functions also. 
The derivatives of the three principal trigonometric functions are highlighted below: 


Standard 
trigonometric 
derivatives 


The following examples illustrate the use of the Product Rule, the Quotient Rule and the 
Chain Rule when differentiating trigonometric functions. 


Differentiate each of the following with respect to x: 
(i) y =3sinx + 2cosx (ii) y =x sinx 


d 
(i) d = 3cosx + 2(—sinx) = 3cosx — 2sinx 
(ii) y = x?sinx 


(Here we have a product where u — x? and v — sinx.) 


= x*(cosx) + sin x(2x) 


Use of Chain Rule 


The use of the Chain Rule is particularly important in the differentiation 
of trigonometric functions. 


To differentiate y = sin 4x, we let u = 4x. 


o = hag 
Jes 

> 05" 

: dy dy du 
By the Chain Rule, k u de 


= cosu X 4 = 4cosu = 4cos 4x 


In practice, we generally do not use the substitution method to apply the Chain Rule. 


- dy d 2 = 
If y = sin 6x a 8 6x. Gy (69 = cos 6x.6 = 6cos 6x 


Here are two more examples of the use of the Chain Rule: 


(i) If y = sin? (ii) If y = cos(3x? + x) 
z = cos x?.(2x) 2 = —sin(3x? + x).(6x + 1) 
= 2x cos? x = —(6x + 1) sin(3x? + x) 


The derivative of sin" x and cos" x 


To differentiate y — sin^x, welet u — sinx. 


LUE = U = cosx 
GY _ 4,23 
> zm 4u 
dy dy du_,, 
Now, a oe = 4u^.cos x 
= Asin? x.cos x 
e = 4sin? x.cos x 


Again, in practice we can write down the derivative of cos? x, for example, without using 
a substitution. 


If y = co?x Similarly, if y = tan(3x?) 
dy d dy 
a 3 cos? x. dy (098 x) qom sec?(3x7).6x 
= 3cos’x.(—sinx) = —3cos?x sin x = 6x sec?(3x’) 


Using the Chain Rule twice 


Consider the function y = sin *(5x + 2). 
=> y = [sin(5x  2)P 


Without using any substitution we can write down the derivative of sin?(5x + 2) by 
(i) finding the derivative of the power, i.e. 3sin?(5x + 2) 


(ii) multiplying the result by the derivative of the trigonometric function sin(5x + 2), which 
is cos(5x + 2). 


(iii) multiplying the two previous results by the derivative of the angle (5x+ 2), i.e. 5. 
Thus, for y = sin*(5x + 2) 


e = 3 sin?(5x + 2) cos(5x + 2).5 
= 15sin?(5x + 2) cos(5x + 2) 
Similarly if y = cos*(3x — 1) 
© = 4cosGx — D[-sin(àx — 1)3] 


= —12cos*(3x — 1) sin(3x — 1) 


288 


Find the derivative of each of the following: 

(i) cos(7x — 3) (ii) tan?3x (ii) sin°(x? + 2) 
(i) Let y =cos(7x — 3) 

= —sin(7x — 3).7 = —7sin(7x — 3) 


(ii) Let = tan?3x 


un 
dx 

y 
id 


= 2tan 3x.sec?3x.3 
— 6tan 3x sec?3x 
(iii) Let y = sin(x3? + 2) 

d 

= 3sin?(x? + 2).cos(x? + 2).2x 
= 6xsin?(x? + 2) cos(x? + 2) 


bey Lime, show that f'(x) = Liu and hence evaluate f '(7). 


1+ sinx 


mm is of the form = so we use the Quotient Rule to find f'(x). 


f(x) = 
. €osx(cosx) — (1 + sinx)(—sinx) 
(cos x)? 
2 COS i SI Gas CM TIS UE 


5 as lene e ee = Ih) 
cost x 


Exercise 7.7 — 


1. Find dy for each of the following: 


dx 
(i) y = sin2x (ii) y = cosóx (iii) y = tan 4x 
(iv) y = sin(2x + 3) (v) y =cos(3x — 1) (vi) y = tan(x?) 


(vii) y= sinix (viii) y = cos(x? — 1) (ix) y = sin2x + cos4x 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Find dy for each of these: 


dx 
(i) y = sin?x (ii) y = cosx (ii) y — tan^x 
(iv) y = sin*(4x) (v) y = cos?(2x + 1) (vi) y = tan*(4x + 3) 
., dy : 
Find d6 for each of the following: 
(i) y = 2sin30 + cos20 (i) y = tan?0 + tan20 
(iii) y = cos40 — cos £ (iv) y = tan? + 5 
Use the Product Rule to differentiate each of the following: 
(i) y =xsin2x (ii) y = x? cosx (iii) y = (x + 3) sinx 
! dy 
If y = sinx cosx, use the Product Rule to show that qy ^ 905 2x. 


If f(x) = cosx tanx, show that f'(x) = cosx. 


d 
Find the value of E in each of the following at x = 7r 


(i) y = sin2x (ii) y =x cosx (iii) y = sin?x. 


. sinx 
Given that tanx = : 
COS X 


use the Quotient Rule to show that £ (tan x) = sec? x. 


Given that f(x) = (sinx + 1)’, find in surd form the value of F(Z): 


d 
If y = sinx + 3 cosx, find Z. 
d 
Hence, show that cosx z + ysinx = 1. 


d 
Given that y = sin 2x — 2x, find Z. 


Give your answer in the form ksin? x, where k E Z. 


d 
If y= cos(1mx), find the value of m when x — 4. 


d 
Given that f(x) = cos?(2x), find the value of m when x = ri 
It is given that f(x) = cos2x and g(x) = 2sin? x. 
Find (i) f'(x) (ii) g'(x) and show that f'(x) + g'(x) = 0. 


: : d? 

Given that y = sin 3x, show that dus = —9y. 
Ex 1i 3 dy m 4 

If y = tanx + 5 tan’ x, show that dc^ ee 


(Hint: sec?x = 1 + tan? x). 


17. Ifthe slope of the curve y = 3sinx + ksin3x is zero when x = e. find the value of k. 


18. Find the values of a and b for which 


4| sinx )= a + bcosx 
dx \2 + cosx) (2 + cosx)? 


Section 7.8 Differentiation of inverse trigonometric 
functions 


, we use the notation $ = sin} to state that 


j 6 is an angle, the sine of which is 2 


Nie 


Since sinc = 


Thus, it is important to note that sin! is an angle. 
To differentiate the function y = sin-!7 , we change the function to the form sin y = =. 


siny = l => x = asin y, where a is a constant. 


We will now find z and then write down the reciprocal of the answer to get e s 
X — asiny 
i = acosy a x 
= E E E —ai— x5 ..see triangle 
a — x? 
T= d-x = i T 3 


s í a ATX Cy _ 
This shows that if y = sin " , then dm 


The standard derivatives for f(x) — sin f(x) = tan !7 and f(x) = cos! " are given below. 


Standard derivatives 
of inverse functions 


_1 5x 
3 


The next worked example shows how the function y = sin can be differentiated using 


the standard derivative for sin! and the Chain Rule. 


dy 
dx 


If y= sin 13 „find 


dy 


If y = tan ! (2x + 1), find Te 


y-tan ! 2x + 1) 


...a=1,since 2x - 1 — 


2) 2 


EE 1 
2x2 2x 1 


Exercise 7.8 


1. Differentiate each of the following with respect to x: 
(i) sin! 6x (ii tan! àx (iii) sin"! 2x - 1) (iv) tan! (x?) 


3 


dy 
2. If y ^ sin ! (3x — 1), show that — = —————. 
y ( ) V6x — 9x? 


3. Find the value of the derivative of each of these: 
(i) sin! 2x at x =0 (ii) tan !4x at x -1 (iii) cos ! (3x) at x =6 
4. Given f(x), find f'(x) for each of the following: 
: is) 25 E AX ps ETE 
(i) f(x) = sin = (ii) f(x) = tan d (iii) cos ( 3 


5. Usethe Product Rule to differentiate each of these: 


(i) y = xsin! x Gi) 2xtan™!x 
6. If y= (sin ! x), show that o. 2sin!x 
dr icu 


7. If f(x) = sin! (cosx), show that f'(x) ^ k, k € Z. 
8. Given f(x) = tan! (cosx), evaluate fe): 


d 
9. If y= tantt , find the value of n at x — 1. 


10. If y = tan ! (3x2), find the value of - at x= 3 


: d^y dy 
11. If y = tan ! x, show that qa tx») + 2x = 0. 


Section 7.9 Differentiation of exponential functions —— 


The word exponent is often used instead of index. 
A function such as y = 2*, where the variable occurs in the index, is called 
an exponential function. 


The diagram on the right shows the graphs of these 
three functions 

()y-27 Gi)y=e (ii) y= 4 
The function illustrated by the red curve is y = e". 
It is by far the most important exponential function. 


It is generally referred to as the exponential function. 
e is an irrational number whose value is 2.718, 
correct to three decimal places. 


This function will be studied more closely in chapter 12. 


The importance of the function y — e* lies in the fact that 
the slope at any point on the curve is always the same as 
the y-value of the function. 


For example, if x = 2, then y = e? = 7.39... 

If an accurate diagram is drawn, it can be shown that 
the slope of the tangent at the point x = 2 is also 7.39. 
This leads us to a very important derivative, namely: 


d 
For y = æ, 4 =ø. 


Notice that e* is its own derivative and, in fact, is the only basic 
function which is its own derivative. 


Standard derivative 


Note: e* is a continuously increasing function and can be used to model the growth of a cell, 
the spread of an infection, or the increase in size of a population. 
e * is a decreasing function and can represent a rate of decay such as the rate at which 
a body loses heat or radioactive decay. 


. : : ; d 
If y = e^, where a is a constant, it can be shown by using the Chain Rule that E = ae™, 


If y = e®, then using the Chain Rule, 


dy 
dx 


Similarly, if y = e" +“, e = e° t Ox + 4) 


= e 3 (6x) = e6 = 6e 
= (2x + 4je* ** 


Find = for each of the following: 


(i) y=5e* (i) y=% (ii) y= (e* + 1) 


we 


(i) y=5e* > dm 


Se*. 3 (9) = 5e* 2x = 10xe* 


= d : . 
(ii) y = e" => X = esx (—sin x) = —sin x(e°°s*) 


ET dy d 
= (g + 1 = x p E (pe 
(ili) y 2 (e* - D > i 4(e* + 1y*. i (e a I) 


= 4(e* + 1)3.e* = 4e*(e* + 1)3 


T 


If y = e*cos 2x, find the value of T 


= 
at x =<. 


y = e* cos2x 
dv du 


» dy | 
Here we use p Product Rule, y = uv => Wr m 3E erm 
» 


du e"(—9 n9) cos2x(2e*) nee and v= cos 2x 


= —2sin2x.e* + 2cos2x.e* 
a = 2e*(—sin 2x + cos 2x) 


4 (—sin-£ + cos 7} 


Exercise 7.9 


1. Find dy for each of the following: 


dx 2 
(i) y=e* (ii) y=e* (iii) y=" 
(iv) y s e» ** (v) ys et? (vi) y = es: 
2. Differentiate each of these: 
(i) y= e (GD) ¢=e"" (iii) y = xe% 
3. Find Z for each of the following: 
(i) y= e*sinx (i) y (e —1y (iii) y e à 
4. Differentiate each of these: 
(i) y — e*(1 e) (i) (€? (ii) xe 


5. If y = e*'sin(mx), find the value of = when x = 1. 


2 
eisem 5 


dx? 
d? d 
Hence, show that T =3 d t 2y-90. 


d ; 
7. Given that y = e*(cosx — sin x), show that = —2e*sinx. 


Y 
dx 


2 
8. Given that y = xe", show that E ty- ee 


da? 
9. If f(x) = e* — ae*, show that f'(x) =0 when e* = > 
2 
10. If y — e"*, m € R, find 2, 
.. dy dy 
Hence, find m if dd 3 m 4y — 0. 


1L Let f(x) = oe 


Show that f"(x) = f(x), where f"(x) is the second derivative of f(x). 


12. Find the equation of the tangent to the curve y —3e* — sinx + 5 at the 
point where x = 0. 


13. Line /, is the tangent to the curve y = 2e* — x at the point (0,2). 
Line /, is the tangent to the curve y = sin2x — x? at the origin. 


Prove that the point of intersection of /, and L is (2, 4). 


Section 7.10 Differentiating logarithmic functions ——— 


In the previous section we found the derivative 


of exponential functions. A log function is the inverse =Inx 

function of an exponential function and will be studied 

in detail in chapter 12. > 
4, |0 3 4 5x 


The equation 8 = 2? can be written as log,8 = 3, where 2 is 
the base number. 


bb jot be 


Logarithms to the base e are called natural logarithms. 


i.e. if y = e* then x = log,y which is usually written x = In y 


or if x = e' then y = In x. 


For this reason, y = Inx is the inverse of the function y = e*. 


To find the derivative of y = In x, we use the fact that if y = Inx, then by definition e" = x. 


y =Inx 

> x=e 

dx eT OR Lee 

dy =e... differentiate with respect to y 

dy 1 d. ; dx 
> a Q4 ÄÄ" is the reciprocal of dy 
425 .1 

dx x 


Standard derivative 


When dealing with natural logarithms, the following results from chapter 12 are important: 


(i) log,1 =0_ ... (the log of 1 to any base is zero) 


(ii) logee=1 ... (logik = 1) 
(iii) log.e* = xlog,e =x 


The work involved in differentiating logarithmic functions can be simplified by using the 
laws of logarithms which are reproduced below: 


Laws of 
Logarithms 


d 
Note: If y = log, (6x), we use logarithmic differentiation and the Chain Rule to find ls 


y = log, (6x) => dr bx dr 


In general, 


Find zt if (i) y-log(4x?- 1) (ii) y = log,(sin?x). 


(i) y = log, (4 + 1) 2 E 


(ii) y = log,(sin? x) > E = 


= 1 :2sinx cosx = =; 
sin? x 


Given that y — log, (4 ar Jj show that (1 — x?) z =2. 
-x 


sji (=) 
y 222 | = 


zm = log + a) = los il =)... (108.4 = log,a — log.b) 


dy 1 1 
dic cq ul) 


iL = ze sr Il ar xe 2 


(il ae sel = ae) 1-2 


Exercise 7.10 


Find dy of the functions in numbers (1-9): 


dx 
1. y = log,5x 2. y = log.(2x + 3) 3. y = log,(3x’) 
4. y =log,(sinx) 5. y = log, (x? — 6x) 6. y =log,(cos 3x) 
7. y=xlog.x 8. y = x? In(3x) 9% y= Inx 
10. Use the rules of logarithms to simplify the following and then find 2 of each function. 
O) y-log(Qx- 1? — Gi y = log (21) (ii) y= log v1 +2 
Š E : _ 2 2 $ = x 
(iv) y = log. Vsinx (v) y = log.(x? + 4) (vi) y = log, ta 


2 
1L If y = In 3x^, find 2. 


E j dx  2log,(x + 4) 
12. If y = [log.(x + 4)}’, show that ay P NE 


d 
13. If y — xlog,x, find 


14. Find the slope of the tangent to the curve y = log.x — 2x + x? at the point where x = 2. 


15. If y = (Inx)’, find the value of e at x — e. 


16. Given that y = In(1 + sind), find E 


2 
If (1 + sint) 2 + k = 0, find the value of k € N. 


17. If y = In(e* cosx), show that 2 =] — tanx. 


Revision Exercise 7 (Core) 


d 
1. Find m for each of the following: 


G) y=x2+İ (i) y = (2x + 3p ii) yee 
2. Differentiate y = x? + 3x — 4 from first principles. 


3. Find dy for each of these: 


dx 
: E 3 m _ 2x 
O y» ie 2) (i) y= 2. 
4. Find f'(x) for each of these: 
(i) f(x) = 2x2 — E Gi) y= 4sin6x Gii) y = 3e" 
. : d (2x -3).. k 
5. Find the value of k for which di | PI ) oy 


6. The point P(x, y) lies on the curve with equation y = 6x? — x°. 
(i) Find the value of x for which the gradient of the tangent at P is 12. 
(ii) Hence, find the equation of the tangent at P. 


7. Find “ for each of these: 
f 3 ce 3x? 
(Deam xv (ii) y a —X 


X 


(iii) y = cos?4x 


2 d 
8. If y= 4x = 6 find ds without using the Quotient Rule. 


9, f(x) — asin3x, where a is a constant. 
If f'() = 2, find a. 


10. The equation of a curve is y = xsin2x. 


Find the slope of the tangent to the curve at the point where x — a 


d 
11. The gradient of the curve C is given by E = (x + 1)(x — 2). 
The point P(1, 2) lies on C. 
Find the equation of the tangent to C at P. 


12. If f(x) 2 x + L + evaluate f'(4). 


13. Given y = 2x? — 1, find 


(i) the average rate at which y changes over the interval [1, 4] 
(ii) the instantaneous rate of change of y with respect to x when x — 4. 


14. Given that y = tan ! (5x), find ca 


dx 
15. The diagram shows a parabola with equation yA 
y-22x)-2x43. 
A tangent to the parabola has been drawn at P(1, 3). 
Find the equation of this tangent. P(1,3) 
Oo 
k 


16. Given the function f(x) = 2x ? + 3x7 —x,x #0,kKER. 
If f'(—2) = 0, find the value of k. 


Revision Exercise 7 (Advanced) 


1. Find the rate of change of the function y = sinx — cosx at the point where x = Z 


N 


2. Find the slope of the tangent to the curve y = x?sinx at the point where x = F 


3. Find the coordinates of the two points on the curve y = x? + Inx where the slope 
of the tangent to the curve is 3. 


TA AM 
4. If y=x DTI 1, find the values of x for which 1 = 0. 


5. Differentiate each of these, expressing each answer in its simplest form: 


(i) y = In (3x*) (ii) y= in (>) 
eer ee 
6. If y=e , find qz and du 
. dy dy 
Hence, find two values of n for which dà 5 qm 6y — 0. 


7. Find the coordinates of the two points on the curve y = x? — 3x? — 5x + 10 where the 
tangents to the curve are parallelto the line y — 4x — 7. 


8. The slope of the curve y = avx — 5 at the point (4, b) is 2. 
Find the values of a and b. 


9, Water is being emptied from a tank and the volume remaining can be modelled by 
the equation V = 80 (30 — 7). 
The diagram on the next page shows part of the graph of the equation. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


(i) Find the coordinates of A and B and Va 
explain the significance of the points A 
with reference to the equation. 

(ii) How much water remains in the tank 
after 10 minutes? 


Volume (m?) 


(iii) Find the average rate at which the 
water drains from the tank over the B 


first 10 minutes. O 


Time (min) 
(iv) Find the instantaneous rate at which the 
water is draining when ¢ = 10 minutes. 


d 
If ym find > and express your answer in the form — 1 _ where kis 


vi- x2? dx =x) 


a rational number. 


d 
If y= tan=(1), find the value of ài at x — 1. 


Find the equation of the tangent to the curve y —x?e* at the point where x = 0. 


dy 
dx 2 


d 2 
Given that y — kx? and x 1 | e| + y = 0, find the value of the constant k, 


where x € R and k #0. 


x, is a first approximation to the root of the function f(x) = x? + x? - 1 and x; is 
a second approximation. 


zs gs ; x 
If the approximations are connected using the formula x, = x, — fe) 


fox)" 


find a value for x; if x, — 1. 


d'y [dy dy 


If y =In(1 + e*), show that dz + (2 ác 


The diagram shows the curve y ^ x? — x +1. 
The points A and B on the curve have 
x-coordinates —1 and —1 + A respectively. 

(i) Show that the y-coordinate of the point B is 


14+ 2h —3I2 + k? 


~Y 


(ii) Find the gradient of the chord AB in the form 
p+qh+ rk 
where p, q and r are integers. 


(iii) Explain how your answer to part (ii) can be used to find the gradient of the 
tangent to the curve at A. State the value of this gradient. 


Revision Exercise 7 (Extended-response) 
1. Consider the function y = x(x — 2). 


3. 


4. 


(i) Write down the coordinates of the points at which the curve crosses the x-axis. 

(ii) Show that the slopes of the curve at these 
points differ only in sign and interpret the 
geometrical significance of this. 


(ii) Find the equations of the tangents to the 
curve at these points. 


(iv) Find the angle (0) between the tangents. 
(v) Let y = x(x — 2)(x — 5). 
If the slopes of the tangents to the curve at the 


points where the curve intersects the x-axis 
1,1 


are p, q and r, prove that i + d taS 0. 
(i) Differentiate y = 21n (xvx? + 1). 
k(kx? + 1) 
x(x? + 1) 
(ii) Find the equation of the tangent to the curve 
y = 2ln (xvx? + 1) at the point where x = 1. 


Give your answer in the form , where k is to be found and k € N. 


2 
The graph of the function f(x) = Ex =y% YA 
is shown on the right. 

The point B has coordinates (3, -3. 


(i) Find the equation of the tangent at B. 


(ii) The point A on the curve is such that 
the tangent at A is perpendicular to 
the tangent at B. 
Find the coordinates of A. 


(ii) If the tangents at A and B meet at the point C, find the coordinates of C. 


(iv) Show that the area of the triangle ABC is I5, 


P and Q are points on the curve f(x) = x? — x. 


(a) Find, in terms of h, the slope of the line through P(2, 6) and Q, where the 
x-coordinate of Q is (2 + h). 


(b) Hence, find the slope of the line segment [PO], where 

(i) h=0.5 (ii) h=0.1 (iii) A = 0.01 (iv) A = 0.001 
(c) To what value does the slope of PO approach as h — 0? 
(d) Hence, what is the slope of the curve at P? 


“Vv 


(e) If the coordinates of P are (a, à? — a), and Q has x-coordinate a + h, find the slope 


of PQ in terms of a. 


f) Hence, find the slope of the tangent to this curve at the point P(a, à? — a). 
(f) p g p , 


5. (a) Let f(x) = e ?*. u 
Show that the second derivative of f(x) with respect tox is f"(x) = (2 — 1)e *. 


(b) At the point P in the first quadrant on the yA 
curve f(x) =e >, f"(x) = 0. 
Show that the tangent at P crosses the x-axis 
at (2, 0). P 


(©) X 


6. The diameter of a tree (D cm) t years after 1 January 1990 is given by D = 50e". 


(a) Prove that 4D Z cD for some constant c. 


dt 
(b) If k = 0.2, find the rate of increase of D where D = 100. 


Give your answer in cm/year, correct to the nearest cm. 


7. (i) Find the slope of the curve y = Inv1 + sin2x at the point where x = F 


(ii) If y = (x? — 1)", n E R, find =. 


d 
Hence, show that (x? — 1) n 2nxy = 0. 


(ii) If f(x) =x — 6x? + 12x + 5, show that f'(x) is always positive. 


8. f(x) = x(x — kY, k € R defines a function. 


(i) Find f'(x) and express your answer in factorised form. 


(ii) Find the coordinates of the points on the curve where the tangents 
are parallel to the x-axis. 


(iii) Show that the equation of the line joining these points can be 
2 
written as y — GE (x — k). 
(iv) If the points found in (ii) above are YA 


A and B, show that AB intersects 
the curve at the midpoint of [AB]. 


av 


8 Trigonometry 2 


Key words 


identity unit circle sine rule cosine rule compound angle surd form 


double angle half-angle formulae product formulae 


Section 8.1 Trigonometric identities 


sin! x (arc sine x) 


We are already familiar with the three basic trigonometric ratios, namely sine, cosine and tangent. 


Three related ratios are defined as: 


~ Í m di 
cosec A = Se sec A RGA 
In the given triangle 
sinü. Y.x ha» tan à F 
cosdé r sr r x 


sin 0 


=> tan 0 = 56 


This relationship between trigonometric ratios is called an identity because it is true for all 


values of 0 in a given domain. 


The mandatory proofs of key standard trigonometric formulae are boxed separately and are 
flagged by a Mandatory Proof box. Other derivations are shown in the text and examples. 


To prove that cos? 0 + sin? 0 = 1 


We have already established that any point on the 
unit circle is defined by the coordinates (cos 0, sin 0). 


In the given diagram |OP| = 1 
=> (cos 0 — 0)  (sin8—0? =1 


=> ycos? 0 + sin? 0 = 1 


=> cos? 0 + sin? 0 = 1 ... (squaring both sides) 


© 


Mandatory Proof 


If each term in the equation sin? 0 + cos? 0 = 1 is divided by cos? 6, we get, 


sin 0 , co? 0 . 1 
cos? 0  cos0 cos? 0 


=> tan? 0+1 = sec? 0 
=> 1+ tan? 0=sec? 0 


The identities established above should be memorised as they are used very frequently to 
prove more complex identities. These identities are highlighted in the box below. 


It follows from 5 that sin? 0 = 1 — cos? 0 and cos? 0 = 1 — sin? 0. 


The general method of proving an identity is to choose one side that allows development and 
show, by using known identities, that it can be simplified into the form of the other side. 


This is illustrated in the following examples. 


Prove these identities: 
(i) sec A — tan A sin A = cos A (ii) tan 0/1 — sin? 0 = sin 6. 


(i) Here we change all ratios to sine and cosine ratios. 
1  SsinA,. sin 


A= Asin A = 
sec tan A sin sA TA 


tan 0 + sin 0 : 
Prove that ———— ———- = sin 6. 
gee @ 4 I 


sin Ó , sin 0 
tand+sing _ cos0 1 


sec ar i 1 4] 
cos 0 
_ sin 0 + sin 0 cos 0 
1 - cos 0 
. Ssin6(1- cos0) | 


uut QE 


... (multiply each term above and below by cos 0) 


Identities involving the Sine Rule and Cosine Rule 


í a _ b 
The Sine Rule states that nA sng 


This can be also written as sin A = 492 2 xz B 


The Cosine Rule states that a2 = b? + c? — 2bc cos A. 
b? + e- a 
2bc ` 


Identities involving the sides a, b and c of a triangle generally require the use of the Sine or 
Cosine Rules to prove them. 


This can also be written as cos A = 


E cl m 
Prove that in any triangle, c cos B — b cos C — e 


Using the Cosine Rule, we have 


čto- h £- b and cos C — a’ + bec? EM c 
Qe aar WE a FP = @) 
2ac 7 2ab 
a Cae) 
B 2a E 2a 
_@+@-B-@-P +e 28-29 
2a 2a 


Beat RAS 
a 


cos B = 


Thus c cos B — bcos C = 


Exercise 8.1 


Prove the following identities: 


1. cos A tan A = sin A 2. sin 0sec 0 = tan 0 
3. sin 0tan 0 + cos 0 = sec 0 4. — sin _ tang 
v1 — sin? 0 
5. sec A — sin A tan A = cos A 6. 1— tan? 0cos? 0 = cos? 0 
1+ 0) — 0 
7. Gr UR = tan? 0 8. sec? A — tan? A = 1 
cos? 0 
Py — pj 
g, V1 = cos’ 8. s 10. (1 + tan? 09) cos? 0 = 1 
tan 0 
11. (cos 0 + sin 0)? + (cos 0 — sin 0? = 2. 12. (1 + tan? A)(1 — si? A) = 1 
à Beck _ 1—cos?A _ 
13. (sin 0 + cos 0)? — 2 sin 0 cos 0 = 1 14. "PP tan A 
T E a es = 2 — sin? 2 2 Az 
15. I mA qm 2 sec A 16. (1 — sin? A) tan? A + cos? A = 1 
17. cosec? (tam? 0 — sin? 0) = tan? 0 18. (1— sin A)(sec A + tan A) = cos A 
Use the Sine Rule or Cosine Rule to prove the following identities: 
19. bcos C * ccosB - a 20. bccos A + ca cos B = c 
2. ha 
21. c= b cos A + a cos B 22. acos B — bcos A = = 
2 = ha 
23. ab cos C — ac cos B = b? — c? 24. c cos B — b cos C = EH 
25. Use the Sine Rule to prove that sinA — sinB a-b 
sin B b 
26. Prove that COSA + cosB , cos C à? c b^ c c? 
i a b c 2abc ` 


Section 8.2 Compound angles 
If A and B are two given angles, then (A B) and (A — B) are called compound angles. 


In this section we will establish formulae for cos(A + B), sin(A + B) and tan(A + B) by 
expressing them in terms of sin A, cos A and tan A. 


We will first establish the formula for cos(A — B) and then use already established identities 
to prove the other formulae. 


Mandatory Proof 


We now find |PQ| using two different methods: 
1. the standard formula for the distance between two points 


2. the cosine rule. 


1. Using the formula MG = x1)? + (y; — y,)*, we have: 
[PQ]? = (cos A — cos BY + (sin A — sin BY 
= cos? A — 2 cos A cos B + cos? B + si? A — 2 sin A sin B + sin? B 
= cos? A + sin? A — 2 cos A cos B + sin? B — 2 sin A sin B 


But cos? A + sin? A = 1 and cog B + sin? B =1 
=>  |POP21-2cosAcos B + 1 — 2 sin Asin B 
= 2 — 2(cos A cos B + sin A sin B) ... © 
2. Now using the cosine rule to find |PO|, we have: 

[PQ]? = |OPP + |JOOP — 2/OP| |OQ| cos(A — B) 
=1+1-—2(1)() cos(A — B)... |OP| = |OO| = 1 = radius 
= —2cos(A - B) ...O 

Equating the two values for |PQ|?, we have 
2 — 2(cos A cos B + sin Asin B) = 2 —2cos(A — B) 
=>  —(cos A cos B + sin A sin B) = —cos(A — B) 
=> cos(A — B) = cos A cos B + sin A sin B ...... (i) 


Having established the formula for cos(A — B), we can derive 
the other formulae using the important identities shown 
on the right. 


cos( — B) = cos B 
sin(— B) = —sin B 
sin(90° — A) = cos A 
cos(90° — A) = sin A 


Mandatory Proof 
To prove that cos(A + B) = cos A cos B — sin A sin B 
To derive the formula for cos(A + B), we replace B with (— B) in formula (i) on the 
previous page: 
cos(A — B) = cos A cos B + sin Asin B 
= cos[A — (—B)] = cos A cos (- B) + sin A sin (- B) 
— cos A cos B + sin A (—sin B) 
=> cos(A + B) = cos A cos B — sin A sin B ...... (ii) 


Mandatory Proof 
To prove that cos(2A) = cos?A — sin? A 
Replace B with A in cos(A + B) 
=> cos(A + A) = cos A cos A — sin Asin A 
=>  cos(2A) = cos?A — sin?A 


Mandatory Proof 
To prove that sin(A + B) = sin A cos B + cos A sin B 


cos(A — B) — cos A cos B + sin A sin B ... from (i) 
To derive the formula for sin(A + B), we replace A with (90° — A). 
=>  cos[(90? — A) — B] = cos (90? — A) cos B + sin (90? — A) sin B 
— sin A cos B + cos A sin B 
=> cos [90° — (A + B)] = sin A cos B + cos Asin B 


=> sin(A + B) = sin A cos B + cos A sin B ...... (iii) 


Substituting (— B) for B in formula (iii), we get 
sin(A — B) = sin A cos(—B) + cos A sin(—B) sin(— B) = —sin B 
=> sin(A — B) = sin A cos B — cos A sin B ...... (iv) 


Expressions for tan(A + B) and tan(A — B) can be derived from formulae (i) to (iv) 
established above: 


tan A + tan B Mandatory Proof 


To prove that tan(A ar B) = 1—tanA tan B 


_ sin(A + B) _ sin A cos B + cos A sin B 
anca cos(A + B) cos A cos B — sin A sin B 


We now divide each term in the numerator and denominator by cos A cos B. 
sin A , sin B 
cos A  cosB 
tan(A + B) = : > 
ant ) . SinÁ | sin B 
cosA cos B 


— tan(A + B)= [SE -" (v) 


Substituting (— B) for B in formula (v) we get: 


tan(A — B) = IRAE "T (vi) tan(—B) = —tan B 
Compound angle formulae 
sin(A + B) = sin A cos B + cos A sin B 
sin(A — B) = sin A cos B — cos A sin B 
cos(A + B) = cos A cos B — sin A sin B 
cos(A — B) = cos A cos B + sin A sin B 


— fanA t tanB, — pm — tanA — tan B 
tanta t By 1 — tan A tan B fan 8) 1+ tan A tan B 
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Note: The exact values of the sine, cosine and 
tangent of the angles 30°, 45? and 60° are 
given on page 13 of Formulae and Tables. 305 


You may also use the triangles shown on E v3 
the right to find the exact trigonometric 
ratios of 30°, 45° and 60°. A 


Express in surd form (i) sin 15? (ii) tan 105? 


(i) sin 15? = sin (60? — 45?) 
— sin 60? cos 45? — cos 60? sin 45? sin 60? — 


P2 cos 60° = 


sin 45? — 


cos 45? — 


Sl Ge "7 s 


(ii) tan 105? = tan(60° + 45?) 
_ tan 60° + tan 45° 


~ 1 — tan 60° tan 45° tan 60° = v3 
_v3+1_1+3 tan 45° = 1 
1-53 1-73 


1-3 1-53. 1-2/343 4-420 here we rationalised 


n Bi the denominator. 


Iftan A — i and tan B — $ find the value of (A + B) without using a calculator. 


— tan A + tan B 
ste ce y 1 — tan A tan B 


laa 
Ta use 


= ie .. multiply each term above and below by 20 


E tan(A +B) = i2 =1 = (A-B)-tan^1 
= 45° 


sin(A + B) 


LÁ E : 
JOSPASEUH tan A 4 tan B 


Prove that 


sin(A + B) sin A cos B + cos A sin B 
cos A cos B cos A cos B 


Divide each term in the numerator and denominator by cos A cos B. 


: sin A cos B , cos A sin B 
sin(A + B) cosAcosB  cosAcos B 
cos A cos B cos A cos B 

cos A cos B 


sin A 4 sin B 


= cos A 1 cos B _ tan A + tan B 


Exercise 8.2 
1. Express, in surd form, the value of each of the following 
(i) cos 15? (ii) sin 75° (ili) cos 105° 
2. Express each of these in surd form: 
(i) tan 15° (ii) sin 135° (iii) tan 75° 
3. Use the triangles shown on 
the right to find the value of 5 
(i) cos(A + B) 3 13 5 
(ii) tan(A — B). 5 
4 12 
4. Express each of these as a function of a compound angle and evaluate: 
(i) sin 45° cos 15° + cos 45° sin 15° (ii) cos 40° cos 50° — sin 40° sin 50° 


"T f 5 : ow ó ] tan 25? + tan 20? 
(ii) cos 80° cos 20° + sin 80° sin 20 (iv) i- tan 25° tan 20* 


5. Simplify each of the following: 


(i) tan 2A + tan A 
1 — tan 2A tan A 


(ii) sin 20 cos 0 + cos 20 sin 0 
6. Byusing the formulae for compound angles, show that 
(i) sin(90? — A) = cos A (ii) cos(90° + A) = —sin A. 
7. Iftan(A — B) = 2and tan B = b find tan A. 
8. IftanA — i and tan B — L where A and B < F, find the value of the angle (A + B). 
9, Iftan(A + B) = 1 and tan A = E express tan B as a fraction. 


10. Ifsinx — i and0 x x « F find the value of sin (x + 1] without using a calculator. 


11. Express in surd form the value of tan 15°. 
Hence express the value of tan? 15? in the form p + qvr, where p, q and r are integers. 


. cos Á t sin A 
cos A — sin A’ 


12. Prove that tan(7 +A 


13. Show that cos(A + B) cos B + sin(A + B) sin B = cos A. 


The angles A and B are such that A + B = 45°. 
By using the expansion of tan(A + B), or otherwise, 
find the value of h. hm 


14. The diagram shows a triangle of height h m. AA 


<2m><3m— 


15. Ifsin A = sin (A + 30°), show that tan A = 2 + V3. 


16. A triangle has sides 4, 5 and 6. 
The angles of the triangle are A, B and C, as shown. 
(i) Use the cosine rule to show that cos A + cos C = z 
(ii) Show that cos(A + C) = - 


17. The diagram shows a right-angled triangle ABC A 
in which |AB| = hm and |BC| = 6m. 
The point D lies on [BC] such that [BD| = 1m 
and [DC| 2 5m. hn 


|ZCAD| = 45° and |ZBAD| = 6. 
By using the formula for tan(@ + 45°), or otherwise, 
find the two possible values for h. — >< Sm > 


Section 8.3 Double-angle formulae 


The compound angle formulae in the previous section deal with any two angles A and B. 
If we replace B with A we get very useful formulae for sin 2A, cos 2A and tan 2A. 
sin(A + B) = sin A cos B + cos A sin B 
Replacing B with A we get: 
sin 2A = sin(A + A) = sin A cos A + cos Asin A = 2 sin A cos A 
cos 2A = cos(A + A) = cos A cos A — sin Asin A = cos? A — sin? A 


tanA+tanA |. 2tanA 


tan2A = tan(A + A) = 1—tanAtanA 1- tar A 


Using the identity sin? A + cos? A = 1, we get two further identities for cos 2A: 


cos 2A = cog? A — sin? A Or cos2A = cos? A — sin? A 
= (1 — sin? A) — si? A = cos? A — (1 — cos? A) 
=1-2sin’A = co? A — 1+ cos? A 
=2co A-1 


By rearranging the formulae for cos 2A, we can express cos? A and sin? A in terms of cos 2A 
as follows: 


cos 2A = 2 cos? A — 1 or cos 2A = 1 — 2 sin? A 
=> 2cos?A = 1 + cos 2A => 2sin?A = 1 — cos 2A 
=> cos*A= ;ü t cos 2A) >  siA =} 1 — cos 2A) 


Express sin 3A in terms of sin A. 


sin 3A = sin (2A + A) 
— sin 2A cos A + cos2A sin A 
= 2 sin A cos A cos A + (1 — 2 sin? A)(sin A) 
= 2 sin A (cos? A) + sin A — 2 sin? A 
— 2sin A(1 — sin? A) + sin A — 2 sin? A 
= 2sin A — 2 sin? A + sin A — 2 sin? A 
=> sin3A —3sin A — Asi? A 


Given that 0 is acute and that tan 0 — L evaluate 
(i) sin 20 (ii) cos 20. 


When tan 0 = i from the right-angled triangle shown 
we have: 


L=2+P > P=5 > x=V5 


= sin 9 = -L and cos 9 = -2- 


v5 v5 


(i) sin20 = 2 sin 8 cos 0 (ii) cos20 = cos? 0 — sin? 0 
=x l e. 
2x x 5 


45 V5 


The proofs of identities involving cos 2A often depend on selecting the appropriate formula 
for cos 2A. The choice is generally between (2 cos? A — 1) and (1 — 2 sin? A). 


If we are given 1 + cos 2A, then to eliminate the 1 we select (2 cos? A — 1) for cos 2A. 
Thus 1 + cos 2A becomes 1 + 2 cos? A — 1 = 2 cos’ A. 


Show that i) 324 _ tan A ii) cost 0 — sint 0 = cos 20. 
1 + cos 2A 


(i) . Sin2A .. 2sinAcosA 
1+cos2A 1-2cos?A-1 


_2sinAcosA _ sinA _ 
2 cos? A 


(ii) cost 0 — sin* 6 = (cos? 0 + sin? 0)(cos? 0 — sin? 0) tye- 


= (1)(cos 20) 


— cos 20 


Expressing sin 2A, cos 2A and tan 2A in terms of tan A 


When proving identities it is often useful to express sin 2A, cos 2A and tan 2A in terms of tan A. 
2tan A 

1 — tan? A’ 

On page 14 of Formulae and Tables, the following formulae are given: 


uou — 2tanA - _1-—tan’?A 
(i) sin2A [Gea (ii) cos 2A (aden A 


We have already proved that tan 2A = 


If cos 20 = m find the values of sin 0 for 0? < 0 < 360°. 


cos 20 = 1 — 2 sin? 0 


E 1—2 sin? 0 =% = 2sin? 


If sin 2A = 3 find the two values of tan A for 0° < A < 90°. 


Here we express sin 2A in terms of tan A. 


: — 2tanA 
anea 1 + tan? A 


2 tan A 


x pti? 3+3tan?A = 10tan A 


1 + tan? A 
3 tan? A — 10 tan A +3 =0 


(3tan A — 1)(tan A — 3) =0 


3tanA—-1 or tanA=3 


tanA-i or tan A —3 


Note: Since sin 2A = 2 sin A cos A, it follows that 


(i) sin 4A = 2 sin 2A cos 2A 
(ii) sin 6A = 2 sin 3A cos 3A 
(iii) sin A = 2 sin 4 cos 4 
Similarly, since cos 2A = 2 cos? A — 1 
(iv) cos 4A = 2 cos? 2A — 1 
(v) cos A = 2.cos? 4 =f 


Exercise 8.3 
1. IfsinA = 2 where 0? « A « 90°, find the value of 
(i) sin 2A (ii) cos 2A (iii) tan 2A 


2. IfA isan acute angle and tan A = 1 find the value of 
(i) tan 2A (ii) sin 2A. 


3. From the given diagram, find the value of cos 2A 
without using a calculator. 


A 
4. Ifcos2A = 3, 0° < A < 90°, find the values of sin A and cos A. 292 


5. Given that sin 2A — 2sin A cos A and cos 2A = cos? A — sin? A, evaluate each of these 
without using a calculator: 


: g " " T " o 6 tee T5. : lo 

(i) 2 sin 15° cos 15 (ii) 2 sin 75° cos 75 (iii) cos? 225° — sin? 225°. 
2 tan 225° 

1 — tan? 221° 

7. Prove that cos 3A = 4 cos? A — 3 cos A. 


6. Simplify 


10. 
11. 


14. 
15. 


16. 


17: 


18. 


19. 


20. 


Prove each of the following identities: 


; m : +: cos 2A E : 
(i) (sin A + cos AP = 1 + sin2A (ii) IP aea cos A — sin A. 


Show that 1 — (cos x — sin x)? — sin 2x. 
Iftan A — 2, find tan 2A without using a calculator, given that A is an acute angle. 


If cos A = 2, for 0 « A « 90°, find the value of 


(i) sin 2A (ii) cos2A 
1—cos2A _ 
Prove that — m24 ` tan A. 
2tanA . . 
Show that ita” sin 2A. 


If tan 20 = $ find the values of tan 0 for 0? < 0 < 180°. 


In the triangle XYZ, |ZXYZ| = 28 and |ZXZY| = B. X 
[XY| = 3 and |XZ| = 5. 
(i) Use this information to express sin 26 in the form 3 5 
a: 
= sin B, where a, b EN. AÀ d 
b > 5, 
ve 


(ii) Hence express tan B in the form ~~, where c, d EN. Y Z 


d kd 
Two acute angles A and B are such that tan A = E and tan(A + B) = —1. 
Without evaluating A or B, 

(i) show that tan B = 7 

(ii) evaluate sin 2B. 


sin2A 
1 + cos 2A 


(ii) Hence, or otherwise, prove that tan 225° =7¥2-1. 


(i) Show that = tan A. 


Given that cos 2A = 1 — 2 sin? A or 2 cos? A — 1, express cos 4A in terms of 
(i) sin2A (ii) cos 2A. 
1 — cos 4A _,, 5 

Hence show that ILOJA tan? 2A. 
The lengths of the sides of a triangle are 21, 17 and 10. 
The smallest angle in the triangle is A. 

. —15 
(i) Show that cos A = >. 
(ii) Without evaluating A, find tan A. J 
In the triangle POR, |ZORP| = 90° and |RP| = A. 
S is a point on [OR] such that |ZSPO| = 2B and 
|ZRPS| = 45° — B, 0? < B < 45°. 
(i) Show that |SR| = A tan (45° — B). 
(ii) Hence, or otherwise, show that 

|QS| = 2h tan 2B. 


45° — B|h 


Section 8.4 Sum, difference and product formulae ——— 


Page 15 of Formulae and Tables contains important formulae for changing sums or 
differences into products. These formula are given, without proof, below. 


Changing products to sums or differences 


Changing sums and differences to products 


Note: When changing a sum or a difference to a product, it is advisable to have the 
larger angle first. 
Thus sin 3x + sin 5x should be changed to sin 5x + sin 3x. 
Similarly, if we are given the product 2 sin 2x cos 3x, we should change it to 
2 cos 3x sin 2x. 


Express as a sum or difference: (i) 2 cos 3x sin x (ii) cos 0 cos 50 


(i) 2 cos 3x sin x = sin(3x + x) — sin(3x — x) 
= sin 4x — sin 2x 


= i [2 cos 50 cos 6] 


Express as a product (i) cos 5A + cos 3A (ii) sin3A — sin A 


(i) cos 5A + cos3A = 2 cos(24 + 34) cos(24 = 34) 
= 2 cos 4A cos A 
(ii) sin3A — sin A = 2 cos( 3444) sin(24—4) 
= 2 cos 2A sin A 


sin 3A —sin2A + sin Á _ 
pus cos 3A + cos A — cos2A ane: 


SiS Abe sine i A ee ee en tel 
cos 3A + cos A — cos2A _ (cos3A + cos A) — cos 2A 


— 2sin2A cos A — sin2A 
2 cos 2A cos A — cos 2A 


Exercise 8.4 


1. 


6. 


Express each of the following as a product: 

(i) sin 5x + sin 3x (i) sin 4x — sin 2x (iil) cos 3x + cos x 
(iv) cos 70 — cos 50 (v) cos 30 — cos 6 (vi) sin 30 — sin 70 
Express as a product and simplify each of these: 

(i) cos 80? + cos 40° (i) sin 125? — sin 55? (iil) cos 75? — cos 15? 
Without using a calculator, show that each of the following is true: 


(i) sin 75? — sin 15° = 5 (ii) sin 10° + sin 80° = V2 cos 35°. 
Express each of these as a product and give your answer in its simplest form: 
(i) cos(x + 45°) + cos(x — 45°) (ii) cos(x + 60?) — cos(x — 60°). 


Express each of the following as a sum or a difference: 
(i) 2sin3A cos2A (ii) 2 cos 4x sin x (iii) 2 cos 5A cos 2A 
(iv) —2sin 6A sin2A (v) sin 2A sin A (vi) sin x cos 5x 


Express as a sum or difference and simplify: 
(i) 2sin 75? cos 45? (ii) 10sin 675° sin 225°. 


7. Show that 
(i) 2cos(A + 45°) sin(A — 45°) = sin2A — 1 


sin(0 + 15°) + sin(@ — 15?) 
cos(0 + 15°) + cos(0 — 15°) 


4 cos 50° — cos 70° _ 
(i) sin 70? — sin 50? /3. 


= tan 0. 


8. Show that 


sin 4A + sin 2A 


zer A 


9, Show that 


sin 5A — sin 3A 


cos 5A + cos3A . tana: 


10. Show that 


11. Show that 2 sin(135? + A) sin(45? + A) = cos 2A. 


12. Given that tan 30 — 2, evaluate without using a calculator 


sin 0 + sin 30 + sin 50 
cos 0 + cos 30 + cos 56 


Section 8.5 Inverse trigonometric functions 


5° 
We could also say that ‘x is the angle whose sine is i 


In the given triangle sin x — 


5 
This is written as sin! (2) =x. 3 
sin! is pronounced ‘arc sin’. 
x 
Againif (i) cosx = E => x=cos! (3) = 30° 4 


(ii) taax=1 => x= tan! (1) = 45°. 


It should be clear from these two examples that cos! (3) and tan ^! (1) are angles and that 
cos 30? and tan 45? are ratios. 


Write down the value of each of the following angles in the range 0° to 90°. 


(i) sin“! (5) (i) cos-! 5 (i) tan~! (3) ^ (iv) cos-! (0.8). 


(i) sin! (5) = 30° (ii) cos! = = 45° 


(iii) cane (v3) = 60° (iv) cos™! (0.8) = 36.9? (by calculator) 


(i) Express cos(sin ! x) in terms of x. (ii) Evaluate sin(2 tan! 1). 


(i) sin! 


x is the angle whose sine is x, as shown. 
The third side is v1 — x’. 


FI em 
cos(sin ! x) = VIDE -41-x 


(ii) 2tan^! (5) is a double angle. 
Let tan~! (2) =A. 
3 
A is shown in the given triangle. 


sin(2 tan"! 4) — sin 2A 


— 2sin A cos A 


3) = 35 


Exercise 8.5 
1. Write down the value of each of these angles in the range —90° to 180°, without using a 
calculator: 
(i) sin! (L (i) cos-! (5) (ii) tan-! (1) 
v2 2 
(iv) cos! (3) (v) sin“! (-$) (vi) tan^! (-1) 
? "T - ac c 
(vii) cos | i (viii) tan ra 
2. In each of the following, draw a triangle to show that 
"-— ——— eS "-— xi) 
(i) sin | 2) tan | 3) (ii) sin 1) cos |5 
(iii) sin! (3) = tan ! (5) (iv) tan ! (x) = sin! | Žž } 
13 12 fira x 


3. Simplify each of the following, expressing your answers in terms of x: 


(i) sin(sin^! x) (ii) cos(sin ! x) (ii) sin(tan^! x). 


4. Evaluate each of the following: 


(i) sin(cos™! 2) (ii) cos(tan^! 1) (iii) sin(tan-! Ë). 


5. Evaluate 
(i) sin(2 cos ! 3) (ii) cos(2 sin! i). 
6. Use the formula for sin(A + B) to show that, 


(i) sin[sin-! (&) tsin! (2)| = s, (ii) sin 


gx sum di e dui 
sin™! — + sin™! — | = 
v5 


1 
vio} v2 


acd 3 n =f 5. 
7. Evaluate tan(sin s + sin i. 


8. Prove that sin(2 tan! 3) = sin(cos! Z). 
Revision Exercise 8 (Core) 


1. Without using a calculator, find the value of sin 2x in 
the given diagram. 


2. A and B are acute angles such that tan A = & and tan B — 3. 
Find cos (A — B) as a fraction. 


3. Show that (cos A + sin A)? = 1 + sin 2A. 
4. Ifcosx = E and0 € x =< 9. find the value of tan 2x. 
5. Prove that sin? A + cos? A = 1. 


6. A is an acute angle such that tan A = i. Without evaluating A, find 
(i) cosA (ii) sin 2A. 


7. (i) Express sin 75? cos 15? — cos 75° sin 15° as a function of a compound angle and 
hence simplify. 
(ii) Prove that 2 + 2 cos 2x = 4 cos? x. 


8. If tan 75? = a + by3, find the values of a and b, where a, b € Z. 


9, (i) Show that tan 0sin 0 + cos 0 = sec 0. 


(ii) If 0 is an acute angle and cos 0 = > find the value of sin 20. 


10. (i) Find the value of k for which sin 75? — sin 15° = + kEN. 
(ii) If A = sin! E evaluate tan 2A. vk 


Revision Exercise 8 (Advanced) 
1. (i) Using cos 2A = cos? A — sin? A, or otherwise, prove that 
cos? A = i (1 + cos 2A). 
(ii) Write down the exact value of 
sin 40° cos 20? + cos 40° sin 20°. 


2. (i) If @is an acute angle and sin 0 = A find the value of cos 26. 
(ii) Show that 2 cos? A — cos2A — 1 — 0. 


3. (i) Write 2 sin 40 cos 20 as a sum or difference of two trigonometric functions. 
(ii) Show that (cos x + sin x)? + (cos x — sin x)? simplifies to a constant and write 
down its value. 


4. (i) Prove that cos (45° + 0) — (cos 45? — 6) = —V2 sin 0 


1 
cos 


(ii) Prove that p^ Cos 0 = tan 0sin 0 


5. (i) By using a double angle formula, evaluate in surd form 
cos? 15? — sin? 15. 

sin30  cos30 _ 2 

sin@ cos ` 


(ii) Prove that 


6. (i) Show that tan 15° = 2 — v3. 


cos 50 — cos 30 _ : 
sin 49 2 sin 0. 


(ii) Prove that 


7. Prove that tan (A + B) = = AB. 


8. IfA+B= 4i write tan A in terms of tan B. 
Hence prove that (1 + tan A)(1 + tan B) = 2. 


9, Find, in surd form, the value of sin 105? — sin 15? without using a calculator. 


10. ORST is a vertical wall of height / on level ground. 
P is a point on the ground in front of the wall. 
The angle of elevation of R from P is 0 and the 
angle of elevation of S from P is 20. 
IPQ] = 3|PTI. 
Find 8. 


Revision Exercise 8 (Extended-Response Questions) 
1. Given that cos(A + B) = cos A cos B — sin A sin B, prove that 
cos 2x = 1 — 2 sin’ x. 
Hence, by writing sin 3x as sin(2x + x), prove that 
sin 3x = 3sin x — 4 sin? x. 


2. Show that (cos A + cos B)? + (sin A + sin B = 2 + 2 cos (A — B). 


. The diagram shows a rectangle ABCD inside a 

semicircle, centre O, and radius 5 cm, such that 
|ZBOA| = |ZCOD| = 6. 

(i) Show that the perimeter, p cm, of the rectangle 
is given by 

p = 20 cos 6+ 10 sin 0. 

(ii) Find the value of k for which the area of the 

rectangle is k sin 20 cm?. 


7. 5cm 5cm ^ 


M apr 


(i) Using the formula cos(A + B) = cos A cos B — sin A sin B, derive a formula for 
cos(A — B). 
(ii) Hence prove that sin(A + B) = sin A cos B + cos A sin B. 
(iii) Using page 13 of the formulae and tables booklet write down values for 
(a) cos (30?) (b) sin (30?) 
(iv) Given that sin(A — 30?) = 3 cos A for 0°< A < 360? show that tan A = = 


(i) Show that /2 sin? 0 + 6 cos? 0 — 2 = 2 cos 6, for all 6. 

(ii) x = 0° and x = 60? are two solutions of the equation a sin? 2x + cos 2x — b = 0, 
where a, b E N. 
Find the value of a and the value of b. 


In the triangle ABC, |AC| = 3cm, |BC| = 2cm, C 
|ZBAC| = 0 and |ZABC| = 20. 
Calculate the value of 0 correct to the nearest tenth 3cm 
2cm 
of a degree. 
Hence find the size of the angle ACB and, without p aN 
A B 


further calculation, explain why the length of [AB] 
is greater than 2 cm. 


(i) Given that sin 20 = 1 and that 0 is acute, find the exact value of 
(a) sin 0 (b) tan 0 
sin 40 (1 — cos20) | 


Gi ohowtbat cos 20(1 — cos 40) 


tan 6. 


In the given diagram 
IAC] = |CB| = [DC| = |EC| = x, 
|ZACB| = 46 and |ZDCE| = 26. 


(i) If area of AACB = area of ADCE, 
show that 0 = 30°. 

(ii) Using 0 = 30°, find the value of x, given 
that |AB|? + |DE|? = 24. 
Give your answer in surd form. 


9, Inthe given diagram, C is the centre of a circle of radius 2 cm. C 
ADBC is a sector of the circle, with angle 20 radians. 
Find (i) the area of the sector ADBC in terms of 6. A 
(ii) the area of the triangle ABC in terms of sin 20. 2cm 


If the area of AABC is three-quarters the area of the sector N 
ADBC, show that 

2 sin 20 — 30. 
If the area of AABC is v3 cm”, find 0 in radians. D 


10. [AB]is the diameter of a semicircle of centre O and radius C 
length r. 
[AC] is a chord such that |ZCAB| = a, where a is in radians. 


(i) Find |AC| in terms of r and o. 
(ii) [AC] bisects the area of the semicircular region. 


Show that 2a + sin 2a = 7 
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Key words 
number sequence arithmetic sequence series sigma (È) 


geometric sequence exponential sequence geometric series recurring decimal 


finite difference composite function quadratic function 


Section 9.1 Sequences 


A number sequence is a set of numbers written down in a definite order. 
In most cases all the terms of the sequence are connected by a rule. 


Examine the following sequences and state in words the rule that connects one term to 
the next. Hence find the next two terms of each sequence. 


(0) 1, 3, 5, 4... (vii) 1, 4, 9, 16, ... 
(ii) 2, 5, 8, 11, ... (viii) 1, 2, 6, 24, 120,. 
... . 3 

(iii) 1, L i i nie (ix) 1, A =, + sig 
(iv) 1, 2, 4, 8, ... (x) 4, 2, 0, —2, ... 
(v) D, 2, 32, 44... (xi) 1, E i ree Dre 
(vi) 4,43, 4... (xii) 1, -3,4, -4... 


The most basic number sequence is the set of natural numbers, N = {1, 2, 3, 4, ... n]; all other 
sequences can be compared to it. 


Consider the natural numbers 1,.22, 2. Ay Sy es n 
and compare them with the sequence > 1, 3, 5, 7, 9, ...... 2n — 1 
To 7T Ts Day. Ts dw T, 


The first term is T, ; the second term is T}. 


T, is called the nth term and it gives us the rule needed to find any term of the sequence. 


T,=2n-1 
Let n=1, 17,-2()-1-1 

Let n=2, T, = 2(2) -1=3 Hence the rule T, = 2n — 1 produces 
Let n=3, T; = 2(3) -1=5 the sequence 1, 3, 5,7, ... 


Let n=4, T, = 2(4) — 1 = Tete. 


Sequences are often derived from patterns created by different processes. In biology the 
arrangement of leaves on a stem can be described by the ‘Fibonacci sequence’ 0, 1, 1, 2, 3, 5, 8, 13, ... 


Sequences are used in computational software. In physics they occur in the study of waves; 
sequence patterns control robot movements and are used extensively in digital technology. 


Consider the following patterns and describe how to add two more elements to each pattern. 


op]; rg CHI NM. 


(ii) e e e e 


Gii) e o o "DM" 


Write down the first four terms of each of the following sequences: 
(0) T, =n? +n (ii) T,-—2"—3n 


) T, =n? +n (ii) T,, = 2" —3n 
lust pi MP Ils? Letn=1, T,—-2!—3(1)- —1 
n= T3226 n=2, T,=2?—3(2)=-2 
a23 T3321 n=3, T;=23-3(3)=-1 
gd Ty = 4e +4 = 20 n=4, T,=24-3(4) =4 
The sequence is 2, 6, 12, 20. The sequence is —1, —2, —1, 4. 


The following rectangular patterns are made from two sets of coloured tiles. 


(i) Draw the next two patterns of tiles. 

(ii) Write a number sequence for the blue tiles used in each of these patterns. 

(iii) Write a number sequence for the total number of tiles used in each of these 
patterns. 

(iv) Write a number sequence for the white tiles used in each of these patterns. 

(v) Write out the next 3 terms in each sequence found in (ii), (iii), (iv). 


6, 10, 14, 18, 22 1s the sequence for the blue tiles 
6, 12, 20, 30, 42 1s the sequence for the total number of tiles 
0, 2, 6, 12, 20 is the sequence for the white tiles. 
+4 +4 +4 44 
a ee, a Werne 
(ii) We notice that 6, 10, 14, 18, 22, ... each term increases by 4. 
= thenextthreetermsare 22+ 4 — 26 


26 + 4 = 30 | 26, 30, 34 
46 +8 +10 +12 30 + 4 = 34 
6, 12, 20, 30, 42, ... each term increases according to the pattern 6, 8, 
10, 12 ..., i.e. the gap between terms is increasing by 2. 
= the next three terms are 42 + 14 = 56 
56 + 16 = 72 | S 12, 910) 
72 + 18 = 90 
(iv) The white tile sequence is 0, 2, 6, 12, 20, ... and has a rectangular 
property (0 x 1), (1 X 2), (2 X 3), (3 X 4), (A X 5), ... 
= thenextthree termsare (5 X 6), (6 X 7), (7 X 8) 
— 30 42 56 
[Note: This sequence could also be found by subtracting sequence (ii) from 
sequence (iii)] 


Exercise 9.1 
1. Write down the next three terms of each of the following sequences: 
(Gi) 6, 12, 18, 24... (vi) 78, 70, 62, 54, ... (xi) $i i 
(ii) 7, 12, 17, 22, ... (vii) 10, 5, 0, —5, —10, ... (xii) 1, 2, 4, 7, 11, 
(iii) 4.7, 5.9, 7.1, 8.3, ... (viii) —64, —55, —46, —37,... (xiii) 0, 3, 8, 15, 24, 
(iv) 2, —1, —4, -7,... (ix) 2, 6, 18, ... (xiv) 3, —6, 12, —24, 
(v) 2, 3, 6, 11, 18, 27,... (x) 2, 6, 12, 20, ... (xv) Lid m 
2. Find the first four terms of the following sequences, given the nth term (T,) in each case. 
(i) T, 24n-2 (iv) T, (n * 3)(n + 1) (vii) 7,22" 
(ii) T, =(n + 1) (v) T, 2-1 (viii) T,= (-3)" 
(iii) T, =n? — 2n (a) T, = — (ix) T, = n2" 


n+2 


10. 


A spider is climbing up a wall. It crawled 5 cm in the first minute. Every minute after the 
first, it crawled 4 cm further than the previous minute. 


(i) Write a sequence to show how far the spider crawled every minute. 
(ii) How far did the spider crawl in the fifth minute? 


Joan was training for a marathon race. Each week she increased the distance she ran in 
the previous week by 1, 2, 3, 4, 5, ... kilometres. In the first week, she ran 1 kilometre. 


(i) Write down how far she ran each week during the first 6 weeks. 
(ii) In which week did she run 29 kilometres? 


If T, — 4n — 3. find Ti, Ts, Tio- 
If T, = (-2y'*!, find Ti, Ts, Ty. 


By inspection, draw the next three patterns of each of the following sequences. 
Write a number sequence for each set of patterns. 


Q 


(ii) LJ LJ e LJ LJ LJ e. LJ LJ 


(iii) 


Match each nth term (T,) with one of the sequences given: 


(i) T, 2 4n -2 A: 2,4,8, 16, ... 
(ii) T, = 2r? B: 2,8, 18, 32, ... 
(iii) T, =n(n + 1) C: 2,6, 10, 14, ... 
(iv) T, = 27 D: 2,6,12,20, ... 


Given the set of natural numbers, N = 1,2,3,4,5, ... n. By inspection, find the 
nth term (T,,) of each of the following sequences: 


(i) 5,6, 7, 8, 9, ... (vi) —1, 1, -1, 1, -1,... 

(ii) 2, 4, 6, 8, 10, ... (vii) 1, 5, 9, 13, 17, ... 

eee TM 1 1 1 1 

(ii) 2, 5, 8, 11, 14, ... (viii) 1, Sr an qe DE 

(iv) 1, 4, 9, 16, 25.15 (x) 725285... 

(v) 2, 5, 10, 17, 26, ... (x) (2X3), (3x4), (4X5), (5x 6), ... 


The first eight terms of the Fibonacci sequence are given below. Describe in words how 
the sequence is formed and hence write out the next four terms of the sequence. 


à. 1, 1, 2 3, 5, 8 13, 21, 


11. Shown opposite are the first 5 rows Row1 1 


of ‘Pascal’s triangle’. Row 2 1 1 
Copy these 5 rows and, by finding the pattern, Row 3 1 2 1 
continue ‘Pascal’s triangle’ up to row 8. Row 4 1 3 3 1 


By examining the triangle, find the nth term, 7,, for Row5 1 4 6 4 1 
(i) the sequence formed by the second numbers in each row 

(ii) the sequence of numbers produced by the third numbers in each row 

(ii) the sequence given by the sum of the numbers in each row 

(iv) the sequence created by adding the second and third numbers in each row. 


Section 9.2 Arithmetic sequences 


A sequence in which each term changes by the same fixed amount is called an arithmetic sequence. 


+4 +4 +4 
ae oe ee . 
For example, 3. M Jl 15, each term increases by 4. 
=2 uw —2 
3 ds SAS ee each term decreases by 2. 


If we let the first term be a (= Tj), and the difference between consecutive terms be d (called 
the common difference), then every arithmetic sequence can be represented by 


+d +d +d 
a \ Ex "i 


Ti T», T5, T4 sekey T. 
a, atd a+t2d; at3d, sss at+(n-—1)d 
For the sequence: 3:7, 11, 15; 
a=3 | T, —a- (n —1)d 
d=7-3=4 =3+(n—1)4 
—3-4n —4 
T, — 4n — 1. 


Find the nth term (T,) of the arithmetic sequence: 
—29. 3, &, 
and hence find (i) Tr (ii) TA (iii) TA "y Tao- 


a= -2 T, — a (n — 1)d 
d=3-(-2)=5 T= —2 4 (a= S 
(also, d 28—3-5) ndi uiis 7i 
MEINT REI 
To) = 5(20) —7 and Ty, =5(21) —7 
= 93 = 98 
=> Ty, — Ty = 98 — 93 =5 (=d). 


The sequence 3, 1, —1, —3,.... has an infinite number of terms. 
The sequence 3,1, —1, —3,.... —35 has a finite number of terms. 


If we are given T, = —35, we can find the number of terms (n) in the sequence if we 
know the formula for T,,. 


Find the number of terms in the sequence 
jM OE 


In this sequence, T, — a * (n — 1)d 


=25 = il 3E (n = Ie) 
-251 21- 4n +4 
4n — 256 


n= = 64 


There are 64 terms in this sequence. 


In an arithmetic sequence, T4 = 6 and 3T, = Tyo, find the values of a and d and 
hence write out the first 6 terms of the sequence. 


— a (n Dad 
— a * (4 — 1)d 7 a * 3d 
=a+(2-l1)d=a+d 
— a * (10 — 1)d 7 a * 9d 
T, =6 and 3T, = Tio 
=> a+3d=6 3(a + d) =a + 9d 
3a + 3d = a + 9d 
2a — 6d = 0 
=> a-—3d=0 
Using simultaneous equations, 
a—3d=0 Also, a—3d=0 
a+ 3d=6 
2a = 6 ... adding both lines 
a=3 


The sequence is 3, 4, 5, 6, 7, 8, ... 


> Given an arithmetic sequence T, 75, T4, T4, Ts, ...... Ts 
T, — T, = T, — T, = T; — T, = the common difference (d). 
In general terms: 


T 


y 


+1 — T,7 d (the common difference). 
A corollary to this is as follows: 


To prove that a sequence is arithmetic, we must show that 7,,, — T, is a constant. 


> Also, if T,., — T, > 0, then the sequence is increasing 
if T,,4, — T, < 0, then the sequence is decreasing. 
Note, to find T, , ,, substitute (n + 1) for n in T,. 
If T, =3n + 1, 


T, 44 7 3(n - 1) 1 3n 9 4. 


Example 4 


If p + 2, 2p +3 and 5p — 2 are three consecutive terms of an arithmetic 
sequence, find the value of p, p € R. 


Because we have three consecutive terms of an arithmetic sequence, 
= (B»c3)—(p32)(»-—2)-— (Q3) 
24-3] —2 —5»—2—25—3 
pasci 3235 


—2p = —6 


n= Ede: 


Note: The three terms of the sequence are 5, 9, 13. 


if. 3r il 


Given (i) T, = 2 


S — 9 à 
(ii) T,= xe determine whether 


(a) the sequence is arithmetic or not 


(b) the sequence is increasing or decreasing. 


T (nedum 
mu 
n+1 
ae S22) 
(n+ 2)(n + 1) 


O = P= 4 
(n + 2)(n + 1) 


= 


oU Gea) 


T, 


„+1 — T, is a constant 


~ constant ... since the 
„is an arithmetic sequence value depends on n. 


Also, since T,, 4, — T, = 1 -. T,, is not arithmetic 


2 
Also, 
ies +17 d 


Pem 2 


~ (n+ 2)(n + 1) 
Since n € N and is always positive, 
T,, is a decreasing sequence. 


<0. 
= T,,is an increasing sequence. 


Exercise 9.2 


1. Find 7,,, the nth term of the following arithmetic sequences. 
Hence find 75; for each sequence. 


(i) 8, 13, 18, 23, ... (i) 16, 36, 56, 76, ... (iii) 10, 7, 4, 1, ... 


2. The nth term of an arithmetic sequence is given by T, = 5n — 2. 
Write down the first four terms. 


3. Find the number of terms in each of the following arithmetic sequences: 

. y sis 3 1 

(1). 55, —1; 3, soe 75 (1) 2, 5, 8, TT, us 59 (iii) =o A Oy wesias 14. 
4. Inan arithmetic sequence, 7T; = 4 and T; = 22. Using simultaneous equations, find 


(i) the values of a and d (ii) the first five terms of the sequence (iii) T5. 


5. Niamh made wall hangings using the following designs: 


| | d 
Design 1 Design 2 Design 3 


10. 


11. 


(i) How many red and orange tiles will she need for design 8? 
(ii) Will any of her designs need 38 tiles? Explain your answer. 


In an arithmetic sequence, Tı; = 27 and T; = 37>. Find expressions in terms of n for 
Tis, T; and T, and hence find the values of a and d. 
Write down the first six terms of the sequence. 


(i) If 2k + 2, 5k — 3 and 6k are three consecutive terms of an arithmetic sequence, 
find the value of k, k € Z. 


(ii) Given that 4p, —3 — p and 5p + 16 are three consecutive terms of an arithmetic 
sequence, find the value of p, p € Z. 


(0) 
Par RRR | O Oo (©) 
i ! Oo fe} 
ogo | | ofo 
x i9) 

Pg T ! | 00000000 
ub il | : a. 
Shape 1 — o o o 

Shape 2 o 
Shape 3 


Three shapes were drawn on a wall. 
The second shape was removed accidentally. Given that the shapes were drawn in 
arithmetic sequence, draw shape 2. 
(i) Write a number sequence for the number of circles used in each shape and hence 
find T, for the sequence. 
(ii) How many circles are needed for shape 15? 
(iii) Which shape requires 164 circles? 


The nth term of a sequence is given by T, = 4n — 2. 
Verify that the sequence is arithmetic. 


If T, — n(n + 2) for a given sequence, verify that the sequence is not arithmetic. 


Continue the following pattern by adding two more shapes. 


Shape 1 Shape 2 Shape 3 


(i) How many light-coloured tiles will be needed for shape 7? 
(ii) How many dark-coloured tiles will be needed for shape 7? 
(iii) By inspection, write down an expression for T,, the number of tiles needed for 
the nth shape. 
(iv) Prove that the sequence generated is not arithmetic. 


12. Sandrine made the following hexagon patterns with matchsticks. 


A N di" a A NINZAN 


| 


NI ASH NANA NSI 


1 hexagon 2 “hexagons” 3 “hexagons” 
She hoped to continue this pattern and find an expression for T,,. 
Copy and complete the following table. 
| Number of “hexagons” | 1 18231 E379 iet eee eec e en yn een esed eem E90 
| Perimeter Mito oe Or eee eG 


(i) Having finished a number of “hexagons”, Sandrine counted 87 matchsticks left 
over. Has she enough to complete other designs with no matchsticks left over? 
Explain your answer. 

(ii) Prove that the sequence formed by the number of sticks in the shapes generates an 
arithmetic sequence. 

(iii) Sandrine then decided to change her design to create a stacked hexagon pattern, 
removing the matchsticks in the centre. 


N removed How many completed levels could 
| "i she make with 122 matchsticks, and 
[ ^5 P dics dim" how many matchsticks would be left 
over? 


NI AN XH 


13. After knee surgery, your trainer changes your jogging programme slowly. He suggests 
jogging for 12 minutes each day for the first week. Each week thereafter, he suggests 
that you increase that time by 6 minutes a day. 

In which week will you be jogging 60 minutes a day? 


Section 9.3 Arithmetic series 
When the terms of a sequence are added, a series is formed. 
Tj, Tj, T4, Ty, ... T, 1s a sequence ; e.g. 3, 6,9, 12, ... 
T, + T, + Ty, Th o t T, isaseries; eg. 3+6+9+12+... 


We use $, to represent the sum of n terms of a series, 
ie. S$, = T, + T, - T4 +T, +... T, 


To find an expression for S,,, we note that in an arithmetic sequence, 


T,—-a-ct(n-—l)d (where a= T, the first term, and d = the common difference) 


n 


=> T,-1 =a+[(n—1)-—1]d 


— a t (n — 2)d 
T; =a+t 2d 
T,=a+d 


T; =a 


Hence, | $, = Ln Ty T; "dis T, 
=> S, = a +a+d +a+2d |....+a+(n-—?2)d a+ (n-—1)d 
Also, |S, Dd|-*ad 2)d 3)d ~ +a+d +a 

" pem ) gum jd [use ) E (reversing the order) 
=> 28, =|2a + (n — 1)d | + 2a + (n — 1)d|2a + (n — 1)d|....- 2a + (n— 1)d| +2a+(n-1)d 


=> 2S,= n[2a + (n — 1)]d ... since there are n identical terms in the sum. 


=> s= zla + (n — 1)ļ]d ... where a is the first term, d is the common difference, n is the number 
of terms. 


Find the sum of the series 4 + 11 + 18 + 25 + 


Examining the series, we find: a = 4 
d =l = 4s 7 


To find n, the number of terms up to the term 144, we use 
T, —a- (n — 1)d 
144=4+4+ (n-1)7=4+7%n-7 
144 =7n — 3 
Tn = 147 
in = (E = 2] ...ie.there are 21 terms in this sequence. 


SMS zia + (n — Dd) 


NE 24,24) opea 
Soy = 1554. 


To celebrate the birth of his niece, an uncle offers to open a savings account 
with a deposit of €50. He also offers to every year add €10 more than he did the 
previous year until his niece is 21 years of age. 

(i) Find an expression for S,, the sum of money on deposit after n years. 

(ii) Find Sz, the total saved after 21 years. 


(2a + (n = 1)d] 


a — €50 S. 
d — €10 


ll 


NIS NIS NIS wls 


(2(50) + (n — 1)10} 


{100 + 10n — 10)} 


ll 


=> $,--l10n + 90} 


N 


1 (10(21) + 90} = €3150 


$5 T 


We note that S, = Ti 


S, = T, + T, 
S4 = T, + T; + T, etc. 
S S= s= T; 
Generally, $,— S, 17 T, 
A A 


Given $, = n? — 4n, find an expression for T, and hence determine if the 
sequence is arithmetic. 
S, =n? — 4n 


S,-1 = (n — 1)? — 4(n — 1)... replace n with n — 1 
—-m-2nti-4n-4 
=> §,., =n—6n+5 
qs s ccc (no) 
=n? — 4n -— nm «6n -— 5. 
= n = 5 
If a sequence is arithmetic, 7,, — 7, , must be a constant. 
= N—1J.932»5—5-l|Jm-d1 -5| 
= 2 = 3 = (a= 7) 
= 2) = 5 = 2 =P 3 
= 2 ,1.e. a constant. 


Therefore the sequence is arithmetic. 


Example 4 


A lighting company is making a sequence of light panels with the number of 
bulbs per panel in arithmetic sequence. 


For the first 10 panels, 165 bulbs were used. 


If the third panel is as shown in the diagram, find a, the first term of the sequence, 
and d, the common difference. 


3rd panel (9 bulbs) 


Hence draw a diagram of the first four panels. 


at+(n-1)d Also S, = 2 Qa + (n — 1)d) 


we know that S, = 165 when n = 10 


2 (2a + (10 — Dd} 


Sio = 10a + 45d = 165. 


> Sio = 


at 2d —9 
=> 10a+20d = 90 
and 10a + 45d = 165 
—25d = —75 ... subtracting 


=> 


If d = 3, then a+ 2(3) =9 
= @ =3 


The sequence of bulbs in the panels is 3, 6, 9, 12. 


Sigma (X£) notation 
An efficient way of representing a series is to use the sigma notation. 
S, = T, + T, + Ty Ty + ETT T, 


= y T, which reads as the sum of all the values of T, as r changes from 1 to n. 


r=1 


6 
^ QUPRDES EE TA 9 d ed (n = 6 terms) 


r=1 


349.154 29 fy 
a gtgt. t3 0 4 terms) 


Sore +1) = 000 +1) +10 + 1) + 20 +1) € 386 +1) - 4(4 * 1) 
r=0 = 0 + 2 + 6 + 12 + 20 (n=5S terms) 


(i) Use the sigma notation (5) to represent 2 + 6 + 10 + 14 + 
for 45 terms. 


(ii) For what value of n is ` (S — 9) e 9 Y? 


r=1 


8 
(iii) Find the value of (4r — 1). 


C 2sr © sr I sr T, =at+(n-1)d 
=2+(n-1)4 

T, =4n-2 

> T.=4r-2. 

r=45 


2237 6 4F fll) se for 45 terms = M © (4r — 2) 


r=1 


(ii) ` (3r — 5) = [3(1) - 5] + [3(2) - 5] + [368) - 5)] + 
= -2 + 1 + 4 


SA 50a + (n — 1)d] 
E a) aet De 
180 = n(—4 + 3n — 3) 
180 = n(3n — 7) 
= = m= 0-0 
(3n + 20) (n - 9) =0 
or 3n+20=0 


mE 
3 


since ncN 


or n 


8 
(iii) > (4r-1 = 34+7+11+ (n = 8 terms) 
r=1 


Ge | EISE = 50a + (n Dd 
p QE Ss = Sp) + (8 - 14) 


= 4(34) = 136 


8 


Sor — 1) = 136 


r=1 


Exercise 9.3 
1. Find S, and Sy) of each of the following arithmetic series: 


(i) 14549-4134... (ii) 50 +48 +46 + 44 +... 
Gii) 141141241334. Gv) -7-3+1+5+... 


2. Find the sum of each of the following: 


(i) 6 +10 +14+ 18+... +50 Gi) 1+2+3+4+... +100 
(iii) 80 +74 + 68 +62 +... —34 


3. How many terms of the series 5 + 8 + 11 + 14 + ... must be added to make a total of 98? 


4. Given T, — 5 — 3n, write down the first term a, and the common difference d. 
Hence find So. 


5. Anna saves money each week to buy a printer which costs €190. Her plan is to start with 
€10 and to put aside €2 more each week (i.e. €12, €14, etc.) until she has enough money 
to buy the printer. 

At this rate, how many weeks will it take Anna to save for the printer? 


100 


6 5 
6. Evaluate (i) p3 (8r + 1) (ii) y (4r — 1) (iii) > r 

r=1 r=0 ps] 
7. Write each of the following series in sigma notation. 


() 4+8 +12 +16 +... +124 (i -10-91-8— 71 ... € 4 
(ii) 10 + 10.1 + 10.2 + 10.3 +... + 50 


8. Inan arithmetic series, 7, = 15 and S; = 55. 
Find the first five terms of the series. 


9, The third term of an arithmetic sequence is 18 and the seventh term is 30. 
Find the sum of the first 33 terms. 


10. In an Art class, a student experiments with a design for a dreamcatcher using rings and 
threads. The first three designs are shown below. 
He wishes to continue his pattern of designs. How many rings will he need for 


(i) design 10 (ii) design 20? 


How many rings in total will he need to make all 20 designs? 


Design 1 


Design 2 
Design 3 


11. The first term of an arithmetic sequence is —12 and the last term is 40. If the sum of the 
series is 196, find the number of terms in the sequence and the common difference. 


12. Show that the sum of the natural numbers from 1 to n is 7 (n + 1) and use the formula 
to find the sum of 1+2+3+4+..... 99. 


13. The twenty-first term of an arithmetic sequence is 54 and the sum of the first twenty-one 
terms is 941. 


Find the first term and the common difference. 


Hence find Szo, the sum of the first thirty terms. 


14. Inan arithmetic sequence, 75, = 37 and Sy) = 320. Find the sum of the first ten terms. 


n(a tl). ' . : 
15. Show that S, = RED is the sum to n terms of an arithmetic sequence where / is 


the last term. 


16. Explain why S, (the sum to infinity) for an arithmetic sequence cannot be found. 


Section 9.4 Geometric sequences 


A geometric sequence is formed when each term of the sequence is obtained by multiplying 
the previous term by a fixed amount. 


x3 x3 x3 l l 
For example, 2, 6, 18, 54,..... each term increasing by a factor of 3. 
xi xE xL 
4. 2. l1, i NC each term decreasing by a factor of 1. 


For any geometric sequence, the first term is denoted by a and the ratio between consecutive 
terms is r (called the common ratio); then every geometric sequence can be represented by 


Fr Fr EF Fr 
~ ~ Usi uere 
Ti, T», T3, Tas JE. gepe T 
a, ar, ar?, ar?, 7 S aerd ar" 1 


2, 6, 18, bY usos ar’! a=2 

= 2, 2X3, 2X3, 2X3, e ix r-$-3 
T, =ar! 
T,-23"-! 


Find T, and T, of the geometric sequence 1, L ie 


~ 262144 


In a geometric sequence, T; = 32 and T, = 4. 
Find a and r and hence write down the first six terms of the sequence. 


Ty = gue! 
Te ae" eg s 
Te = mE = aP d 
Dividing these terms: 2n 
then ar? = 32 
= a(}) =32 
a = 128. 


y. If r=5 
P 


The sequence is 128, 64, 32, 16, 8, 4. 


Note: 


> Given three consecutive terms of a geometric sequence, 71, 75, T5, we note that 
T, Ti 


^L (common ratio, r). 


> We also note that = a,ar are three consecutive terms of a geometric sequence, with first 
term " and common ratio r. 
Multiplying these terms gives F X a X ay — a’, i.e. the cube of the middle term. 
For example: 2,6,18 arein geometric sequence, 
=> 2X6X18=216=6 
Also, 1,4 4 


> p jg are in geometric sequence, 


+ 1xixk=4=() 


3, x, x + 6, ... are the first three terms of a geometric sequence of positive terms. 
Find 
(i) the value of x (ii) the tenth term of the sequence. 


la dis 
e, TE È 5 bes 


= & ar © 


(i) For a geometric sequenc - F 


x? = 3x + 18 
x? — 3x — 18 =0 
(x — 6) (x + 3) =0 
=> x=6orx=—3. 
x = 6 since the terms are positive — sequence is 3, 6, 12, ... 
ai) far 
Tia = $773 = gu? = 32 = 1536 


Example 4 


The product of the first three terms of a geometric sequence is 216 and their 
sum is 21. Given that the common ratio r is less than 1, find the first three terms 
of the sequence. 


Let E a,ar be the first three terms. 
5 7X aX ar =a = 216 


=> a=Vv216 =6 
Also, OREL Ul 


$464 6r=21 
$+ 6r—15=0 
6+ 6r —15r =0 
6r? — 15r + 6-20 


(Ar = Ty (p — 2) & 


Since r«1 


Therefore the first three terms are - a,ar = -=> 


Find the number of terms in the geometric sequence 81, 27, 9, ... 


il 
g^ 


TN 
Ty = 99 


gus] IRI 
3n-1 = 27 X 81 


Ze m 99 Se By ems 
n-1=7 


n=8 = there are eight terms in the sequence. 


Note: When solving an equation such as 4" ^! = 4096, we can use two different methods 
Method A: Express 4096 as a power of Method B: Using logs (see chapter 12) 
4 using a calculator and 
trial and error. 


4^ -1 = 4096 
=> n- 1 = l0g,4096 
4^-! = 4096 = 4° th ee 
n-1=6 
| => n — 1 = 6 (using the (EBRD key on the 
calculator). 
n=7 


Exponential sequences 


Exponential functions of the form y = Aa*, where A 
is the initial value and a the multiplier or 


common ratio, produce geometric sequences. 


yw 
Consider a ball dropping from a "tr 
height of 10m. i `i 
844 
If the ball bounces back to 2 of its original 31. 
height on each bounce, the height of the 6 : 
ball is given by the following pattern: 5 
After 1 bounce: 10x Z = 10(2)' r4 
: 2352. 2)\2 
After 2 bounces: 10 X 4 X4= 10(2) 
; AIET EEEE A bo 
After 3 bounces: 10x4X4X% 10(2) Ü i cm 
After n bounces: 10 X (3) 


Example 6 


A ball is dropped from a height of 27 m and loses i of its height on each bounce. 


(i) Find the height of the ball on each of its first four bounces. 
(ii) Hence write down the height of the ball after the 10 bounce. 
(iii) After which bounce will the ball be at most 2.5 m above the ground? 


(i) After the Ist bounce, the ballis 27 X 
After the 2nd bounce, the ball is 27 X 
After the 3rd bounce, the ball is 27 X 
After the 4th bounce, the ballis 27 x 


WIR wje Wl Wile 


(ii) After the 10th bounce, the ball is 27 x (1)' = 27 x (1)" = 0.00046 m. 


(iii) To find n, the number of bounces needed to produce a height of 2.5 m, 
lE Pu 28 
1)" = 0.093 


(i) = In (0.093) 
In (0.093) 
1 
n(i) 
Since the number of bounces of a ball has to be a discrete (whole) number, 
after two bounces the ball will be above 2.5 m. 


nin ) = 1n (0.093) —n- | | — 2.16 bounces. 


Therefore it will require three bounces of the ball to guarantee the ball 
is below 2.5 m. 


Exercise 9.4 
1. Determine which of the following sequences are geometric. 


Find the common ratios of these sequences and write down the next two terms 
of each sequence. 


: sig ii 1 

G) 3, 9, 27, 81, ... (ii) 1, 5 ee 
(n) —1,2, —4, 8, ... Gv) 1, —1, 1, 1, 
(v) 1, D is is UT (vi) a, a, a’, a’, 
(viä) 1, 1.1, 121, 1.331, ... (vii) $ $ ip L.. 

: 3 9 
(ix) 2, 4, —8, —16,... (X) 4$. 27, 162,... 


2. Each of the following sequences is geometric. 
Find a and r and hence find the indicated term. 


G) 5, 10, ... (Tu) (ii) 10, 25, ... (Ty) 
Gii) 1.1, 1.21, ... (Tẹ) (iv) 24, —12, 6, ... (Tio) 


10. 


11. 


13. 


Given T, = 12 and T; = 324, find a and r and hence write down the first five terms 
of the sequence. 


Find the value of r given that the third term is 6 and the eighth term is 1458. 


Write down the first five terms of the geometric sequence that has a second term 4 and 


ti 
a fifth term TA 


e © o o o o 
A: 

ee eeeeee 

eee 0.909 .... etc 
e e. e 

B: 

e e e e e e 

e e e e. e e 
e e e e xe etc 
C D: 
dieses etc steer JCS: 


By inspection, decide which of the above patterns generate a geometric sequence. 
Draw the next pattern of those that are geometric. 


The three numbers n — 2, n and n + 3 are the first three terms of a geometric 
sequence. Find the value of n and hence write down the first four terms of the sequence. 


The third term of a geometric sequence is —63 and the fourth term is 189. Find 


(i) the values of a and r 
(ii) an expression for T,,. 


The first term of a geometric sequence is 16 and the fifth term is 9. 
What is the value of the seventh term? 


The product of the first three terms of a geometric sequence is 27 and their sum is 13. 
Find the first four terms of the sequence. 


The nth term, T, , of a geometric sequence is T, = 3 X 27. 
Write down the first five terms of the sequence in their simplest form. 


n 
Given T,= 8(3) , write out the first four terms of the sequence. 


5 
2n-4* 


Write out the first four terms of the sequence defined by T, = (—1)"*! x 


14. 


15. 


16. 
17. 


18. 


19. 


20. 


If each of the following are the first three terms of a geometric sequence, find one or 
two possible values of x and hence write down possible sequence(s) for each. 

(i) x — 3, x and 3x + 4 (ii) x + l,x + 4and3x +2 
(ii) x — 2, x and x + 3 (iv) x — 6,2x and x’. 


Show that the sequence whose nth term is 
T, = 2 X 3” is a geometric sequence. 


Investigate if the sequence T, = 3 X n? is geometric. 


Find the number of terms in each of the following geometric sequences: 
(i) 5,15, 45, ..... 3645 (ii) 48, 6, %4,..... ECTS 


A rubber orb is dropped from a height of 27 m on to a concrete floor. Each time it hits 
the concrete, it bounces back to i of the original height. Find 


(i) the height of each of the first four bounces 
(ii) a formula for the height of the nth bounce 
(ii) the height of the 12th bounce using the formula found in (ii). 


The value of a sum of money on deposit at 3% per annum compound interest is given 
by A = €4000 (1.03) where t is the number of years of the investment. Find 


(i) the amount of money on deposit 
(ii) the value of the investment at the end of each of the first four years 
(iii) the value of the investment at the end of the 10th year 
(iv) the number of years, correct to the nearest year, needed for the investment to 
double in value. 


The value, A, of an investment is given by A = P(1 + i) where P is the sum on deposit, 
t the number of years and i the rate of interest, expressed as a decimal. 

Given that over a 10 year period €2500 on deposit amounted to €3047, calculate the rate 
of interest (correct to 1 place of decimals). 


Section 9.5 Limits of sequences 


As the number of terms in the sequence becomes very large, in some cases the terms of the 
sequence converge to a fixed value which we call the limit of the sequence. 


If such a limit exists, the sequence is said to be convergent. 


A sequence which does converge is said to be divergent. 


The sequence 0.3, 0.33, 0.333, 0.3333,... converges to 1/3. 


Consider the sequence T, = nee ,n€ Nasn E 


increases the value of 4 - 2 tends to zero. 


We write this as n — oo, T, — 0. F= 


3.6 7 
P 16 250 


i.e. n" term of the sequence 3, 1 
“tends to” zero. 


1 ff E ¢ ¢ 6 ¢ 


— 
01234567 8 9 101112 13 14 15 16 17n 


Note: Although the n" term (T,) never becomes zero, 
by taking n large enough we can make the difference 
between T, and zero so small, it is negligible. 


In chapter 7 we have already stated that 
um, 1 = 0 and therefore im, k= 


k 
zc 


Also lim. 0 where p > 0 the following rules, 


as n — oo, should also be noted. 


1. The limit of a constant C is C 

2. The limit of a sum is the sum of the limits. 

3. The limit of a product is the product of the 
limits 

4. The limit of a quotient is the quotient of the 


limits 


In practice (as in Ch 7) to evaluate the limit of a fraction, divide both numerator and 
denominator by the highest power of n in the expression, and then use the appropriate rule 


above. Remember: lim & = 0. 
noon 


3n NE E Im | ca 
Evaluate (i) lim ie x | (ii) Jim | PA (iii) lim AE 


(dividing above and below by n?) 


(im 2 = 0) 


: | (dividing above and below by n°) 


(iii) lim 


n= 00 


Exercise 9.5 
1. Find the limit of each of the following sequences as n — oo: 
Itl s 5n —4 s H2 2 
(i) (i) = (i) +2 
2. Evaluate each of the following: 
m +2n - exo ao (1 3)(n — 1) 
Dan gscur.u Uv. Ig = 6) nod a 
3. Determine the limit (if it exists) of the following sequences: 
3 2 2 2 
n n n 
4. Evaluate each of the following limits: 
uq d .1- n? - qn T . (2+4) 
(i) lim (4 + Ac (i) lim 32 (iii) lim (3n) cd 


5. Find the limit as n — oo of each of the following: 


me 5n +2 (i) r= 2n? ii) T= 0 m 


3n? +2 n? + 2n n m-ct3n-—4 
6. Find the limit as n — oo of T,, = WE + GE where p >q >s. 


Section 9.6 Geometric series 


When the terms of a geometric sequence are added, a geometric series is created. 
For example, 2 + 6 + 18 + 54 + ... is a geometric series. 
To find the sum of a series, a, + a» + a3 + a4 + ... we consider a sequence of partial sums 


where S, = a, $,— a; + ad, $3 = a, + a, + a, and S, = a, + a, +a o .... a. 


To find a formula for S,, we use the following procedure: 
S,-a-cgar* art... Lar 3 art? + apti 
cS b bow ^u ET 
> n$,— arr... aar ar? E gpl F arm 


... multiplying 
each term by r 


Subtracting: $,— r$, = a — ar" 
S,(1 — r) ^ a(1 — r”) 
a(l — r”) 
BAT 1-r 


Find T; and S; of each of the following: 

(i) 19-2349... (i) 1 ide 
nac bon) 
|^ —1-r 
TE 35) 
~ 1-3. 
l= 

—2 


Sn 


In a geometric series, T} = 32 and Ts = 4 ; find a and r and hence find Sg, the 
sum of the first eight terms. 

[e ape" 

TSP! = a? 3» 


Meg = gp em gp? cd 


Dividing these equations, we get 


|^ IR Nile 


N 
ee 


It is very important to understand the effect the value of r has on the sum of a geometric 
series. Consider three geometric sequences — A, B and C - where A has a common ratio of 
r = 2, B has a common ratio of r = 1, and C has a common ratio of r = i. 
Starting with a first term value of 1, we get: 


Sequence r Ti T, T; T, T; f Viere Tw 
A 2 1 2) 4 8 16 32 6.3 x 10? 
B 1 1 il il 1 1 il il 
1 1 1 1 1 1 z 
(G 5 1 5 E g Te zm 1146 2« 1-8 
=> TN r a Sa Sa 129 5: 9 Se sss. S100 
A 2 1 3 7 IS 31 63 LB »« LO 
B il 1 2 3 4 5 6 100 
C 1 1 LS 1755 1.875 | 1.9375 | 1.96875 2 


If Irl > 1, the values of T, and S,,, as 
n gets bigger, increase very rapidly. 


If irl = 1, then the sequence 
behaves like an arithmetic 
sequence with a constant 
amount added each term. 


If Irl < 1, then the value of S, is 
said to have a "limiting value". 


In series C above, the sum S, 
approaches the value 2. 


By taking a sufficiently large value 
of n, we can make S, as near to 2 
as we wish, that is, we can make 

2 — S, assmall as we wish. 


We say that S, approaches 


S, of a geometric series 


a limiting value of 2 as n approaches infinity. 


This is written as: .$, —^ 2 as n — oo or im $, = 2. 
— 00 


In words, we say that “the limit of the partial sum S,, as n tends to infinity, is 2.” 


Now consider the formula for the sum to n terms of a geometric series if [rl < 1. 


When irl <1, r” will approximate to zero for large values of n, i.e. r” —^ 0 as n — oc. 


a(l — r”) 
1-r 


Thus, S, = 


Recurring decimals 


becomes S, = 


a(1 — 0) 
1-r 


Recurring decimals can be expressed as a sum to infinity of a geometric sequence, where the 


common ratio r « 1. 


For example, 0.3 = 0.3333 ..... -10* 10° + 10 ty je 
= "A 
where a = 03 and r 10' 
Similarly, 
0.235 = 0,2353535 vow = 0.2 + [0.035 + 0.00035 + .....] 


= 32 35 
0.2 + 1000 cT 100000 Paois 


= 0.2 + an infinite geometric series 


35 i 
1000 8"d 7-199: 


where a — 


Example 4 


Write the recurring decimal 0.23 as a fraction in the form £, a, b, € N. 


0.23 — 0.232323 = 0.23 + 0.0023 + 0.000023 + 


_ 23, 23 23 
100 ` 10000 ` 1000000 . 


2E PS ee di 
10000 ` 100 100 

23 
a w — 29 gU _ 


m 1 
p M M O 


andae 


Note: lim S, is often written as S,,. Thus, S,, = 


n—- oo 


Note: Ifwelet x = 0.232323 ..., 
then 100x = 23.232323 ... 
=> 99x = 23 ... subtracting both lines 


Exercise 9.6 
1. Find the sum of the first 10 terms of the series 2 + 6 + 18 + 54  ..... 


2. Find the number of terms, n, in the following series: 
1024 + 512 + 256 * ..... 32. Hence find the sum of the series. 


Find S; of the series 1+2+4+8+..... 
Find Sj) of the series 32 + 16 +8 9 ..... 


Find Sẹ of the series 4 — 12 + 36 — 108 + ..... 


p om & w 


Find the number of terms in the series 729 — 243 + 81 — ..... — 4. 
Hence find the sum of the series. 


6 
7. Write out the first three terms of the series ES 4” and hence find the sum of the series. 
=i 


8 
8. Evaluate x 3". 


zn 10 
9. Find the sum of 6 X (1) correct to three places of decimals. 
1 


r- 


10. Write each of the following recurring decimals as an infinite geometric series. 
Hence express each as a decimal in the form A a,b EN. 
G) 0.7 Gi) 0.35 Gii) 0.23 (iv) 0.370 (v) 0.162 (vi) 0.321 


11. Find S,, the sum to n terms, of 1 + E t Es + eh PriF em and hence find S.» 


the sum to infinity of the series. 
Find the least value of n such that S,, — S, < 0.001. 


Section 9.7 Other sequences 


In some cases terms of a sequence might be defined as a function of preceding terms: 
(i) T,,; =2T, + 2 where T; = 2 

(ii) T,,,— T, +1, — T, where T, = 3 and T, = 1 

In each case a relationship between terms is given and a starting value T, (or T; and T;) 


These are referred to as recurrence relations. 


Write out the first five terms of the sequence defined by 


Ti 42= Tey T T,,, where T, = 1 and T, =2 


Lettie = do ag = Wh aa ae 15 S T3=T,+T,=2+1=3 
Let n = 2,5 Th4.= T;,4 + T, & Un att I = 342 = 5 
lUi unes 3h o hag = qur 1G & Jue JNsSa3e8 
The first five terms are 1, 2, 3, 5, 8. 


Write out the first four terms of the sequence defined by 


T, 4.41 = 2T, + 1, given that T, = 1 
Letn =1,>7,,;=27T,+1 e Ty) =2T,+1=20)+1=3 
Letan = 2,> T;,1 -2T;*1 e T;=2T,+1=2(3)+1=7 
Letn = 3,> 73,,=27T;+1 e Ty=2T;+1=277)+1=15 
The first five terms are 1, 3, 7, 15. 


Exercise 9.7 
1. Write down the first five terms of the sequence defined by 
Tı xin T, =A Tyi 


2. Write down the first five terms of the sequences defined by the following recurrence 
relations: 
(i) G =2,G,=2+3G,_, 
(ii) G, 1, G, 3; G, 2G, = T G; -2 
(iii) Gı = 0, G = 1, G, = 3G, -1 — Gas 


3. Write down the first five terms of the sequence formed from the recurrence relation 
defined by 
So=6, S,=2+S8,-1 
And hence show that it can also be represented by the linear equation S, = 2n + 6. 


4. Any term of the Fibonacci sequence is obtained by finding the sum of the two previous 
terms. 
Write out a recurrence relation for the Fibonacci sequence and use the relation to write 
down the first eight terms of the sequence. (Given that the first two terms are 0, 1). 


5. Find the fourth term of each of the following sequences: 
(i) T, 2 1, T; = 3given that T, = 3T, , — T, 5; forn >2 
(ii) T, = zd 5 and Ti +1 = E T, —2 


6. Find the first five terms of the sequence formed from the recurrence relation 
G = = 2 and G, Yi x 2)" 


7. The pattern of triangles given below can be described in two ways using recurrence 


relations: 
(i) For the number of triangles, T, + : =T,+2,T,=1 
(ii) For the number of sides S,,, , = S, + 4,8, =3 


A, IIS AY 


If the pattern is continued, use these relations to answer the following: 
(a) (i) Find T, T5, T; the number of triangles in the next three patterns. 
(ii) Find Sy, S5, S; the number of sides in the next three patterns. 
(b) Show that each of sequences formed for T, and S, is arithmetic. 
(c) If the number of sides S, can be written as S, = an + b, find the values of a and b. 
(d) Find the number of sides in the 20" pattern, S5; 


Section 9.8 Number patterns - Revisited 


Linear, Quadratic and Cubic patterns 


In our study of algebra, we discovered that we can identify patterns in certain number 


sequences by calculating differences. 


The sequence —4, 0, 4, 8, 12, .... has a first 
difference of +4 creating a formula for 


T, =4n + a, where n = 1,2,3,.... etc. 
Therefore, if n = 1, then T, = 4(1) + a = —4 
=> q-—-—8 


A constant first difference gives rise to an arithmetic (linear) pattern, T, = 4n — 8. 


As the following table indicates, the sequence 
7,17,31, 49, 71, does not have a constant 
first difference. 


Sequence | —4 | 0 | 4 | 8 | 12 

| 1st difference +4 | +4 | +4 | +4 
Sequence | @ | We | Sil | 49 E 
1st difference | 10 | 14 | 18 | 22 
2nd difference 4 4 4 


A constant second difference indicates a quadratic (7?) pattern, an? + bn + c. 


Consider T, = am? + bn + c for all values of n = 1. 
The following table evaluates the first and second differences in terms of a, b and c. 


T, T, T, T; T; 
@ sr lb) =F E 4a+2b+c 9a+3b+c Jv sr Aore | 259-35 sr E 
3m ar iare Sig ar 1) ar © 1G) = D F E 9a -b-c 1st difference 
2a 2a 2a 2nd difference 


From this table we can see that the second difference of a quadratic pattern of numbers is 


always 2a, twice the coefficient of n?. 


if the second difference is +4 > 2a = 4 
a=2 
T, =2n?+ bn +c for n= 1,2, 3, etc. 


To find b and c, we use simultaneous equations as follows. 


T, = 2n? + bn + c for n = 1,2, 3, etc. 


Let n=1, T, = 2(0yY + b(1) - c -7 
=> b+c=5 


Let n=2, T; = 22 + b(2) c c — 17 
=> 2b+c=9 

b+c=5 

b=4 


If b=4,then 4+c=5, 
> c=l 
T, = 2n* + 4n + 1 for n = 1,2, 3, etc. 


The method of finite differences can be used to study patterns of numbers with higher powers. 


If the third difference is constant we have a cubic pattern , T, = ar? + bn*+ cn + d etc. 


Pattern To find a 
1st difference constant T,= an + b a = Ist difference 
2nd difference constant T, = an? + bn +c 2a = 2nd difference 
3rd difference constant | T, = an? + br? + cn +d | 6a = 3rd difference 


Express the nth term of the number pattern —1, 13, 51, 125, 247,.... asa 
cubic polynomial. 


Since the 3rd difference is constant, | Sequence 
the number pattern has a cubic 1st difference 


part and "i — third difference. 5nd diffcrence 
= G=-X 12=2 3rd difference 


T, = 2n? + bn? c cn d for n=1 Solving the equations: 


Ty s2e+b+et ad == 1.b+c+d=-3 
= Does 

T, = 2(2 + b(2y. + c(2) + d = 13 

= 4p a Res die =3) 


T4 = 2(3P + b(3Y. + cB) + d =51 
= 05 2%e4 gs 3 & Tn eue tor a= il, 


2. 4b + 2c + d= —3 
3) Ub 4p Se dp @ — —3 


we get b=0,c = 0, d = —3 


A mosaic arrangement is constructed on a floor as shown. 
Find the number of tiles needed for the 30th pattern. 


T3431 


The number of tiles required forms the pattern 1, 3, 6, 10, ... 


Checking differences, we find a constant | Sequence 


2nd difference. dst difference 
Therefore, a quadratic pattern — 
T, = an? + bn + c — exists. 


2nd difference 


And 2a=1>a= E Solving these equations, we find 
T, =5n + bn+c b=5,c=0 


T, -1(? + b(1 +c =1 ne T,-imctinfonz1 
> btc-j ^T = 1(30y + 1(30) = 465. 
T, =} (2P + b(2)+c=3 


= 2»sdee-i 


In summary, when a process is examined and a number pattern identified, we can create a 
formula for successive elements under such headings as (i) Arithmetic (Linear) (ii) Quadratic 
(iii) Cubic (iv) Geometric (Exponential) by identifying the link between elements of the pattern. 


Exercise 9.8 — — — — — — — — — — — —————————————————— 


1. Using the method of differences, find the nth term, T,,, for each of the following 
number patterns: 


(i) 5,9, 13,17, 21, ... (ii) 1, 4,7, 10, 13, ... (iii) 11, 16, 21, 26, 31, ... 


2. Finda formula for T,,, the nth term, of the following number patterns: 
(i) 2,1,0, 21, -2,... (ii) 0, —2, -4, -6, -8, ... (ii) —6, 4, -2,0,2, ... 


3. Ifeach square in this pattern measures 5mm X 5 mm, find 


+ B Es B 


(i) the area (ii) the perimeter ofthe 28th pattern. 


4. Ifeach triangle has an area of 1 cm’, convert this triangular 


pattern into a number pattern. Hence find, 
(i) the area of the 30th part 
of the design 
(ii) which part would have an 
area of 441 cm?. A 


5. If this pattern of triangles continues, find 


(i) the area of the 100th triangle (ii) which triangle has an area of 240 cm. 
2cm 4cm 6cm 


6. Each of the following number patterns can be written in the form ar? + bn?+ cn + d. 
Find the values of a, b, c, and d in each case: 
(i) 6, 27, 74, 159, 294 
(ii) 3, —1, —1, 9, 35 
(iii) —1, 2,17, 50, 107 


7. Forma rule for determining the number of bright tiles in each of the following patterns. 
Determine the number of bright and dark tiles needed for the 24th pattern of each. 


(a) 


EI 
PIE 
la 


(c) 


8. Write a formula for the nth term of each of the following number sequences. 
(i) 7,16, 31, 52, 79, ...... (i) 1,0, —3, -8, —15, ...... 
(iii) —1, 14, 53, 128, 251, ...... (iv) —2,2,6, 10, 14, ...... 
(v) 4,31, 98, 223, 42A, ...... 


Revision Exercise 9 (Core) 
1. Find the first four terms of these sequences given the nth term in each case: 
(i) T, =3n+4 
(ii) 7, =6n -1 
(iii) T,-2"-! 
(iv) T, = (n t 3)(n + 4) 
(v) T, 2i -1 
2. The third term of an arithmetic sequence is 71 and the seventh term is 55. 
Find the first term and the common difference. 


3. In a geometric series, the first term is 12 and the sum to infinity is 36. 
Find the common ratio. 


4. Find the common ratio in each of the following geometric progressions and hence 
write an expression for T,, the nth term. 


(i) —2, 4, -8, ... 
m 1 1 

(ii) 1, LE ee 
(iii) 2, —6, 18, ... 


5. Using matchsticks, a series of cubes are made and joined as cuboids, as shown in 


the diagram. 
hà SSS SBS 
(i) Determine the number of matchsticks needed for the nth cuboid. 
(ii) Determine the maximum number of cubes in the cuboid if there are 2006 
matchsticks left for the construction. 


6. The second term of a geometric sequence is 21. 
The third term is —63. 
Find (i) the common ratio (ii) the first term. 


7. €2000 is invested in a savings scheme which offers 2.5% compound interest. 
Explain how the expression A = €2000(1.025)? represents the value of the 
investment after 5 years. 


8. Find the sum of the first 200 natural numbers. 


9. The fifth term of an arithmetic sequence is twice the second term. 
The two terms also differ by 9. 
Find the sum of the first 10 terms of the sequence. 
16 


10. Evaluate (2r + 1). 


r=3 


Revision Exercise 9 (Advanced) 


1. Aset of mirrors is arranged, as shown in the diagram. A lamp of 2000 lumens shines its 
light so that it reflects continuously from consecutive mirrors. 
(Note: A lumen is a measure of brightness) 


Mirror 


Each mirror reflects 3 of the light that hits it. 


(i) Find the intensity of the light reflecting from the 10th mirror. 
(ii) Write an equation representing the intensity of the light reflecting from 
the nth mirror. 
(iii) After how many reflections (mirrors) will the intensity be reduced to i of 
its original value? 


2. The value of a sum of money, €P, on deposit for t years is given by 
A = P(1 + iy , where i is the interest rate over the saving period. 


(i) Show that the time taken for the initial investment to double in value for any 
investment depends only on the interest rate i and not on the sum invested. 
Hence find an expression, in terms of i, the interest rate, for the time taken for an 
investment to double in value. 

(ii) Hence calculate the time taken for a sum of money to double in value if invested 
at an interest rate of 
(a) 296 (b) 596 (c) 1096. 


3. A ball is dropped from a height of 
10 m and bounces back up to 6m and 
then to 3.6 m and so on, as shown in 
the diagram. Copy the graph and add 
in the next five heights of the ball 
from the ground. 


em 
© 


¢3.6m 


Height (metres) 


O N A o0 oc 


(i) Write down a series of numbers 
: : 0 1 2 3 4 

representing the total distance ist Cd du 
travelled by the ball. bounce bounce bounce 

(ii) Describe what type of series is 
generated. 

(iii) Find the total distance travelled by the ball. 

(iv) How is the size of the ball accounted for in this problem? 


4. 


10. 


(i) Write an equation for the nth term of the sequence 3, 6, 12, 24, 48 ... 


(ii) Use logs to find the first term of this sequence to exceed one million. 


A rich auntie is pleased to see you take up the game of 


2 
cent 


chess. To encourage you, she says that she will put 1 cent 


on the first square of the board and tells you that she will 
double the amount for each week that you continue to 
learn the game. 

How much money, in euros, will your aunt owe you by 


the end of 


(i) week 32 
(ii) week 64 ? 


An arithmetic sequence has three consecutive terms with a sum of 33 and a product 
of 935. Find these terms. 


The value of a car depreciates by 13% per year. If the car is bought new for €30 000, 
(i) find a formula linking the value €V of the car with its age a 
(ii) find the value of the car after five years 


(iii) find the year in which the car is worth less than €6000. 


A sequence of numbers is given by the formula T, = 3(2)" — 1, where n isa 
positive integer. 
(i) Find 71, T>, T; of this sequence. 
(ii) Show that T, +1 =2(2)' — 1. 
(iii) If 37,,, 2T, =k, find kif k € Z. 


15 
(iv) Show that `> ESI = 1| — —9.014 correct to 4 significant figures. 


n=1 


Given that S, is the sum to n terms of a series, 
(i) show that T,= S, — S, , , where T, is the nth term of the series 
(ii) if S, = 3r? + n, find an expression for T, 
(iii) obtain an expression, in terms of n, for > (T), given that Xn = 5 +1) and 
En? = s n +1)(2n + 1). 


pl 


Express log,x in terms of log,x in its simplest form. 

Hence show that log;x, log,x and log,,x are three consecutive terms of a geometric 
series and state the value of the common ratio. 

If the sum to infinity of the geometric series is k log>x, find the value of k. 

(See Chapter 7 for the rules for logs.) 


Revision Exercise 9 (Extended-Response Questions) 


1. A cubic sequence can be represented by the nth term T, = ar? + br? + cn + d, 
where a, b, c € R and a #0. 
(i) Complete the following Table 1 in terms of a, b, and c. 


T, T T, T T: 


actb 


(ii) 
(iii) 


(v) 
(vi) 


ar (e 3r qi 
1st difference 
2nd difference 
3rd difference 


Table 1 


Based on this table, copy and complete the following statement: 
The third difference for all cubic sequences is always ................... 
Compete the following two statements about quadratic sequences: 
(a) The second difference for all quadratic sequences is always 
(b) The first difference, T; — T, for all quadratic sequences is 
always 


Complete Table 2 for the sequence 5, 12, 25, 44, ....... 
T, T, T, T, 
3 12 25 44 
| 1st difference 
2nd difference 
Table 2 


Use your expressions for first and second differences in (iii) to find a, b and c. 
Hence evaluate T». 


2. A ball is dropped from an initial height of 40 m onto a concrete floor. 
On the tenth bounce, it rises 1 m up from the floor. 


(i) 
(ii) 


(iii) 


(iv) 
(v) 


(vi) 
(vii) 


Write an expression for the height of the ball after n bounces. 
What percentage of the height from which it fell does the ball bounce back up 
each time? 


Find the heights of the ball after each of its first 5 bounces and hence complete 
the table: 

Bounce 1st 2nd 3rd 4th 5th 

Height 


Draw a graph representing the height of the ball after each bounce. 

Estimate from your sketch the number of bounces needed before the bounce does 

not exceed 2 m. 

Using the expression in part (i), calculate the minimum number of bounces needed 
for the ball to stay under 2 m. 

According to the expression in part (i) and the graph in part (iv), the ball could go 

on bouncing forever. Explain why this does not actually happen. 


3. Ronan is in his Leaving Certificate year. 
At the end of fifth-year, his parents gave him €20 a week pocket money. 
To encourage him to work harder in sixth-year, they proposed two types of “pocket 
money schemes" for Ronan. 
Scheme 1: €20 in week one. €22 in week two ... and so on, increasing by €2 
each week. 
Scheme 2: €20 in week one. €21 in week two ... and so on, increasing by a 
constant factor of E each week. 


(i) Find separately the total amount in euro he would receive in week n for Scheme 1 

and Scheme 2, leaving each answer in its simplest form. 

(ii) Assuming that a school year consists of 36 “five-day” weeks, which scheme do you 
think Ronan should choose? Justify your answer. 

(iii) Ronan is interested in saving for a new games console which costs €400. 
If he spends just €1.50 per school day and saves the rest of his pocket money, which 
is the earliest week he will be able to buy the games console? 
Assume that he has chosen Scheme 1 above for his pocket money. 


4. Aliquid is kept in a barrel. At the start of the year 

2010, 160 litres of liquid is poured into the barrel. 

If 15% of the volume of the liquid is lost by 

evaporation during the year, 

(i) evaluate the amount of liquid in the barrel at the 

end of the year 

(ii) show that the amount of liquid in the barrel at the end of 2020 is approximately 
31.5 litres. 

At the start of each year, starting in 2010, a new barrel is filled with 160 litres of liquid. 

This process is continued for twenty years until 2030. 


(iii) Calculate the total amount of liquid in the barrels after evaporation at the end 
of the year 2030. 


5. A company bought a new graphics machine for €15 000 at the start of 2005. 
Each year the value of the machine decreases by 20% of its value at the start of 
the year. 


(i) Show that the value of the machine at the start of 2007 was €9,600. 
(ii) When the value of the machine falls below €500, the company plans to replace it. 
Find the year in which the machine will need to be replaced. 

(iii) To plan for the replacement, the company pays €1000 at the start of each year into 
a savings account. The interest rate on the account is 5% per annum. If the first 
payment is made when the machine was first bought, and the last payment made at 
the start of the year in which the machine is to be replaced, using your answer to 
part (ii), find the value of the account when the machine is replaced. 

(iv) If the amount saved is to fully cover the total cost of a new machine, calculate the 
upper limit on the average annual inflation rate over the period of the investment. 
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Introduction to statistics 


The aim of statistics is to help us make sense of large amounts of information or data. 
In pursuit of this aim, statistics divides the study of data into three parts: 

(i) Collecting data 

(ii) Describing and presenting data 
(ii) Drawing conclusions from data. 
In this chapter, we will discuss the variety of ways that information or data can be collected. 
These include questionnaires, experiments and observations. Once data has been gathered, 
we must then concern ourselves with the description of data so that ordinary people can 
understand it. We can do this by representing the data graphically. You will meet a variety of 
graphical methods in this chapter, as shown below. These are known as descriptive statistics. 
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Another way of making a large amount of data easily understood is by summarising the data. 
Data may be summarised by simply finding an average or some other number that could be 
representative of the data as a whole. These numbers are known as summary statistics. 


One of the most widely-used and important statistical processes is concerned with gathering 
information from a small group of people (or items) and using this data to draw conclusions 
about a much larger group of people. A good example of this is provided by the opinion 
poll. A poll is taken of a few thousand people. From the information that these people 
provide, remarkably accurate conclusions can be drawn that refer to the whole population, 
which is many times greater in number. Collecting information from a small group to draw 
conclusions about a large group is know as inferential statistics. 


Section 10.1 Types of data 


When we observe, count or measure something, we end up with a collection of numbers. These 
numbers are called data. Data is the plural of datum which means a piece of information. 


1. Numerical data 


Data which can be counted or measured is called numerical data because the answer is a 
number. Numerical data can be either discrete or continuous. 


Discrete data Continuous data 
Data which can take only certain Continuous data is measured on some 
individual values is called discrete data. scale and can take any value on that scale. 
Here are some examples of discrete Here are some examples of continuous 
data: data: 
> The number of goals scored by > The heights of students in your class 
football teams on a Saturday > The speed of cars passing a certain 
>» The number of desks in the classrooms point on a road 
of the school > The time taken to complete a 
> The marks achieved in a test 100-metre sprint 


For each of these types of data, write down whether it is discrete or continuous. 
(i) the number of coins in your pocket 

(ii) the number of tickets sold for a concert 

(iii) the time taken to complete a puzzle 


(iv) the weights of students in your class 
(v) dress sizes 


(i) discrete (ii) discrete (iii) continuous 
(iv) continuous (v) discrete 


2. Categorical data 

The answer to the question, ‘What colour is your car?’ will not be a numerical value. 
Rather, it will fit into a group or category such as blue, red, black, white, ... 

Data which fits into a group or category is called categorical data. 

Here are some examples of categorical data: 

> gender (male, female) 

> country of birth (Ireland, France, Spain, Nigeria ...) 


> favourite sport (soccer, hurling, tennis, basketball ...) 
The three examples of data above are generally referred to as nominal categorical data. 


Categorical data in which the categories have an obvious order such as first division, second 
division, third division, etc, is called ordinal data. 

Other examples of ordinal data are: 

> type of house (1-bedroomed, 2-bedroomed, 3-bedroomed) 

> attendance at football matches (never, sometimes, very often) 


> opinion scales (strongly disagree, disagree, neutral, agree, strongly agree). 


The data you collect can be divided into two broad categories, namely, primary data and 
secondary data. 


3. Primary data 

Data that is collected by an organisation or an individual who is going to use it is called 
primary data. 

Primary data is generally obtained 

> by using a questionnaire 

> by carrying out an expeirment 

> by investigations 


>» by making observations and recording the results. 


4. Secondary data 


Data which is already available, or has been collected by 
somebody else for a different purpose, is called secondary data. 


a 


Secondary data is obtained 
> from the internet, e.g., the National Census 
> from published statistics and databases 


>? from tables and charts in newspapers and magazines. 


5. Univariate data 


When one item of information is collected, for example, from each member of a group of 
people, the data collected is called univariate data. 


Examples of univariate data include: 
> colour of eyes 

> distance from school 

> height in centimetres. 


6. Bivariate data 

Data that contains two items of information, such as the height and weight of a person, is 
generally called paired data or bivariate data. 

Examples of bivariate data are: 

> hours of study per week and marks scored in an examination 

> the age of a car and the price of that car 

> the engine sizes of cars and the number of kilometres travelled on a litre of petrol. 


Colour of hair and gender is an example of bivariate categorical data. 


The number of rooms in a house and the number of children in the house is an example of 
bivariate discrete data. 


For each of these sets of data, write down whether it is numerical or categorical: 
(i) the sizes of shoes sold in a shop 

(ii) the colours of socks sold in a shop 

(iii) the subjects offered to Leaving Certificate students 


(iv) the marks given by judges in a debating competition 
(v) the crops grown on a village farm 
(vi) the area of your classroom. 


(i) numerical (ii) categorical (iii) categorical 
(iv) numerical (v) categorical (vi) numerical 


Exercise 10.1 


1. State whether each of the following is categorical or numerical data: 
(i) The number of bicycles sold by a shop in a particular week 
(ii) The colours of cars sold by a garage last month 
(iii) The number of horses in the six races at a meeting 
(iv) The favourite sports of all the students in a school. 


2. State if each of the following data is discrete or continuous: 
(i) The number of rooms in each of the houses on a road 
(ii) The number of CDs that have been sold 
(iii) The weights of the eggs in a carton 
(iv) Shoe sizes 


(v) The time taken to complete a crossword puzzle 
(vi) The score obtained when a dice is thrown 
(vii) The number of spanners in a toolbox 

(viii) The marks given by judges in a competition 


Imelda bought a new dress. 
She wrote down (i) the colour of the dress 
(ii) the number of buttons on the dress 
(iii) the length of the dress. 
For each of these data types, write down whether it is numerical or categorical. 
Which of the three is discrete data? 


Sonia recorded how long it took her to run a cross-country race and the race-number on 
her bib. 
Say if each of these variables is discrete or continuous. 


State if each of the following is paired data: 
(i) The colours of shirts on a stand 
(ii) The ages and the heights of a group of students 
(iii) The number of brothers and their ages that each pupil in a class has 
(iv) The ages of all the people living on my street 


The amount of flour and the number of eggs needed to make a cake. 
(i) Explain why this is paired data. 

(ii) Which part of the data is discrete? 

(iii) Which part of the data is continuous? 


A doctor records information about her patients. 
The variables that she uses are described below: 
(i) the colour of the patient's eyes 
(ii) the patient's waist-size and height 
(iii) the patient's shoe size 
(iv) the patient's blood group. 
State if each variable is (a) categorical (b) numerical. 
Which of the four data types is discrete? 
Describe in full the data type given in part (ii). 


State whether each of the following statements is true or false. 

Give a reason for your answer in each case. 
(i) The number of pockets on a jacket is discrete data. 

(ii) The types of trees in a forest is categorical data. 

(ii) The countries in which people like to holiday is numerical data. 

(iv) The number of bedrooms in each house on my street is categorical data. 
(v) The age of a tree and the circumference of the tree is bivariate data. 

(vi) The birth month of the students in your class is categorical data. 


(vii) The number of matches played and the number of goals scored is bivariate and 
discrete data. 

(viii) The weights of horses in a race and the times taken by the horses to complete the 
race is bivariate and continuous data. 


9, Cars are often categorised as small, economy, family, executive and luxury. 
This is an example of ordinal data. 
Give three more examples of ordinal data. 


10. Write down whether each of the following is an example of primary data or secondary 
data: 
(i) Alan counted the number of red vans passing the school gate. 

(ii) Helen examined records at a maternity hospital to find out how many babies were 
born each day in December. 

(iii) Robbie threw a dice 100 times and recorded the results to investigate if the dice 
was fair. 

(iv) Niamh used the internet to check the number of gold medals won by each 
competing country at the Beijing Olympics. 


11. Roy and Damien want to predict next season's football league champions. 
Roy looks at the results for the last 5 years. 
Damien looks at the results for the 5 years before that. 
(i) What type of data are they using? 
(ii) Whose data is likely to be the more reliable and why? 


12. Give one example of bivariate data which will be 
(i) discrete 
(ii continuous. 


Section 10.2 Collecting data 


Data is collected for a variety of reasons and from a variety of sources. 


Companies do market research to find out what customers like or dislike about their products 
and to see whether or not they would like new products. The government carries out a census 
of every person in the country every five years. Local government, education authorities and 
other organisations use the information obtained for further planning. 


Data can be collected through direct observation such as a naturalist observing animal 
behaviour. In an observational study, the observer wishes to record data without interfering 
with the process being observed. 


Apart from observational studies, data may also be collected by 

carrying out a survey 

doing an experiment 

conducting interviews or completing questionnaires 

using a data logger which records data or readings over a period of time, using a sensor. 


vvvv 


1. Surveys 


Surveys are particularly useful for collecting data that is likely to be personal. 


The main survey methods are: 

> postal surveys in which people are asked questions 

> personal interviews in which people are asked questions; this type of survey is very 
widely-used in market research 

> telephone surveys; here the interview is conducted by phone 

> observation, which involves monitoring behaviour or information. 


Survey method Advantages Disadvantages | 
Observation > Systematic and mechanical > Results are prone to chance 
Personal interview and | > Many questions can be asked | > Expensive 
telephone survey > High response rate > Interviewer may influence 

responses 
Postal survey > Relatively cheap > Limited in the type of data 
> Large amounts of data can that can be collected 
be collected > Poor response rate 


2. Questionnaires 


One of the most commonly-used methods of conducting a survey is by means of a 
questionnaire. 


A questionnaire is a set of questions designed to obtain data from individuals. 
People who answer questionnaires are called respondents. 


There are two ways in which the questions can be asked. 
> An interviewer asks the questions and fills in the questionnaire. 
>» People are given a questionnaire and asked to fill in the responses themselves. 


When you are writing questions for a questionnaire, 
be clear on what you want to find out and what data you need 
ask short, concise questions 
start with simple questions to encourage the person who is giving the responses 
provide response boxes where possible: Yes No 
avoid leading questions such as 
‘Don’t you agree that there is too much sport on television?’ 
or ‘Do you think that professional footballers are overpaid?’ 
> avoid personal questions such as, 
‘Do you live in an affluent area?’ 
or ‘Are you well educated?’ 
or ‘Are you overweight?’ 


vvvv v 


A choice of responses can be very useful in replying to the question, ‘What age are you?’ 


Here is an example: Tick your age in one of the boxes below: 


Ll 


Under 18 years 18-30 31-50 Over 50 


Notice that there are no gaps in the ages and that only one response applies to each person. 


When you are collecting data, you need to make sure that your survey or experiment is fair 
and avoids bias. If bias exists, the data collected might be unrepresentative. 


The boxes given below contain questions that should be avoided because they either are too 
vague, too personal, or may influence the answer. 


How often do you play tennis? The three words sometimes, 
Olen occasionally and often mean 
different things to different people. 


Sometimes Occasionally 


Normal people enjoy swimming. This is a leading question and may cause the result 
Do you enjoy swimming? ta bebbsed: 

Yes No [ | The first sentence should not be there. 

Have you ever stolen goods from a supermarket? Few people are likely to answer 
Yes No [ | this question honestly if they have 


already stolen. 


Whenever you undertake a survey or experiment, it is advisable to do a pilot survey. A pilot 
survey is one that is carried out on a very small scale to make sure the design and methods 
of the survey are likely to produce the information required. It should identify any problems 
with the wording of the questions and likely responses. 


3. Designed experiments 


In statistics, the word ‘experiment’ generally refers to a situation where the experimentor 
carries out some activity and records the results by counting or measuring or simply 
observing. 


Thus an experiment may consist of 

tossing three coins and recording the number of times two heads show 

measuring the circumference of oak trees in a wood 

throwing a dice several times to determine if it is biased 

recording the side-effects of a new drug 

investigating whether people are better at remembering words, numbers or pictures. 


v vvv v 


4. Control group 


If we wish to investigate whether a new drug has any effect on those who take it, we select a 
group of patients, chosen at random, to form a sample. The sample is then divided randomly 
into two groups. Both groups think that they are taking the new drug, but only the first group 
actually take it. 


The second group are given an inactive substance (or placebo) but they think they have taken 
the drug. This second group is called a control group. If more patients get better in the first 
group, then the drug has an effect. 


Explanatory and response variables 
In a statistical experiment, one of the variables will be controlled while its effect on the other 


variable is observed. 


The controlled variable is called the explanatory variable. 
The effect being observed is called the response variable. 


A research team is investigating whether the adding of fish oil to the daily diet 
of school students increases their IO. A school of 500 students is selected. Two 
groups, each of 50 students, are selected at random. 
Group A is given a daily ration of fish oil. 
Group B is given the same food as Group A, but no fish oil. 

(i) Which group is the control group? 

(ii) What is the explanatory variable in this experiment? 


(iii) What is the response variable? 


(i) Group B is the control group. 

(ii) The explanatory variable is the fish oil; that is, the variable whose effect on 
the response variable we wish to study. 

(iii) The response variable is the IO of the student; that is, the variable whose 
changes we wish to study. 


Exercise 10.2 


1. Jack wants to find out what students think about the library service at his college. 
Part of the questionnaire he has written is shown. 


Ol Vihattisivo uritur creme 
Q2. How many times a week do you go to the library? 


Often Sometimes Never 


(i) Why should O1 not be asked? 
(ii) What is wrong with the choices offered in O2? 


2. Carol wants to find out what people think of the HSE. 
Part of the questionnaire she has written is shown. 


ON Vihauisivoundaterotsbinp e 

Q2. Dont you agree that waiting times for operations are too long? 
Yes No 

Q3. How many times did you visit your doctor last year? 
E less than 5 [] 5-10 B 10 or more 


(i) Why should O1 not be asked? 
(ii) Give a reason why Q2 is unsuitable. 
(iii) (a) Explain why the responses to O3 are unsuitable in their present form. 
(b) Rewrite a more suitable question to be included in the questionnaire. 


Give a reason why questions A and B below should be re-worded before being included 
in a questionnaire. 

Rewrite each one showing exactly how you would present it in a questionnaire. 
Question A: Do you live in a working-class or middle-class area? 

Question B: The new supermarket seems to be a great success. Do you agree? 


Decide if the given question is 

suitable for use in a questionnaire. How much pocket money do you get? 
If it is not, give a reason why and a little some a lot 
rewrite the question to improve it. 


A market research company is conducting a survey to find out whether, last year, most 
people had a holiday in Ireland, elsewhere in Europe or in the rest of the world. 

It also wants to know if they stayed in self-catering accommodation, hotels or went 
camping. 

Design two questions that could be used in a questionnaire to efficiently find out all this 
information. 


Which of the following questions do you think are biased? 

Write down their letters and explain what makes them biased. 

: Did you go to a cinema in the last month? 

: It is important to eat fruit. Do you eat fruit? 

: How many hours of television do you watch each week? 

: In view of the huge number of road accidents outside this school, do you think the 
speed limit should be reduced? 


nw» 


Megan has to carry out a survey into the part-time jobs of all the 16-year-olds in her school. 
She has to find out: 

> what proportion of these 16-year-olds have part-time jobs 

> whether more girls than boys have part-time jobs. 


Design two questions which she could include in her questionnaire. 


Richie is convinced that people with longer legs run faster in sprint races. He conducts 
an experiment to test his theory. 
What are the explanatory and response variables he should measure? 


The HSE has the following data on operations carried out in a large Dublin hospital. 


| Number of operating theatres | 3 4 5 6 7 
| Number of operations per day | IS 21 24 28 37 


(i) What is the explanatory variable? 
(ii) What is the response variable? 


10. A medical research company wishes to investigate whether a new drug is effective in 
controlling blood-pressure. 
They select 80 people who suffer from high blood-pressure and divide them randomly 
into two groups of 40. 
Group A is given the drug. Group B is not given the drug, but they believe that they are 
taking it. 
At the end of the study, the blood pressures of both groups are taken to see if the drug 
is effective. 
(i) Which group is the control group? 
(ii) What is the explanatory variable in the experiment? 
(iii) What is the response variable? 
(iv) Which of these would best describe the research? 
(a) a designed experiment 
(b) anobservational study. 


Section 10.3 Populations and sampling 


In a statistical enquiry, you often need information about a particular group. This group is 
known as the population and it could be small, large or even infinite. 


Examples of populations include 
(i) all second-level pupils in Ireland 
(ii) paid-up members of golf clubs 
(ii) people entitled to vote in a general election. 


If information is obtained from all members of a population, the survey is called a census. 


Sample survey 


When a population is large, taking a census can be very time-consuming and difficult to do 
with accuracy. So when a census is ruled out as being impractical, information is normally 
taken from a small part of the population. The chosen members of the population are called 
a sample and an investigation using a sample is called a sample survey. Data from a sample 
can be obtained relatively cheaply and quickly. If the data is representative of the population, 
a sample survey can give an accurate indication of the population characteristic that is being 
studied. 


The size of a sample is important. If the sample is too small, the results may not be very 
reliable. 

If the sample is too large, the data may take a long time to collect and analyse. 
However, large samples are more likely to give reliable information than small ones. 


Bias in sampling 
The sample you select for your study is very important. If the sample is not properly selected, 


the results may be biased. If bias exists, the results will be distorted and so may not be 
representative of the population as a whole. 


Bias in a sample may arise from any of the following: 


> Choosing a sample which is not representative 
Example Cara is doing a survey on people’s attitude towards gambling. If she stands 
outside a casino and questions people as they enter or leave, the results will 
be biased as these people are already involved in gambling. 


> Not identifying the correct population 
Example The school principal wants to find out about students' attitudes to school 
uniforms. She questions ten Leaving Certificate students only. This may lead 
to biased results as the opinions of the younger students (from 1st year to 5th 
year) are not included. 


> Failure to respond to a survey 
Many people do not fill in responses to questionnaires sent through the post. Those who 
do respond may not be representative of the population being surveyed. 


> Dishonest answers to questions 


Sampling methods 


The purpose of sampling is to gain information about the whole population by selecting a 
sample from that population. If you want the sample to be representative of the population, 
you must give every member of the population an equal chance of being included in the 
sample. This is known as random sampling. Before a random sample is selected, a sampling 
frame must be used to identify the population. A sampling frame consists of all the items in 
the population to ensure that every item has a chance of being selected in the sample. 


Some of the most commonly-used sampling methods are given below. 


1. Simple random sampling 


A sample of size n is called a simple random sample if every possible sample of size n has an 
equal chance of being selected. In practice, this means that each member of the population 
has an equal chance of being selected. 


There are many ways of doing this. 


Methods for choosing a simple random sample could involve giving each member of the 
population a number and then selecting the numbers for the sample in one of these ways: 


> putting the numbers into a hat and then selecting however many you need for the sample 
> using a random number table 
> using a random number generator on your calculator or computer 


Any of these methods are suitable only if the population is relatively small and the sampling 


frame is clearly identified. 


2. Stratified sampling 


Most populations contain identifiable strata. For example 
male / female or Retired / working / in education etc. 


«40 yrs | 40-60 yrs | >60 yrs 
4596 4096 1596 


Assume this table reflected the age distribution of a particular county. If samples are being used to 
determine preferences in music or film or technological innovation in this county and if the sample 
(randomly selected) contain proportions (of age) which do not reflect their proportion in the 
population then there will obviously be an inbuilt bias and a misleading view of the population. 
Stratified sampling is used when the population can be split into separate groups or strata that 
are quite different from each other. The number selected from each group is proportional to 
the size of the group. Separate random samples are then taken from each group. 


A survey to estimate the number of vegetarians in a mixed college with 660 boys 
and 540 girls is carried out. 

A sample of 40 students is required. 

How many boys and girls should be included? 


The total number of students is 660 + 540 = 1200. 


6602.40 2 boys 


BOS DO l 


qe 940 2 40 _ : 
Girls: 1200 * 1 18 girls 


So 22 boys and 18 girls should be chosen. 


3. Systematic sampling 


A sample which is obtained by choosing items at regular intervals from an unordered list is 
called a systematic sample. For example, if you wish to choose 20 students from 200 students, 
you could take every tenth student from the register. Select a random number between 1 and 
10, e.g., 4. Thus you could select the 4th, 14th, 24th, 34th ... until you get 20 students 


4. Quota sampling 


Quota sampling is widely used in market research and in opinion polls. First the population is 
divided into groups in terms of age, general education levels, social class, etc. The interviewer 
is then told how many people (the quota) to interview in each of these groups, but the 
interviewer makes the choice of who exactly is asked. A disadvantage of quota sampling is 
that the actual people or items chosen are left to the discretion of the interviewer which could 
lead to bias. An advantage of quota sampling is that no sampling frame is required. 


5. Cluster sampling 


If the population is geographically widely spread, simple random sampling would be very 
difficult and very expensive. In this case the population is divided into clusters (regions). The 
smaller the cluster the better. 


A possible procedure is then: 
(i) Select a cluster (region) at random 
(ii) Select every member of the cluster or a random sample of members in each Cluster. 
Opinion polls generally use cluster sampling. 


6. Convenience sampling 


Convenience sampling involves selecting a group of people because it is easy for us to contact 
them and they are willing to answer our questions. For example, a sample of 40 students 

in a school could be selected by simply taking the first 40 names on the school register. 
Convenience sampling is very quick and easy to organise but it can lead to high levels of bias 
and so is very likely to be unrepresentative. 


Simon wanted to investigate whether people in Ireland measured their height 
in metric or imperial units. He went to his local supermarket and asked the first 
twenty people he met how tall they were. 
(i) For this survey, state the sampling frame, the sampling method used and 
why it might be biased. 
(ii) Outline a better method of choosing a sample. 


(i) The sampling frame could be the whole population of Ireland. 
The sampling method used is convenience sampling. 
It may be biased as everyone chosen most likely lives in the same area and 
so may not provide a cross-section of social class and age-groups. Also, the 
sample is too small. 
A better method would be to use stratified sampling. In this way, you could 
ensure that men and women across all age-groups, different ethnic groups 
and different social classes were represented in the sample. 


Exercise 10.3 


1. Explain briefly the difference between a census and a sample. 
Give two reasons why a sample may be preferred to a census. 


2. There are 100 students in Transition Year. 
Generate random numbers on your calculator to select a sample of 10 students from 
Transition Year. 
Describe briefly what is meant by a simple random sample. 


3. For each of the following methods, say whether it would give a random sample or 
whether it is likely to be biased: 


(i) Interview all the people in a local supermarket. 

(ii) Take every tenth person from a list. 
(iii) Put all the names in a hat and pick without looking. 
(iv) Test the first article produced each hour by a machine. 


(v) Number all the items and then select by using random number tables. 


Describe briefly what is meant by convenience sampling. 
Jack is doing a statistical project. He decides to take a sample of 20 people. 
The sample he chooses is the first 20 names on a register. 


(i) What sort of sample is he choosing? 
(ii) Give two major problems with this method of taking a sample. 


What type of sampling is being used in each of the following surveys? 

(i) Kate is doing a survey to find out how often people go to the cinema and how they 
travel to get there. She stands outside her local cinema and questions 20 people as 
they go in. 

(ii) Enda wants to know people's voting intentions as they enter the polling station on 
election day. He questions every 5th person as they enter the polling station. 

(iii) There are 60 girls and 40 boys in 5th year. 
The school principal wants to interview a sample of 20 students from 5th year. 
She randomly selects 12 girls and 8 boys. 


After plans for a bypass to a large town were announced, the local newspaper received 
twelve letters on the subject. Eleven were opposed to it. 
The newspaper claimed 


OVER 90% ARE AGAINST NEW BYPASS 


(i) Give two reasons why the newspaper could be criticised for making this claim. 
(ii) The local council is to carry out a survey to find the true nature of local opinion. 
Give two factors that should be taken into account when selecting the sample. 


Gillian wanted to find out how much people in Ireland were prepared to spend on 
holidays abroad. She asked people in the street where she lived. 
(i) What sampling method was Gillian using? 
(ii) Explain why the sample may be biased. 
(iii) Describe a better method of choosing the sample. 


. There are 1000 students in Nigel and Sonia's school. 


Nigel is carrying out a survey of the types of food eaten at lunchtime. 
(i) Explain how Nigel could take a random sample of students to carry out this survey. 


This table shows the gender and the number of students in each year group. 


Year group Number of boys Number of girls Total 
1 100 100 200 
2 90 80 170 
3 120 110 230 
4 80 120 200 
5 100 100 200 


Sonia is carrying out a survey about how much homework students are given. 
She decides to take a stratified sample of 100 students from the whole school. 
(ii) Calculate how many in the stratified sample should be 

(a) students from year group 3 

(b) boys from year group 4. 


9. Aresearch company was asked to do a survey on people's attitudes to the HSE. They 
divided the population into ten groups of roughly equal size, based on gender, age and 
annual income. They then asked fifty interviewers to question twenty people from each 
group and record their responses. 

(i) What sampling method did the research company use? 
(ii) Give one advantage and one disadvantage of this method. 


10. Explain briefly 
(i) Why it is often desirable to take a sample rather than a census 
(ii) What you understand by the term ‘sampling frame’. 


11. Ina school, there are 460 pupils in Junior Cycle and 420 pupils in Senior Cycle. 
(i) How many pupils from each cycle of the school should be included in a stratified 
random sample of size 100? 
(ii) Explain briefly in what circumstances a stratified random sample might be taken 
rather than a simple random sample. 


12. Julia and her friends are investigating the part-time jobs of the Senior Cycle students in 
their school. There are eight Senior Cycle classes. 
(i) Julia chooses one class at random and questions every pupil in this class. 
What sampling method is she using? 
(ii) Brian goes into the school hall at morning break and chooses ten girls and ten boys. 
What sampling method is he using? 
(iii) Leah has a list of all the pupils in Senior Cycle, arranged in alphabetical order. 
For her sample, she chooses the third pupil on the list and then every tenth pupil 
after that. 
What sampling method is she using? 


Section 10.4 Measures of location 


When we are presented with a huge mass of numbers (data), we need just one or two 
numbers that would convey most of the essential information. These numbers are generally 
referred to as summary statistics. 


There are two main types of summary statistic, namely, measures of location and measures 
of spread. Measures of location answer the question ‘What value is typical of the values in 
the data?’ Measures of spread answer the questions ‘How much do the values vary?’ or ‘How 
spread out are the values?’ 


In this section, we will deal with measures of location or averages. 
There are three different types of average in statistics. 
These are the mode, the mean and the median. 


1. The Mode 


The mode is the most common value in a set of data. The mode is very useful when one value 
appears much more often than any other. It is easy to find and can be used for non-numerical 
data such as the colours of cars sold by a car dealership. 


The following numbers represent the ages of students on a school bus. 
10, 11, 12, 12, 12, 13, 13, 14, 14, 15, 15, 15, 15, 16, 16, 16, 17, 17 
The number in this list with the greatest frequency is 15. 


the mode = 15 years. 


2. The Mean 
To find the mean of a set of numbers, 


1. Findthe sum of all the numbers. 
2. Divide this sum by the number of numbers. 


The mean is the most frequently-used ‘average’. 


It is important because it considers every piece of 
data. However, it can be affected by extreme values. 


The mean of the numbers 12, 14, 10, 17, 21 and 22 is: 


Mean = —— —————————————£7 = = = 16 


The mean of a frequency distribution 
The table below shows the marks (from 1 to 10) scored by the twenty pupils in a class. 


TENESTER IE RAAE 


The average or mean mark of this distribution is found by dividing the total number of marks 
by the total number of pupils. 


To find the total number of marks, we multiply each mark (or variable) by the number of 
pupils (frequency) who received that mark. 


1(1) + 2(1) + 3(1) + 4(3) + 5(5) + 6(3) + 7(2) + 82) + 9(1) + 10(1) 


heme I1+1+1+3+5+3+2+2+1+]1 
zo LH 
= 30 5.5 marks 
If x stands for the variable and f stands for the frequency, then 
_ ofx 
mean = Df 


where Xfx is the sum of all the variables multiplied by the corresponding frequencies and Xf 
is the sum of the frequencies. 


Grouped frequency distributions 


The grouped frequency distribution table below shows the marks (out of 25) achieved by fifty 
students in a test. 


1-5 6-10 


12 


11-15 
IS 


16-20 
9 


255 
= 


While it is not possible to find the exact mean of a grouped frequency distribution, we 

can find an estimate of the mean by taking the mid-interval value of each class. 

The mid-interval value in the (1—5) class is found by adding 1 and 5 and dividing by 2, 

1-5 
2 


Similarly, the mid-interval value of the (6-10) class is 


1e =3 


6+10_ 
9719-8. 


The table given on the previous page is reproduced, with the mid-interval values written 
in smaller size over each class interval. 


3 8 13 18 23 
TEC E ETUR ESO E 
11 12 15 9 3 | 


Mean = 


Xfx _ 11(3) + 12(8) + 15 (13) + 9(18) + 393) _ 555 _ 111 
uf 11+12+15+9+3 E) 


3. The Median 


To find the median of a list of numbers, put the numbers in order of 
size, starting with the smallest. The median is the middle number. 


If there are 11 numbers in the list, the middle value 

is 5 1a + 1), i.e., the 6th value. 

If there are 10 numbers in the list, the middle number is 
$ (10 + 1), i.e., the 55th value. 

This value is half the sum of the 5th and 6th values. 


Find the median of these numbers: 5, 8, 12, 4, 9, 3, 7, 2. 


Writing the numbers in order of size, we get: 
2 3 4 8, 9, 12 


The median is 16 cea) 


the median = 6 


The mode and median of a frequency distribution 


The frequency table below shows the number of letters in the answers to a crossword. 


SG 
9 S 


7 
2 


The mode is the number of letters (in the word) that occurs most frequently. 
Thus the mode is 5 as it occurs more often than any other number. 


The median is the middle number in the distribution. 
The total frequency is 3 + 4 + 9 + 5 + 2, i.e., 23. 
The middle value of the 23 values is i (23 + 1), i.e., the 12th value. 


We take the frequency row and find the column that contains the 12th number. 

The sum of the first two frequencies is 3 + 4 = 7. 

The sum of the first three frequencies is 3 + 4 + 9 = 16. 

Thus the 12th value occurs in the third column, where the number of letters in the word is 5. 
the median = 5 


When dealing with grouped frequency distributions, we use the same procedure to find the 
class interval in which the median lies. 


Deciding which average to use 


The three averages, the mean, the mode and the median, are all useful but one may be more 
appropriate than the others in different situations. 


The mode is useful when you want to know, for example, which shoe size is the most common. 


The mean is useful for finding a ‘typical’ value when most of the data is closely grouped. The 
mean may not give a typical value if the data is very spread out or if it includes a few values 
that are very different from the rest. These values are known as outliers. 


Take, for example, a small company where the chief executive earns €12 100 a month and the 
other eleven employees each earn €2500 a month. 


Here the mean monthly salary is €3300 which is not typical of the monthly salaries. 
In situations like this, the median or middle value may be more typical. 


The table below, which compares the advantages and disadvantages of each type of average, 
should help you make the correct decision. 


Average Advantages Disadvantages 
Mode > Easy to find > May not exist 
> Not influenced by extreme > Not very useful for further 
values analysis 
Median > Unaffected by extremes > Not always a given data value 
> Easy to calculate if data is > Not very useful for further 
ordered analysis 
Mean > Uses all the data > Distorted by extreme results 
> Easy to calculate > Mean is not always a given 
> Very useful for further data value 
analysis 


There are 10 apartments in a block. 
On a particular day, the number of letters delivered to each of the 


apartments is 
PMN Sy Sob Wy tly Oh Sb TS 


Calculate the mean, mode and median number of letters. 
Which of these averages is the most suitable to represent this data? 
Give a reason for your answer. 


2 We SS) be ieee ee) Se Lear seas ils) d 


Mean = 10 10 


Mode = 0 


Median: 0, 0, 0, 1, SUUS 
pou ultio] eio] ml 

Median 2 2 2 
Here the mean has been distorted by the large number of letters delivered to one 
apartment. It is, therefore, not a good measure of the ‘typical’ number of letters 
delivered. 
Neither is the mode a good measure of the ‘typical’ number of letters, 
since seven out of ten apartments do receive some letters. 
The median is the best measure of the ‘typical’ number of letters delivered since 
half of the apartments receive more than the median and half receive less than the 
median. 


Outliers 


An outlier is a very high or very low value that is not typical of the other values in a data set. 
If the data set is small, an outlier can have a significant effect on the mean. 


Exercise 10.4 


1. Rewrite each of the following arrays of numbers in order of size and then write down 
(i) the mode (ii) the median. 
(a) 8,11,2,5,8,7,8,2,5 (b) 3,3,7,8,7,9,8,5,7, 11, 12 


2. The speeds, in kilometres per hour, of 11 cars travelling on a road are shown: 
41, 42, 31, 36, 42, 43, 42, 34, 41, 37, 45 
(i) Find the median speed. (ii) Find the mean speed. 


3. A rugby team played 10 games. 
Here are the numbers of points the team scored: 
12, 22, 14, 11, 7, 18, 22, 14, 36, 14 
(i) Write down the mode. 
(ii) What is the median number of points scored? 
(ii) Find the mean number of points scored. 


10. 


11. 


'The mean of four numbers is 19. Three of them are 21, 25 and 16. 
Find the fourth number. 


Kate's marks in four tests were: 8, 4, 5, 3. 
What marks did she get in her fifth and sixth tests if her modal mark was 4 and her 
mean mark was 5 after the six tests? 


Find (i) the mean (ii) the median of these numbers: 
9, 11, 11, 15, 17, 18, 100 


Which of these two averages would you choose to best describe these numbers? 


The mean of five numbers is 39. 
Two of the numbers are 103 and 35 and each of the other three numbers is equal to x. 
Find (i) the total of the five numbers 

(ii) the value of x. 


There are 12 children in Phil’s group. Their mean mark in a Maths test is 76%. In Paul’s 
group, there are only 8 children. 
Their mean mark is 84%. Find the overall mean mark for the 20 children. 


A teacher sets a test. 

He wants to choose a minimum mark for a distinction so that 50% of his students score 
higher than this mark. 

Should he use the modal mark, the median mark or the mean mark? 

Give a reason for your answer. 


A class took a test. 

The mean mark of the 20 boys in the class was 17.4. 

The mean mark of the 10 girls in the class was 13.8. 
(i) Calculate the mean mark for the whole class. 


Five pupils in another class took a different test. 

Their marks, written in order, were 12, 18, 20, 25 and x. 

The mean of these 5 marks was 2 greater than the median of the 5 marks. 
(ii) Calculate the value of x. 


A test consisted of ten questions, 1 mark per question, and 0 for an incorrect solution. 
The following table shows how a class of students scored in the test: 


Marks So ee esa leoule mee leon 
No. of students 3 2 © | 10 | 0 3 1 | 


(i) How many students were in the class? 

(ii) Write down the mode of the data. 

(iii) Calculate the mean mark per student. 

(iv) How many students scored better than the mean mark? 
(v) Find the median mark. 


12. Paula has 6 people in her family. She wonders how many people are in her friends' 


13. 


14. 


15. 


16. 


families. She asks each of her friends and records the information in a table. 


Number in family 2 3 4/5 617 8, 
Frequency 2 4 6 5 2 0 1 | 


(i) Write down the modal number of people in these families. 
(ii) Find the median number of persons per family. 
(iii) Calculate the mean of the distribution. 


The ages of some people watching a film are given in this frequency table: 


Age (in years) 10-20 20-30 30-40 | 40-50 
No. of people 4 — 15 n | 10 


(i) Use the mid-interval value of each class to estimate the mean of the distribution, 
giving your answer correct to the nearest year. 
(ii In which interval does the median lie? 


Joe collects six pieces of data x1, x», x3, x4, xs and x». He works out that Xx is 256.2. 
(i) Calculate the mean for these data. 

He collects another piece of data. It is 52. 

(ii) Write down the effect this piece of data will have on the mean. 


The frequency distribution table below shows the ratings of a disco by a random sample 
of 40 students. 

A capital A means they enjoyed it very much. 

A capital E means that they did not enjoy it at all. 


Rating A B C D E 
Number of students 6 13) 10 7 4 


(i) Work out (a) the mode, (b) the median for this distribution. 
(ii) Explain why you cannot write down the mean of this distribution. 


The rainfall in a certain seaside holiday resort was measured, in millimetres, every week 
for ten weeks. The hours of sunshine were also recorded. The data is shown in the table. 


| Rainfall (mm) 


| Sunshine (hours) 


0 1 Py NS 3 || 2 || 8 2 || 3 0 
70 | iS || do | iS || de | @ || is | ait | 2-4 | to) 


(i) Calculate the mean rainfall per week. 
(ii) Calculate the mean number of hours of sunshine per week. 
(ii) Write down the modal amount of rainfall and the modal amount of sunshine per 
week. 
(iv) Work out the median rainfall and the median amount of sunshine per week. 


The council plans to produce a brochure and in it they wish to promote the resort as 
having lots of sunshine and little rain. 
(v) Write down, with reasons, which of the mean, mode or median they should quote 
in their brochure as the average rainfall and hours of sunshine. 


17. An ordinary dice was thrown 50 times and the resulting scores were summarised in a 
frequency table. 
The mean score was calculated to be 3.42. 
It was later found that the frequencies 12 and 9 of two consecutive scores had been 
swapped. 
What is the correct value of the mean? 


Section 10.5 Measures of variability 


When dealing with averages in the previous section, we were looking for a data value that 
was typical or representative of all the data values. 


In this section, we will discuss the measure of the spread of the data about the mean to help 
us describe the data more fully. 


The three most common ways of measuring the spread or variability of data are the range, 
the interquartile range and standard deviation. 


1. The range 


The range of a set of data is the highest value of the set 
minus the lowest value. 


It shows the spread of the data. 


It is very useful when comparing two sets of data. 


The range is a crude measure of spread because it uses only 
the largest and smallest value of the data. 


The range of the numbers 14, 18, 11, 27, 21, 19, 33, 24 is 
Range = 33 — 11 = 22 


2. Quartiles and Interquartile range 

When data is arranged in order of size, we have already learned that the median is the value 
halfway into the data. So we can say that the median divides the data into two halves. 

The data can also be divided into four quarters. 

When the data is arranged in ascending order of size: 

> the lower quartile is the value one quarter of the way into the data 

> the upper quartile is the value three quarters of the way into the data 

> the upper quartile minus the lower quartile is called the interquartile range. 


The lower quartile is written Q4; the median is Q5; the upper quartile is Q3. 


Consider the following data which is arranged in order of size. It contains 15 numbers. 


The lower quartile is The median is the value The upper quartile is 


the value one quarter halfway along. the value three quarters 
of the way along. Written as Q; of the way along. 
Written as Q, Written as Q, 


' Y Y 


0 2 4 5 7 8 10 12 12 12 13 14 14 15 16 


Í ! ! 


Q is the 4th value Q, is the 8th value Q; is the 12th value 
The lower quartile Q, = 5. 
The median Q, = 12. 
The upper quartile Q; = 14. 
The interquartile range = Q; — Qı = 14—-5=9. 


When n data values are written in order: 

> the lower quartile, Q;, is the in + 1)th value 
> the median, Q, is the in + 1)th value 

> the upper quartile, Q;, is the EC + 1)th value. 
If you get a non-integer value for in t 1)or i(n + 1)e.g. 35, find the mean of the 3rd and 
4th pieces of data. 

If you get a non-integer for in + 1), take the mean of the two data values on either side. 
For example if i(n +1)= 3l, find the mean of the 3rd and 4th data values. 


These are the test marks of 11 students: 
52, 78, 61, 49, 79, 47, 54, 58, 72, 62, 73 


Find (i) the median (ii) the lower quartile 
(iii) the upper quartile (iv) the interquartile range. 


We first rewrite the numbers in order, starting with the smallest: 
47, 49, 52, 54, 58, 61, 62, 72, 73, 78, 79 
(i) The median is the middle value of the list. 
Since there are 11 values, the middle value is 
i1 + 1) ie. the 6th value. 
The 6th value is 61 = the median = 61. 
(ii) The lower quartile is the value that is i way through the distribution. 
This value is found by getting ial + 1) = the 3rd value. 
The 3rd value is 52 = the lower quartile (Qj) = 52. 
(iil) The upper quartile is the value that is 3 way through the distribution. 
This value is found by getting (11 + 1) = the 9th value. 
This ninth value is 73 = the upper quartile (Q5) = 73. 
(iv) The interquartile range = Q; — Qi 
S13 = 3 23 


3. Standard deviation 


One of the most important and frequently-used measures of spread is called standard deviation. 
It shows how much variation there is from the average (mean). It may be thought of as the 
average difference of the scores from the mean, that is, how far they are away from the mean. 
A low standard deviation indicates that the data points tend to be very close to the mean; a high 
standard deviation indicates that the data is spread out over a large range of values. 


The Greek letter ø is used to denote standard deviation. 


Take, for example, all adult men in Ireland. 
The average height is about 177 cm with a 
standard deviation of about 8 cm. 


For this large population, about 68% of the 
men have a height within 8 cm of the mean. 


Procedure for finding the standard deviation 


The steps used to find the standard deviation of a set of numbers are as follows: 
1. Calculate the mean of the numbers. This is written x. 


2. Find the deviation (or difference) of each variable, x, from the mean. 
This is denoted by (x — x). 


Square each of these deviations, i.e., find (x — x)’. 
Find the sum (X) of these values, i.e., find X(x — x)’. 
Divide this result by n, the number of numbers. 

This gives BE. zs 

6. Finally, get the square root of the result in 5. 


There is no need to use this formula if you can 
remember the steps listed above. 
Alternatively, you may use a calculator. 


Find the standard deviation of the numbers 6, 9, 10, 12, 13. 


Grseci sb er 
5 5 ` 


j (6 — 10)? + (9 —10)? + (10 — 10)? + (12 — 10)? + (13 - 10)? 
CF sacras tum Ret Ce Deis T qo elc rc A UMMM aE 
5 

P (G2: eee (Doo dee (a) 
i 5 
the standard deviation is 2.45 


388 


Finding the Standard Deviation of a Frequency Distribution 


When finding the standard deviation from a frequency distribution, the deviation of each 
variable from the mean is squared and then multiplied by the frequency (f ) of that variable. 
The result is then divided by the sum of the frequencies. 


Finally, we get the square root of the result. 
This procedure can be represented by the formula 
Xf(x — xy, where Xf(x — x)’ is the sum of the f(x — x)? column and 


xf df is the sum of the frequencies. 


The worked example below will show you how to lay out your work when finding the 
standard deviation of a frequency distribution. 


Find the standard deviation of the following frequency distribution: 


Variable (œ) 1 2 3 4 8$ 
| Frequency (f) 9 9 6 4 7 


First find the mean of the distribution. 


(9 X 1) c (9X2) (6X3) c (4X4) -(7XxX5) - (8X 6) 
Qa Osh Ose Ae EO 


The mean = 


28 
2j 


I 
Dx = 104 


XE ee 
o xf "us 1.65 


Note: To calculate the standard deviation of a grouped frequency distribution, take the 
mid-interval values of the variables and proceed as in Example 3 above. 


Use of calculator to find standard deviation 


The tedious work involved in calculating the standard deviation of a large set 
of data can be substantially reduced by using a scientific calculator. 


In the following examples, we will use the Casio fx-83ES calculator 
to illustrate the keys and steps involved in finding standard deviation. 


Example 4 


Find (a) the mean (b) the standard deviation ofthe following set of numbers: 
O 3 3 dcum (ii) 10, 6, 2, 16, 4 


(i) Key in and select (2) for statistics mode. 


Then select (1) for 1 — VAR. 


Now input the numbers 


To get your answers, key in to clear, and | SHIFT (1) to go to menu. 
Now select (5) to get statistics on variables. 


Then select (2) for x (the mean), then a 

The mean x is 3.8. 

'To proceed to get the standard deviation, key in to clear. 

Now key in (1) to go to menu and select (5) to get statistics on variables. 
Now key in (3) forxon (standard deviation) m 


The result is 2.4819... = 2.5 
*. standard deviation = 2.5 


(ii) 10, 6, 2, 16, 4. 
Here is the sequence of keys to find the mean and standard deviation. 


mo GJG) 
Nena 


(Ac)( (SHIFT IE Ji5)()( 3 4.963869... — 5.0 — standard deviation 


4. Percentiles 

Percentiles divide data into 100 equal parts. 

Percentiles give a measure of your position relative to others in a data set. If you are told that 
you are on the 70th percentile in a competitive test, this means that 70% of the competitors 
had scores lower than yours (or 30% higher than yours). It is important not to confuse 


percentiles with percentages. For example, you could achieve a score of 70% in a state 
examination but you could be at the 80th percentile. 


Percentiles are denoted by P4, Pa, P3, Pug ... 


How to find P, of a data set 

When asked to find the 40th percentile, P49, we are required to find the value of the number 
that is 4096 of the way into the data set. 

Thus to find P, of a data set: 


1. Order the numbers in the data set from smallest to largest. 


2. Now find k% of the total number of data points in the set. 


i.e. find ET X n, where n is the number of numbers in the set. 


3. (i) Ifthe answer in 2 is a whole number, for example 5, then the kth percentile is the 
mean of the 5th and 6th numbers in the data set. 
(ii) If the answer in 2 is not a whole number, for example 64, round up to 7. 
The 7th number in the data set will be the kth percentile. 


Here are the marks of 24 students in a science test: 


48 54 76 34 82 67 76 92 86 
80 73 64 57 68 36 82 74 71 62 46 52 
(i) Find Po 
(ii) Find P5 
(iii) If Sinead scored 74 in the test, find on what percentile is her score. 


First we order the data, starting with the smallest: 


34 36 46 47 48 52 54 54 
Gs il 72 79 A 76 Wo WW S2 G2 Wo 99 
(i) Po =x -144 
Since 14.4 is not a whole number, we go to the next whole number, i.e. 15. 
Pgo = the 15th number in the set. 
This number is 72. Thus Peo = 72. 


- = ER yp = 
NEL c ae Ls 
As this is a whole number, we find the mean of the 18th and 19th numbers in 


the data set. 


These numbers are 76 and 76. 


py = 16376 — 76 


(iii) If Sinead scored 74, this means that 16 students scored lower than she did. 
We now find the percentile that corresponds to 16. 


Percentile — 4 x 1e = 66.66 


Therefore Sinead is in the 67th percentile. 


Example 6 


Leah lives near the local bus stop. One day she recorded the number of people 
waiting in the queue for each bus. The table below shows her data. 


Number of people 3 4 E 6 7 8 9 | $9 || Ul 
Frequency 4 6 3 8 0 T 3 9 8 


(i) Find P4 (ii) Find Py 


(i) To find Py, we find a of the total frequency. 


The total frequency is 50. 


— 40 s S. _ 20th value + 21st value 
Pa =i X 7 —20- Pu aids MEME 


The 20th and 21st values lie in the fourth column, i.e., 6 people. 
P, = 6 people 


(ii) Pa = E x 2 = 41 > Py 


— 41st value + 42nd value 
2 


The 41st and 42nd values lie in the eight column, i.e., 10 people. 


Pg = 10 people 


Exercise 10.5 — 


1. Find the range for each of the following sets of data: 
(i) 6,3,8,2, 9, 5, 10 (ii) 21, 16, 72, 40, 67, 65, 55, 34, 17, 48, 32, 19, 44, 61, 73 


2. Nine students submitted their assignments which were marked out of 40. 
The marks obtained were: 
37, 34, 34, 29, 27, 27, 10, 4, 34 
(i) Write down the range of marks. (ii) Write down the median mark. 
(iii) Find (a) the lower quartile (b) the upper quartile (c) the interquartile range. 


Here are the times, in minutes, for a bus journey: 
15, 7, 9, 12, 9, 19, 6, 11, 9, 16, 8 


(i) Find the range of these times. (ii) Find the lower quartile. 
(iii) Find the upper quartile. (iv) Write down the interquartile range. 


A group of boys and girls took a French test. These are the marks which the boys got: 
13, 14, 14, 15, 14, 14, 15, 17, 16, 14, 16, 12 
(i) Find the range of the boys' marks. 
(ii) Calculate the mean mark of the boys. 


The mean mark for the girls in the class was 13.2 and the girls’ marks had a range of 7. 
(iii) Make two statements about the differences between the boys' and girls' marks in 
the French test. 


Conor played nine rounds of crazy golf. Here are his scores: 
51, 53, 50, 41, 59, 64, 66, 65, 50 
Find (i) the range (ii) the lower quartile 
(ili) the upper quartile (iv) the interquartile range. 


. The blood glucose of 30 adults is recorded. 


The results, in mmol/litre, are given below: 


3.1 3.6 3.7 2.2 2.3 4.0 44 4.0 5.1 4.0 4.5 3.7 3.8 3.8 2.3 
4.6 4.8 3.8 3.9 2.5 3.8 2.7 3.9 3.9 5.5 2.2 4.7 32 3.7 4.0 


(i) Find Q; and Q; and hence find the interquartile range. 

(ii) If an outlier can be identified as being E times the interquartile range above the 
upper quartile or 14 times the interquartile range below the lower quartile, find any 
outliers in the distribution. 


Calculate the standard deviation of each of the following arrays of numbers, giving your 
answer correct to one decimal place: 
(i) 1, 3, 7, 9, 10 (ii) 8, 12, 15, 9 (iii) 1, 3, 4, 6, 10, 12 


Use your calculator to verify your answer in each case. 


. Find the standard deviation of the numbers: 2, 3, 4, 5, 6. 


Now find the standard deviation of these numbers: 12, 13, 14, 15, 16. 


(i) What is the relationship between the two sets of numbers? 
(ii) What is the relationship between their standard deviations? 
(iii) What conclusion can you draw from the results? 


Use your calculator, or otherwise, to show that the standard deviation of the numbers 
3 4 6 2 8 8 5 is 2.17. 


10. 


11. 


12. 


13. 


14. 


15. 


There are two routes for a worker to get to his office. 

Both the routes involve hold-ups due to traffic lights. 

He records the time it takes over a series of six journeys for each route. 
The results are shown in the table. 


155 | T | ah 36 || dE | te 
ibt t S] iltey || it 


Route 1 
Route 2 


(i) Work out the mean time taken for each route. 
(ii) Calculate the standard deviation of each of the two routes. 
(iii) Using your answers to (i) and (ii), suggest which route you would recommend. 
State your reason clearly. 


Verify that 2 is the mean of this distribution. 
Hence calculate the standard deviation, correct to 1 decimal place. 


Frequency 4 3 2 3 


Show that the mean of the given frequency distribution is 3 and hence find the standard 
deviation, correct to 2 decimal places. 


4 
6 | 


Variable 
| Frequency 


TEAR 
1 9 | 
Use the mid-interval values to show that the mean of the grouped frequency 


distribution below is 5. 
Hence find the standard deviation of the distribution. 


1-3 | 3-5 | 5-7 | 7-9 
4 |3 $9 | 2 


| Class 


| Frequency 


Use the mid-interval values to find the mean and standard deviation of the given 
grouped frequency distribution: 


Variable 0-4 4-8 | 8-12 | 12-16 | 16-20 
Frequency 2 3 9 7 3 


The number of letters delivered to a business premises on each day of the 5-day 
working week were as follows: 
18, 26, 22, 34, 25 
(i) Calculate the mean number of letters delivered. 
(ii) Calculate the standard deviation, correct to one decimal place. 
(iii) If x is the mean and c is the standard deviation, find the values of x + ø and x — o. 


(iv) On how many days is the number of letters delivered within one standard 
deviation of the mean? 


16. The mean of the numbers 1, 9, a and 3a — 2 is x and the standard deviation is o. 
(i) Express x in terms of a. 
(ii) If ø= /20, find the value of a, if a € Z. 


17. Jack is wondering if he is taller or smaller than other boys in his age-group. 
After investigating, he discovered that he is at the 80th percentile. 
What percentage of boys in his age-group are 
(i) smaller than Jack (ii) taller than Jack? 


18. (i) The scores in a test ranged from 1 to 100. 
If Elaine's score was 85, does this mean that her score is in the 85th percentile? 
Explain your answer. 
(ii) In a national examination, Tanya's mark was at the 40th percentile. 
If 800 people took the examination, how many people did better than Tanya? 


19. Here are the marks, out of 100, of 20 students in a maths test: 
38 43 44 44 52 55 58 63 65 66 
68 69 71 72 72 77 79 79 84 85 


(i) What score indicates the 25th percentile? 
(ii) What score indicates the 75th percentile? 
(iii) Find the difference between the 40th and 75th percentile. 
(iv) How many students have scores greater than or equal to the 80th percentile? 
(v) Eoin received 65 marks in the test. At what percentile is Eoin's mark? 


20. Here are the prices (in €) of gents’ T-shirts in a sports shop: 
21 22 22 22 23 25 26 26 26 27 28 29 
29 32 32 32 33 37 40 40 42 42 46 48 
52 55 55 57 59 60 60 65 70 70 75 80 


(i) Calculate P; the 70th percentile. (ii) Calculate Py, the 40th percentile. 
(iii) How many of the T-shirts are lower in price than the 40th percentile. 
(iv) Find Py and then find the number of T-shirts that are more expensive than the 
price at the 80th percentile. 
(v) If the price of a T-shirt is €40, find what percentile this price represents. 


21. The numbers a,b,8,5,7 have a mean of 6 and a standard deviation of /2. 
Express a in terms of b and hence find the values of a and b for a > b. 


Section 10.6 Stem and leaf diagrams (stemplots) 


A stem and leaf diagram is a very useful way of presenting data. It is useful because it shows 
all the original data and also gives you the overall picture or shape of the distribution. 


It is similar to a horizontal bar chart, with the numbers themselves forming the bars. 
Stem and leaf diagrams are suitable only for small amounts of data. 


Often the stem shows the tens digit of the values and the leaves show the units digit. 
If you put them together, you get the original value. 


For example 4|2 represents 42. 


A typical stem and leaf diagram is shown below. 


0 6 9 

1 2- 5 (7) «— This represents 17. 
2 3 3 6 8 

3 0 2 7 

4 12 6 

& 4 Key: 3|2 = 32 


The data represented above is: 
6, 9, 12, 15, 17, 23, 23, 26, 28, 30, 32, 37, 41, 42, 46, 53 


Here are the marks gained by a class of students in a science test. 


58 65 40 59 68 63 81 76 63 57 44 47 53 70 80 
Go gl (Qi Sy 29 70) SZ 7 GE Gs SO s2 G5 (G9 75 


(i) Construct a stem and leaf diagram to represent this data. 
(ii) What is the mode of the data? 
(iii) What is the median? 
(iv) What is the range of the data? 


(i) First draw the stem of the diagram. 
The smallest value in the list is 40 and the largest value is 81. 
The stem of the diagram will be the tens digits from 4 to 8. 
Now work through the data values and put the second digit on the 
appropriate row. 


4|0 4 For the first value, 
58, the 8 will go on 
the 5 row. 


The numbers on the 
right of the diagram 
are the leaves. 


Finally, rewrite the diagram with all the leaves in order, with the smallest 
nearest to the stem. 


Remember to include a key. 


4 A 7 


Key: 6|3 = 63 


(ii) The mode is 63 as this is the value that occurs most often. 

(iii) As there are 30 values, the median will be the mean of the 15th and 
16th values. 
Count the values in the stem and leaf diagram to find the 15th and 
16th values. 
Since these are both 63, the median is 63. 


(iv) The range is the highest value minus the lowest value. 
= 81 — 40 = 41 


Different values for the stems 


In a stem and leaf diagram, each leaf consists of one digit only. 
The stem may have more than one digit. 


Here are the times, in seconds, for the contestants in a 60-metre race. 
66 49 57 76 82 63 65 74 51 53 62 78 
This time we will use the units as the stems. 
Step1 Draw the first diagram. Step2 Put the leaves in numerical 


The units are the stems. order. 
The tenths are the leaves. 


4 |9 49 

5/7 1 3 5.1 3 7 
6/6 3 2 6 2 3 5 6 
7|6 4 8 7|4 6 8 

8 | 2 Key: 6|3 = 6.3 seconds 8 | 2 


Back-to-back stem and leaf diagrams 

Two stem and leaf diagrams can be drawn using the same stem. 

These are known as back-to-back stem and leaf diagrams. 

The leaves of one set of data are put to the right of the stem. 

The leaves of the other set of data are put on the left. 

A back-to-back stem and leaf diagram is very useful to compare two sets of data. 


Jack and Ciara compared the length of time they spent each evening on their homework. 


Their times are shown in this back-to-back stem and leaf diagram. 


Jack Ciara 
6 5 5 3 242 
8 6 5|3]|6 7 
3 2.4 4 6 6 
115 2 3 4 5 
Key: 5|3 = 35 minutes 6] 4 8 Key: 4|6 = 46 minutes 


We read Jack’s times from the stem to the left. 
Thus Jack’s times are: 

22, 23, 25, 25, 26, 35, 36, ... 
Ciara’s times are: 

36, 37, 44, 46,46, 52, ... 


The following example shows how a back-to-back stem and leaf diagram can be used to 
compare two sets of data. 


Robert and Jane compared the lengths of time they spent each evening watching 
television. 
Their times are shown in the following back-to-back stem and leaf diagram. 


Robert 


Key: 3|4 = 43 minutes Key: 6|5 = 65 minutes 


What does the diagram show about the lengths of time Robert and Jane spent 
watching television? 

What was Jane’s median time spent watching television? 

What was Robert’s median time? 

Do these median times support your conclusion in (i) above? 


By looking at the diagram, we can see that most of Robert’s times are between 
22 and 39 minutes. 
Most of Jane’s times are between 45 and 67 minutes. 
This shows that Jane spends more time watching television than Robert does. 
(ii) For Jane, the value that is halfway through the distribution is 53. 
Thus her median time spent watching television is 53 minutes. 
(iii) Robert's median time is 34 minutes. 
(iv) Because Jane's median time is greater than Robert', it supports the view, 
expressed in (i) above, that she spends more time than Robert watching television. 


Finding the interquartile range from a stem and leaf diagram 


In Section 10.5 of this chapter, we found that the lower quartile is the value in the data that 
is one quarter way through the distribution. The upper quartile is the value that is three 
quarters way through the distribution. The difference between the upper quartile and the 
lower quartile is the interquartile range. 


We will now show how to find the two quartiles and the interquartile range of a distribution 
presented as a stem and leaf diagram. 


'The stem and leaf diagram below shows the marks, out of 50, obtained in a maths test. 


Marks obtained 
2 8 


4 
4 
2 


1 
1 
1 
0 


Key:2|1 = 21 


Find (i) the median mark (ii) the lower quartile 
(iii) the upper quartile (iv) the interquartile range. 


(i) The median mark is the mark that is halfway through the distribution. 
There are 15 data values. 
The halfway value is i (15 + 1) ie. the 8th value. 
Starting at the lowest value, the 8th value is 31. 
the median — 31 


The lower quartile is the value that is one quarter way through the 
distribution. 
This value is i (15 - 1) ie. the 4th value 
This value is 24. 
the lower quartile — 24 
The upper quartile is the value that is three quarters of the way through the 
distribution. 
This value is = (15 + 1) ie. the 12th value. 
This value is 41. 
the upper quartile = 41 
(iv) The interquartile range = upper quartile minus lower quartile 
= 4] — 24 
=17 


Exercise 10.6 


1. The stem and leaf diagram below shows the ages, in years, of 25 people who wished to 
enter a 10 km walking competition. 


1 4 4 6 9 

2 1 3 7 7 7 8 

3|3 6 6 7 9 

4|0 2 3 3 8 8 

5411 3 4 7 Key: 1|6 means 16 years old 


(i) How many people were less than 20 years old? 

(ii) Write down the modal age. 
(iii) How many people were between 35 and 45 years old? 
(iv) What was the median age? 


2. Twenty four pupils were asked how many CDs they had in their collection. 
The results are shown below: 


23 2 18 14 7 + 25 21 32 26 31 6 
17 6 18 19 31 21 12 1 0 8 14 15 


(i) Draw a stem and leaf diagram to represent this information. 
(ii) How many pupils had more than twenty CDs? 
(iii) What is the median number of CDs per pupil? 


3. The times, in seconds, taken to answer 24 telephone calls are shown. 


32 56 24 35 43 36 28 #58 33 26 35 28 
5.6 35 42 15 27 25 37 31 29 42 24 3.0 


Copy and complete the stem and leaf diagram on the right 
to represent this information. 
(i) How many of the calls took longer than 4 seconds 

to answer? 

(ii) What is the difference, in seconds, between the shortest 
and the longest times to answer the calls? 

(ii) What is the median length of time taken to answer the calls? 

(iv) What is the modal length of time? 


Key: 3/2 means 
3.2 seconds 


nA A U Ne 
N 


4. The stem and leaf diagram below shows the marks achieved by 19 students in a test. 


stem | leaf 
2 


udo NM RU 
YN OWN 
ON r2 BND 

CA 

oo 

Ko) 


8|1 4 Key: 4|2 = 42 marks 


(i) Write down the range of the marks. (ii) Find the value of the lower quartile. 
(iii) What is the upper quartile? (iv) What is the interquartile range? 


5. The number of laptops sold by a store was recorded each month for a period of 26 months. 
The results are shown in the stem and leaf diagram below. 


stem | leaf 
1,8 
2]|3 6 7 9 
3|2 6 6 6 
4|4 5 5 5 7 7 9 
5:2 7 7 9 Key: 1|8 means 18 laptops 
(i) Find the median. (ii) Find the lower quartile. 
(iii) Find the upper quartile. (iv) Work out the interquartile range. 


(v) Write down the modal number of laptops sold. 


6. The results for examinations in Science and French for a class of students are shown in 
the back-to-back stem and leaf diagram below: 


Science French 
7 5|2 
8 0/3] 6 
5.541|0 5 7 8 
9 5 3 2/5)1 5 8 
7 5|]6|2 4 4 5 7 
3 17|2 4 5 6 
Key: 17 = 71 6 3|8.3 5 
marks 11/9 Key: 3|6 = 36 marks 


(i) How many students took the examinations? 

(ii) What is the range of marks in (a) Science (b) French? 
(iii) What is the median mark in Science? 
(iv) What is the interquartile range of the French marks? 


7. The back-to-back stem and leaf diagram below shows the rested pulse rates of a group of 
college students. They are split into those who smoked and those who didn't. 


Smoke Do not smoke 
5|0 8 9 
9 8 5/6|0 4 4 5 6 6 6 8 8 
6 6 5 00 7/|0 1 1 8 9 
8 8 630/80 1 6 8 8 
Key: 5[6 = 65 bpm 2 a Key: 5|8 = 58 bpm 


(i) Find the median and range of the pulse rates of the group who smoked. 
(ii) Find the median and range of the pulse rates of the group who did not smoke. 
(iii) If a lower pulse rate indicates a higher level of fitness, which of the two groups is 
the fitter? Explain your answer. 


8. The table below gives the examination marks in French and English for a class 
of 20 pupils. 


MEE 75 069 | 58 | 58 | 46 | 44 | 32 | S0 | 53 | 78 
us gilea lalalalalalala a 
eee 52 | 58 | 68 | 7 | 38 | 85 | 43 | 44 | 56 | 65 
EXE 65 | 79 | 44 71 84 | 72 | 63 | 69 | 72 79 


(i) Construct a back-to-back stem and leaf diagram to represent these results. 
(ii) What is the median mark in French? 
(iii) What is the median mark in English? 
(iv) In which subject did the pupils perform better? Explain your answer. 


9, Thelengths of time (in minutes) that twenty people had to wait to buy tickets at two 
cinema complexes were recorded. 
The back-to-back stem and leaf diagram below shows the results. 


Cinema 
Movie Matrix 1 Movie Matrix 2 
6 5 3 2 2|0/2 4 5 6 
8 7 6 5 3 1|1]|0 2 4 6 7 8 8 9 
8 6 4 3 3 2 1 2]|1 2 4 5 5 
2 0/313 3 
Key: 1|2 = 21 mins Key: 2/4 = 24 mins 


(i) What is the range of waiting times at Movie Matrix 2? 
(ii) What is the median waiting time at Movie Matrix 1? 
(iii) One time is missing from Movie Matrix 2. 
Give a possible value for this missing time. 
(iv) A patron is selected at random from Movie matrix 1. 
What is the probability that this person waited longer than 10 minutes for tickets? 
(v) At which cinema would you have the shorter wait? 
Justify your answer. 


10. Ten men and ten women were asked how much television they watched the previous 
weekend. Their times, in minutes, were as follows: 


| Men ee Eo ee 2zlzlale Bil 
(Women | 40 | 41 | 31 | 62 | 63 | 75 | 8 | 88 | 93 | 95 


Copy and complete the back-to-back Men Women 
stem and leaf diagram opposite. 
(i) What is the modal time for men? 

(ii) What is the median time for 
(a) men (b) women? 

(iii) What is the range of times for 
(a) men (b) women? 

(iv) Use the results in (ii) and (iii) ^ Key: 4|6 = 64 mins | 9 | Key: 4/0 = 40 mins 
to show that women spend more time watching television than men do. 


Section 10.7 Histograms 


One of the most common ways of representing a frequency distribution is by means of a 
histogram. 


Histograms are very similar to bar charts but there are some important differences: 
> there are no gaps between the bars in a histogram 

> histograms are used to show continuous data 

> the data is always grouped; the groups are called classes 

> the area of each bar or rectangle represents the frequency. 


Histograms may have equal or unequal class intervals. 
For our course, we will confine our study to histograms with equal class intervals. 


When the class intervals are equal, drawing a histogram is very similar to drawing a bar chart. 


'The frequency table below shows the times taken by 32 students to solve a problem. 


| Time (in secs) 0-10 | 10-20 | 20-30 | 30-40 | 40-50 | 50-60 
| No. of students 1 2 8 12 6 3 


(i) Draw a histogram to represent this data. 
(ii) Write down the modal class. 
(iii) In which interval does the median lie? 


We first draw two axes at right angles to each other. 


We plot the variables (time in this case) on the horizontal axis and plot the 
frequencies (number of students) on the vertical axis. 


(i) The histogram is shown below. 
12 
iit 


= 
© 


It is important to 
label each axis. 


Frequency 


O a VU È a D> CO o 


20 30 40 50 60 
Time (seconds) 


(ii) The modal class is the class with the highest frequency. 
This is the (30-40) second class. 


the modal class is (30-40) seconds. 


(iii) The median is the value halfway through the distribution. 
'There are 32 students altogether; so the middle students are the 16th and 


17th students. 


The sum of the numbers of students in the first three intervals is 
172-48 ie. 11 


The 16th and 17th students will lie in the next interval, i.e., (30-40) seconds. 
Thus the median lies in the (30-40) second interval. 


Note: 


If a table of results does not contain equal class-intervals proceed as follows: 


Time (secs) 0-20 20-30 | 30-40 | 40-50 | 50-60 
No. of pupils 6 8 10 6 4 


Time 0-10 | 10-20 20-30 30-40 40-50 | 50-60 
|! No. of pupils 3 3 8 10 6 4 


Two equal intervals are made by halving the frequency of the original interval. 


Exercise 10.7 


1. At the end of their journeys, 30 motorists were Distance Frequency 
asked how many kilometres they had travelled. (in km) 
Their responses are shown in the table opposite. 0-20 6 
(i) Draw a histogram to illustrate this data. 20—40 12 
(ii) How many motorists had travelled 40 km or more? 40—60 7] 
(ii) What is the modal class? 60-80 
(iv) What percentage of the motorists travelled | goioo | 1 | 


between 20 km and 40 km? 
[0-20 means =0 and <20] 


2. The histogram below shows the ages of people living in a village. 
18 


Number of people 


0 10 20 30 40 50 60 70 80 
Age (in years) 


If there were 4 people in the (10-20) year age-group, answer the following questions: 
(i) How many people were aged between 30 years and 40 years? 
(ii) Which is the modal class? 
(iii) How many people were aged under 30 years? 
(ivy) How many people lived in the village? 
(v) Which interval contains 20% of the people surveyed? 
(vi) In which interval does the median age lie? 


. The frequency table below gives the waiting times of a group of patients at a 


doctor's surgery. 


Waiting time (in mins) 0-4 4-8 | 8-12 | 12-16 | 16-20 | 
| No. of patients 2 6 10 12 8 | 


(i) Draw a histogram to illustrate this data. 
(ii) How many patients were included in the survey? 
(iii) Which is the modal class? 
(iv) In which interval does the median lie? 
(v) Whatis the greatest number of patients who could have waited longer than 
10 minutes? 
(vi) Whatis the least number of patients who could have waited longer than 14 minutes? 


. The histogram below shows the times 16 
taken, in seconds, for a group of pupils 14 
to solve a puzzle. 21 

(i) How many pupils took 15 seconds = 10 

or longer to solve the puzzle? € g 

(ii) How many pupils took part? E 6 

(ii) Which is the modal class? S i 
(iv) In which interval does the median Z, 

lie? : 

0 


(v) What is the greatest number of 
pupils who could have solved the 
puzzle in less than 8 seconds? 

(vi) What is the least number of pupils who could have solved the 
puzzle in less than 12 seconds? 


0 5 10 15 20 25 
Time (seconds) 


. The grouped frequency table opposite shows the minutes Mi Number of 
spent in a shopping complex by a number of people: inutes people 
(i) Draw a histogram to illustrate the data. 5-15 8 

(ii) Write down the modal class. 

i M — 15-25 14 
(ii) In which interval does the median lie? 25.35 28 
(iv) Which interval contains exactly 2096 of the people? = 

(v) What is the greatest number of people who 35-45 20 


could have spent more than 30 minutes in the shopping complex? 
(vi) Use the mid-interval values to calculate the mean time spent in the shopping 
complex, correct to the nearest minute. 


Section 10.8 The shape of a distribution 


In the previous section, we encountered histograms of various shapes. 


The diagrams below show four histograms, all with different shapes. 


A B C D 
Only histogram D appears balanced or symmetrical as it has an axis of symmetry. 
The other three histograms are less balanced or skewed in some way. 


Histograms are very useful when you want to see where the data lies and so get a clear picture of 
the shape of the distribution. For example, in histogram A above, we can see that most of the data 
is concentrated at the lower values. In histogram C, the data is concentrated at the higher values. 
There are some shapes that occur frequently in distributions and you should be able to 
recognize and name them. The most common and frequently occurring shapes follow. 


1. Symmetrical distributions 


> This distribution has an axis of symmetry down the middle. 
It is called a symmetrical (or bell-shaped) distribution. 


Mean 
Median 
Mode 


Mean = Median = Mode 


>» One of the most important symmetrical distributions in 
statistics is the normal distribution. 
> Real-life examples of a symmetrical (or normal) distribution are 


(i) the heights of a random sample of people 
(ii) the intelligence quotients (IO) of a population. 


2. Positive skew 


> When a distribution has most of the data at the lower values, 
we say it has a positive skew. The following histogram shows 
a positive skew as most of the data, represented by the higher 
bars, is mainly to the left. 


Notice that there is a long tail to the right of the distribution. 


Tail to the right Tail to the right 


Mode 
>» Real-life examples of a distribution with a ue an 
positive skew are 
(i) the number of children in a family 
(ii) the age at which people first learn to ride a bicycle 


(ii) the age at which people marry. 


3. Negative skew 


> When a distribution has most of the data at the higher values, we say that the distribution 
has a negative skew. 


When a distribution has a negative skew, the tail will be to the left. 


Tail to the left : ! 

: ı Mode 
' Median 

Mean 


> Real-life examples of a distribution with a negative skew are 
(i) the ages at which people have to get their first pair of reading glasses 
(ii) the heights of players playing in a professional basketball league. 


4. Uniform distributions 
In a uniform distribution, the data is evenly spread throughout. 
It does not have a modal class. 


5. Bimodal distributions 


This distribution has two modes. 


It is called a bimodal distribution. 
The modes are 6 and 16. 


A distribution that has three or more modes is said 
to be multimodal. 


6. Distributions and standard deviation ek SE sor 


Consider the two distributions, D and (B, shown below: 


104 €» 104 


84 


mean 


In distribution (A), most of the data lies between 2 and 5. 


In distribution (B, the data is more spread out and further from the mean than the data in 
distribution (A). 
The more spread out the data is in a distribution, the greater the standard deviation will be. 


In the distributions above, we can conclude that has a higher standard deviation than (A). 
In the two distributions © and (D) below, the mean y is given in each. 


© D 


0 2 4 6 8 10 12 0 2 4 6 8 10 12 
u-13 u=6.2 
From the diagrams, we can see that more of the data is further from the mean in © than in ©). 
Thus distribution (e has the greater standard deviation. 


408 


Exercise 10.8 


1. Describe the distribution shown. 
(i) What is this distribution commonly known as? 
(ii) Give one real-life example of this distribution. 


2. Isthis distribution positively or negatively skewed? 
You will notice that most of the values are 
at the lower end of the distribution. 
Give one real-life situation that is an example 
of this type of distribution. 


3. Here are three distributions: 


(a) (b) (c) 


(i) Which of these distributions is symmetrical? 
(ii) Which distribution is positively skewed? 
(iii) Which distribution is negatively skewed? 
(iv) Which distribution is the most likely to represent this data? 
"The weights of international rugby players'. 


(v) Which distribution best represents this data? 
‘The intelligence quotients (IO) of a large number of second-level students. 


> 


4. Describe the distribution illustrated below. 


For the mode, mean and median of this distribution, 
(i) state which of the three is the smallest 
(ii) state which of the three is the largest. 


5. Consider the two distributions (A) and shown below. 


Explain why the standard deviation of the data in is greater than the standard 
deviation of the data in (A). 


0 
0 1 2 3 4 5 6 0 1 2 3 4 5 6 


mean = 2.5 mean = 2.4 


For each of the following pairs of distributions, state whether Vy Or has the larger 
standard deviation. 


If they are the same, state so. 


6. (i) ®© (ii) (A 


e. NU RUA 
Foo 
] 
porerna 
uuu 
OrRPNWHUNOD 
= 


0 

012345 6 012345 6 012345 6 012345 6 
mean = 2.6 mean = 3.5 mean = 3 mean = 3 
7. () ® (B) (ii) ®© (B) 

6 6 6 64 

5 5 5 54 

4 4 4 44 

3 3 3 34 

2 2 2 24 

1 1 1 14 

0 — 0 T 0 m~~ 0 m~ 
0123456 0123456 0123456 0123456 

mean — 2.5 mean = 2.5 mean = 0.75 mean = 4.75 
8. (i) ON) (ii) (A) 

6 6 6 64 

5 5 5 54 

4 4 4 44 

3 3 3 34 

2 2 2 24 

1 1 1 14 

0 0 0 0 T 


0123456 0123456 0123456 0123456 
mean = 3.2 mean = 3.5 mean = 3 mean = 2.9 


9. (i) N) (ii) Vy 


6 6 6 6 
5 5 5 5 
4 4 4 4 
3 3 3 3 
2 2 2 2 
1 1 1 1 
0 0 0 0 
0123456 0123456 0123456 0123456 
u=2.2 u=2.5 u=19 HA 25 


10. The shapes of the histograms of four different sets of data are shown below. 


Jb. f. cani Id 


(i) Complete the table below, indicating whether the statement is correct (7) or 
incorrect (X) with respect to each data set. 


The data is skewed to the left. 
The data is skewed to the right. 
The mean is equal to the median. 


The mean is greater than the 
median. 


There is a single mode. | | 


(ii) Assume that the four histograms are drawn on the same scale. 
State which of them has the largest standard deviation, and justify your answer. 


Revision Exercise 10 (Core) 


1. State whether each of the following is primary data or secondary data: 
(i) Counting the number of hatchback cars passing the school gate. 

(ii) Looking at records to see how many people passed through Shannon Airport each 
day in June one year. 

(iii) Phoning local supermarkets and stores to find the hourly pay rates for part-time work. 

(iv) Going online to see how many medals each country won at the Vancouver Winter 
Olympics. 

(v) Examining tourist brochures to find the average midday temperatures of selected 
cities for the month of June. 


2. Here are the times, in minutes, for a bus journey: 
15, 7, 9, 12, 9, 19, 6, 11, 9, 16, 8 


(i) Find the range of these times. (ii) Find the lower quartile. 
(iii) Find the upper quartile. (iv) Write down the interquartile range. 


3. The mean of the numbers 3,6, 7, x and 14 is 8. 
Find x and the standard deviation of the set of numbers. 


4. (i) Whatisthe main difference between obtaining information by census and by 
sampling? 
(ii) A student discovered that his mark in a recent test was at the 72nd percentile. If 
90 students took the test, how many students received a higher mark than he did? 


5. The following stem and leaf diagram shows the amounts of money spent on a Friday 
night by a group of college students. 


Males Females 
8 | 0 | 6 
7 6 5]|1]|0 5 8 
9 9 9 8 6 6|2 5 5 
8 8 5 5 5.35 5 
Key: 5|4 = €45 8 5] 4] 0 Key: 3|5 = €35 


(i) How many students were in the group? 

(ii) Write down the largest amount of money spent by the males. 
(ii) What is the median amount of money spent by the females? 
(iv) What is the median amount of money spent by the males? 

(v) Comment on whether males or females spent the most money. 


6. (i) Without doing any calculations, state which of the following arrays of numbers has 
the greater standard deviation: 
(a) 2, 7, 10, 11, 12, 14, 15 (b) 1, 5, 9, 10, 15, 18, 21 
Give a reason for your answer. 


(ii) The data below gives the number of books read in the last month 
by a class of 20 students. 


Number of books, x 0 1 p 3 4 
Number of students, f 2 RES S 2 


Find the mean and standard deviation of the number of books. 


7. The principal of an 800-pupil school wishes to carry out a survey to determine how the 
pupils feel about the introduction of e-books instead of hard-copy textbooks. There are 
roughly the same number of pupils in each of the five year-groups. The principal decides 
to take a random sample of 100 students, with equal numbers from each year-group. 

(i) The principal is using two sampling methods in this survey. 
Name these two methods. 
(ii) How many students should she select from the first-year group? 
(ii) Describe one method of selecting a random sample of 10 students from 
100 students. 


8. A pollster working for RTE wants to know how many people are watching a new series 
which is being shown. She questions 200 people as they are leaving a supermarket 
between 10:00 and 12:00 one Thursday. 

(i) Do you think that this sample might be biased? Explain your answer. 
(ii) Suggest a more suitable way of selecting a sample. 


9. Explain what is meant by stratified sampling and cluster sampling. 
Your explanation should include 
(i) a clear indication of the difference between the two methods 
(ii) one reason why each method might be chosen instead of simple random sampling. 


10. Alexandrine enjoys listening to popular music. 
On one CD she noted that the lengths of the tracks varied greatly. 
These are the times, in minutes, of the tracks. 
46 38 40 31 42 32 35 47 
47 3.3 47 41 36 34 46 5.9 
(i) Construct a stem and leaf diagram to show these times. 
(ii) Write down the mode of the distribution. 
(iii) Find the median and interquartile range. 


Revision Exercise 10 (Advanced) 


1. The table below lists some statistics for the performances of Nicola and David in their 
mathematics tests over a term. 


Student Mean Standard deviation Range 
Nicola 70 3.8 11 
David 64 DS 11 


Which student, Nicola or David, had the more consistent test results? 
Give a reason for your answer. 


2. Here are the marks, out of 100, of 24 students in a national test: 
46 73 68 65 37 48 74 68 76 55 42 38 
57 63 68 71 46 54 82 78 66 46 64 59 


(i) Find P4, the 40th percentile. 
(ii) Gillian scored 71 marks in the test. 
At what percentile was her mark? 


3. The size, mean, and standard deviation of four different data sets are given in the table 


below. 
A B C D 
size (N) 1000 100 100 10 
mean (u) 10 100 1000 100 
standard deviation (o) 20 30 20 10 
Complete the sentences below by inserting the relevant letter in each space: 
(i) The biggest data set is and the smallest is 
(ii) In general, the data in set is the biggest and the data in set is the 
smallest. 
(ii) The data in set is more spread out than the data in the other sets. 
(iv) Set must contain some negative numbers. 


(v) If the four sets are combined, the median is most likely to be a value in set 


4. Using the mid-interval values, find the standard deviation of the given grouped 
frequency distribution. Give your answer correct to 1 decimal place. 


Class interval 


Frequency 4 3 0 2 


5. The histogram below represents a certain distribution. 
Y 


O CBA 
(i) Is the distribution positively or negatively skewed? 
Explain your answer. 
(ii) The mean, mode and median of the distribution are represented by the points A, 
B and C. 
State what each point represents. 
(iii) Give a real-life example of a distribution that is likely to have this shape. 


6. A meat-canning factory supplies a supermarket with cans of meat in three sizes: large, 
medium and small. 
The regular consignment is of 300 large cans, 500 medium cans and 400 small cans. 
If the supermarket applies the method of stratified random sampling to select a sample 
of 60 cans to test the quality of the goods, how many of each size should be selected? 


7. 'The number of road accidents recorded per day at a busy junction were recorded over a 
400-day period as follows: 


| Accidents per day | 0 1 2 3 4 3 6 
Number of days | 26 90 57 19 5 | 3 200 


(i) Calculate the mean number of accidents per day. 
(ii) Calculate the standard deviation of the number of accidents per day. 


An earlier study at the same road junction produced the results shown below. 


Daily road accidents 
Mean 32 
Standard deviation 1.15 


(iii) Compare the results of the two studies. 


8. State which is the explanatory variable and which is the response variable in each of the 
following. 
(i) The wheat yield per hectare and the quantity of fertilizer applied. 
(ii) The number of suitable habitats and the number of species. 
(ii) The length of time it takes for a container of hot water to cool and the amount of 
water in the container. 
(iv) The petrol consumption of a car and the size of its engine. 


9, Name the sampling method employed in each of the following surveys: 


A: Taking every 20th name from a school list arranged in alphabetical order. 

B: Surveying the first 50 people you meet in the street. 

C: Putting all the names into a box and picking out 20 names without looking. 

D: Selecting a random sample of boys and girls from each year-group in proportion to 
their numbers. 

E: Selecting 40 interviewers and asking each interviewer to question fifty people in 


any way they wish. 


10. The runs scored by a cricketer in 11 innings during a season were as follows: 
47 63 0 28 40 51 a 77 0 13 35 
The exact value of a was unknown but it was greater than 100. 
(i) Calculate the median and interquartile range of these 11 values. 
(ii) Give a reason why, for these 11 values, 


(a) the mode is not an appropriate measure of average 
(b) the range is not an appropriate measure of spread. 


Revision Exercise 10 (Extended-Response Questions) 


1. For each of the football seasons 2008/09 and Numberof Numberoft 
2009/10 of a major European league, a count is miles: mache: 
made of the number of goals scored in each of DODGE 2009/10 
the 380 matches. The results are shown in the 
table on the right: 0 30 32 

(i) For the number of goals scored in a match 1 79 82 
during the 2008/09 season, 2 99 95 
(a) determine the median and the 3 68 78 
interquartile range 
4 60 48 
(b) calculate the mean and standard 
deviation, correct to 2 decimal places. 5 24 30 
(ii) Two statistics students, Jole and Katie, 6 11 
independently analyse the data on the 7 6 
number of goals scored in a match during 
the 2009/10 season. 2 z 
> Jole determines correctly that the median 9 
is 2 and that the interquartile range is also 2. Total 380 380 


> Katie calculates correctly, to two decimal 
places, that the mean is 2.48 and that the standard deviation is 1.59. 


Use your answers from part (i), together with Jole's and Katie's results, to 
compare briefly the two seasons with regard to the average and the spread of the 
number of goals scored in a match. 


2. Sophie and Jack do a survey every day for three weeks. Sophie counts the number 
of pedal cycles using Market Street. Jack counts the number of pedal cycles using 
Strand Road. The data they collected is summarised in the back-to-back stem and leaf 
diagram. 


Sophie |Stem | Jack 


9 9 7 5 0 6 6 
7 6 5 3 3 2 2 2 1 1 1 1 1 5 
5 3 3 2 2 2 1 2 2 2 3 7 7 8 9 
2 1 3 23 4 7 7 8 
Key: 13 = 31 4 | 2 Key: 2|1 = 21 


(i) Write down the modal number of pedal Sophie Jack 


cycles using Strand Road. Lowerauarhie X 21 
The quartiles for these data are H 


summarised in the table opposite. 
(ii) Find the values for X, Y and Z. 


(ii) Write down the road you think has the most pedal cycles travelling along it 
overall. Give a reason for your answer. 


Upper quartile 


3. The diagrams show the age distribution of road-user casualties. 


No. of 
casualties 


No. of 
casualties 
N 
= 
5 


No. of 


G) 
(i) 


(iii) 
(iv) 


600 
400 Drivers 


200 


10 20 30 40 50 60 70 80 90 100 
Age (in years) 


Passengers 
10 20 30 40 50 60 70 80 90 100 
Age (in years) 


200 Pedestrians 


casualties 


10 20 30 40 50 60 70 80 90 100 
Age (in years) 
Comment on the shape of the distributions of driver and passenger casualties 
mentioning skewness and clustering. 
At what age are you most likely to be injured in a road accident if your are 
(a) the driver (b) a passenger? 
Comment on the shape of the distribution of pedestrian casualties. 
If you were running a road safety campaign to help lower the number of casualties 
on our roads, whom would you target and why? 


4. Some research was carried out into the participation of girls and boys in sport. The 
researchers selected a simple random sample of fifty male and fifty female teenagers 
enrolled in GAA clubs in the greater Cork area. They asked the teenagers the question: 
How many sports do you play? 


The data collected was as follows: 


(i) 
(ii) 
(iii) 


(iv) 


Boys Girls 
Q.3b.5. 1.45 1; 3.3, 31. 1. 3:3;3; 1, 1,3. 3, 1,3, 3, 
1, 2, 2, 2, 5, 3, 3, 4, 1,2, 2, 2, 4, 4, 4, 5, 5, 2, 2, 3, 
2.2. 2.3, 3,3; 4, 5 ly 1, 3; 35.4) 156, 2, 3, 3; 3, 4, 
1;1,.1,2;2,2,.2,2,3.53,. MAS 4, 3:3. 3.4.4.3, 
3; 35.23,29,3,29,9,29,39.9  1,1,23,2; 1; 3; 5,3; 1; 3 


Display the data in a way that gives a picture of each distribution. 

State one difference and one similarity between the distributions of the two samples. 
Do you think that there is evidence that there are differences between the two 
populations? 

The researchers are planning to repeat this research on a larger scale. 

List two improvements they could make to the design of the research to reduce 
the possibility of bias in the samples. Explain why each improvement you suggest 
will reduce the likelihood of bias. 


Competitors 


10 14 18 22 26 30 
Time (minutes) 


224 athletes completed a triathlon which consisted of a 750 metre swim, followed by a 
20 kilometre cycle, followed by a 5 kilometre run. 
Some of the summary statistics are given in the table below: 
Three of the entries in the table have been removed and replaced with question marks (?). 
Swim Cycle Run 
Mean 18.329 41.927 X 
Median 17.900 41.306 7 
Mode 
Standard Deviation P 4.553 3.409 
Sample Variance 10.017 20.729 11.622 
Skewness 1.094 0.717 0.463 
Range 19.226 27.282 20.870 
Minimum MESS 0) 31.566 16.466 
Maximum 30.576 58.847 37.336 
Count 224 224 224 
Histograms of the times for the three events were produced. 
Here are the three histograms without their titles. 
705 804 
604 m 704 
50- : 2 So 
sd 3 9 404 
7 f 
104 E 7 10. 
0+ 0 0+ 
16 20 24 28 32 36 30 34 38 42 46 50 54 58 
Time (minutes) Time (minutes) 
(i) Use the summary statistics in the table to decide which histogram corresponds to 
each event. 
(ii) The mean and median time for the run are approximately equal. Estimate this 
value from the corresponding histogram. 
(ii) Estimate, from the relevant histogram, the standard deviation of the times for the 
swim. 
(iv) When calculating the summary statistics, the software failed to find a mode for the 
data sets. Why do you think this is? 
Some students are using a database of earthquakes to investigate the times between the 


occurrences of serious earthquakes around the world. They extract information about all of 
the earthquakes in the 20th century that caused at least 1000 deaths. There are 115 of these. 


The students wonder whether there are patterns in the timing of these earthquakes, so 
they look at the number of days between each successive pair of earthquakes. 


They make the following table, showing the number of earthquakes for which the time 
interval from the previous earthquake is as shown. 


Time in 
days from 0- 100- | 200-/ 300-| 400-  500-  600-  700- | 800- 1000 
previous 100 | 200 | 300 | 400 | 500 | 600 | 700 | 800 | 1000 1300 
earthquake 


Number of 
earthquakes 


31 24 12 14 8 7 5 6 3 3 


(i) 
(ii) 


(iii) 


(iv) 
(v) 


[Source: National geophysical data center, significant earthquake database: www.ngdc.noaa.gov] 


Create a suitable graphical representation of the distribution. 


Describe the distribution. Your description should refer to the shape of the 
distribution and should include an estimate of the median. 


The mean time between these earthquakes is 309 days and the standard deviation 
is 277 days. Suppose that such an earthquake has just occurred and that we want 
to find the probability that the time to the next one will be between 100 and 200 
days. Explain why it would not be correct to use standard normal distribution 
tables (z-tables) to do this. 

Based on the information presented in this question so far, what is the best 
estimate for the probability described in part (iii) above? Explain your reasoning. 
As stated at the beginning, the students chose to analyse earthquake timings 

by looking at the time intervals between the occurrences of a particular type of 
earthquake. Suggest a different way that they could have looked at the data in the 
database in order to try to find patterns in the timing of earthquakes. 


Coordinate Geometry: 
11 The Circle 


Key words 


centre radius tangent chord perpendicular parallel intersection 
common chord point of contact internally externally common tangent 


Section 11.1 The equation of a circle with 
centre (0, 0) 


Definition 


A circle is a set of points equidistant from a given PA 
pointcallldthecentre. ee 


[OP] is always equal in length to the radius. 


The circle on the right has centre (0, 0) yA j^ 
and radius r. 
P (x, y) 
Let P(x, y) be any point on the circle. 
In the given right-angled triangle E 
we have, x 
tty =r 
This is the equation of the circle with The equation of te 
centre (0, 0) and radius r. crede wih centre 
To find the equation of a circle, we require (0, 0) and radius r is 
(i) the centre of the circle (ii) the length of the radius. P+y=r’. 


A circle has its centre at (0, 0) and passes through the point (3, —1). 
(i) Find the length of the radius of the circle. 
(ii) Find the equation of the circle. 


(i) The length of the radius is the distance from (0, 0) to (3, —1). 
This distance is / (x, — xj + (y; — yi? 
= (3 - 0)? + (-1-0) = V9 +1 = /10 


(ii) Equation of circle: x? + y? = r? 


> ¢+y?=(/10 y 
=> x? + y? = 10 is the required equation. 


If we are given the centre and the equation of a tangent 
to the circle, then the radius is found by getting the 

length of the perpendicular from the centre of p 
the circle to the tangent. ‘ 


d = length of radius 


The line 2x + 3y — 13 = 0 is a tangent to a circle with centre (0, 0). 
Find the equation of this circle. 


The radius of the circle is the perpendicular 2x + 3y —- 13 =0 
distance from (0, 0) to 2x + 3y — 13 = 0. A 


Using the formula ie ae 


the radius = eA Oe) 


v4+9 


leis ENA) ire 
a = /13 
/13 13 
The equation of the circle is x? + y? = r? r= V13 
le, 3 +b y^ 


Finding the radius of a circle from its equation 
The circle whose equation is x? + y? = 7? has centre (0, 0) and radius = r. 
=> the circle x? + y? = 8 has centre (0, 0) and radius V8. 


If the equation of the circle is 4x? + 4y? = 9, then divide each term by 4 so that the equation 
is in the form x? + y? = r?. 


4)! + 4y =9 > x+y 


N 


NIW ALO eo 


> r 


4 
I 


Exercise 11.1 
1. Write down the equation of the circle with centre (0, 0) and radius 


(i) 2 (ii) 5 (iii) V2 (iv) 3/2 (v) i (vi) 25 


2. Acircle with centre (0, 0) contains the point (3, 4). 
Find the equation of the circle. 


3. Find the equation of the circle with centre (0, 0) and which passes through the point 
(74, 1). 


4. The points (4, 3) and (—4, —3) are the end yA 
points of the diameter of a circle. 
Find (i) the coordinates of the centre of (4, 3) 

the circle 
(ii) the length of the radius 
(iii) the equation of the circle. > 


(74.73) 


5. The line segment joining (4, —1) and (—4, 1) is the diameter of a circle. 
Find the equation of this circle. 


6. Write down the radius of each of these circles: 
G) x-y-9 (ii) x24 y21 Gii) x + y2— 27 
(v) 4x* + 4y? = 25 (v) 9x° + 9 = 4 (vi) 16x? + 16y? = 49. 


7. The line 2x + y — 5 = 01s a tangent to the circle 
with centre (0, 0). 


(i) Find the length of the radius of the circle. 
(ii) Write down the equation of the circle. 


8. Find the equation of the circle of centre (0, 0) if the line 4x — 3y — 25 = 0 is a tangent 
to it. 


9. The line 3x — y + 10 = 0 is a tangent to a circle with centre (0, 0). 
Find the equation of the circle. 


10. Find the equation of the circle s with centre (0, 0) 
and radius 2/5. 
tis the line x — 2y + 10 — 0. 
By finding the distance from the centre of s to the 
line t, determine whether t is a tangent to s. 


Section 11.2 Equations of a circle with centres 
not at (0, 0) 


1. The equation of a circle with centre (h, k) and radius r 


The diagram on the right shows a circle with YA 
centre C(h, k) and radius r. 


P (x, y) 
y-k 


Let P(x, y) be any point on the circle. 


The distance from C to P is equal to the radius. 


From the diagram, 

[CPP = (x — hy. + (y — ky 
But |CP| = r 

=> (x-hy-c(y-ky-2r 


av 


Find the equation of the circle with centre (3, —1) and radius 4. 


The equation is (x — A? + (y - ky =r? 
(x—3)-c-(y-1924 
Se Oy qe an s To 

=> x? + y? — 6x + 2y — 6 = 0 is the equation 


Find the centre and radius of the circle 
(x — 3 + (y + 4) = 36 


l= 3 a A) 20 


E NES 4 "m 
centre — (3, —4) radius — /36 — 6 


2. The general equation of a circle 
Consider the equation (x — 3)? + (y + 4)? = 36 
in Example 2 above 
(x — 3) + (y + 4)? = 36 
=> xX —6x+9 +y? + 8y + 16 = 36 
> x? +y? = 6x +8y-11=0 


: A "al A 1 : 
The centre is (3, 4) | where3 is — (i coefficient of x) 
l and —4 is -( coefficient of y) 
Y 
The radius is /(3 + (—4)? — (-11) 


=/9+16+11 = v36 =6 


Find the centre and the radius of the circle x? + y? — 2x + 4y - 8 = 0. 


1 


Centre = (-4 coefficient of x, —5 


2 
z (i -2) 


Radius = yg? + f?— c 
zu (4 (27 = (8) 
=V71+4+8= 713 
the centre = (1, —2) and radius = /13 


coefficient of y) 


Note: 1. The equation ofa circle can be written in two ways 
(i) (x — hy + (y — k? =r’... centre = (h, k) and radius = r 
(ii) x? + y? *2gx + 2fy + c = 0 ... centre = (—g, —f) and radius = y g? + f? — c 
2. When finding the centre and radius of a circle whose equation is in the form 
x? + y? + 2gx + 2fy + c = 0, ensure that the coefficients of x? and y? are both one. 


3. The equation of circle has these characteristics: 
(i) The equation is of the second degree in x and y. 
(ii) The coefficients of x? and y? are equal. 
(iil) There is no term in xy. 


Points and circles 


Note: Ifthe coordinates of a point satisfy the equation of a circle, then that point is on the 
circle. 


Example 4 


Investigate if the point P(4, 1) is inside the circle x? + y? — 6x + 4y + 4 = 0. 


Centre of circle = (3, —2) 
Radius of circle = / (3)? + (=2)? — 4 = V9 + 4=4 =y9 =3 
Distance from (3, —2) to P(4, 1) is 
44 — 3y + +2) =v1 +9 = /10 
Since this distance, i.e. V10, is greater than the radius 3, 
=  P(4,1) is outside the circle 


Exercise 11.2 
1. Find the equation of each of the following circles in the form (x — A} + (y — ky =r’. 


(i) centre (3, 1); radius = 2 (ii) centre (1, —4); radius = /8 
(iii) centre (4, 0); radius — 2/3 (iv) centre (0, —5); radius — 3/2 


2. The given circle has centre (2, 2). 
If the circle contains the point (5, 1), 
find its equation. 


3. The line segment joining (3, 5) and (—1, 1) is the diameter of a circle. 


(i) Find the coordinates of the centre of the circle. 
(ii) Write down the equation of the circle. 


13. 


14. 


Write down the centre and radius of each of the following circles: 
(i) (x - 3? + (y - 25 = 16 (i) (x + 2» + (vy - 6) =8 
(iii) (x - 3} - y?-5 (iv) x? + (y + 2)? = 10 


Find the equation of the circle of centre (—2, 5) and whose radius is equal to the 
diameter of the circle (x — 3)? + (y + 4)? = 18. 


The given circle touches both the x-axis and y-axis. YA 
If the radius of the circle is 3, write down 
the coordinates of C, the centre. 

Hence write down the equation of the circle. 


» 
O x 
Find the centre and radius of each of the following circles: 
(i) x2 + y2 — 4x + 8y-5=0 (ii) x? + y2 — 2x —-6y — 15-0 
(iii) x? + y —8x—8-0 (iv) x? + y2 +5x —6y =5 
(v) 2x? + 2y? - Ax + 3y =0 (vi) 4x? + 4y? — 28y + 33 = 0 


Show that the point (5, —5) is on the circle x? + y? — 4x + 2y — 20 = 0. 

Show that the point (3, 6) is outside the circle x? + y? + 2x — 4y — 20 = 0. 

Investigate if the point (3, 1) is inside or outside the circle x? + y? — 2x + 4y — 15 = 0. 
Is the point (1, 1) inside, on, or outside the circle x? + y? — 6x + 4y + 4 — 0? 


The length of the radius of the circle x? + y? — 8x + 10y + k = 0 is 7. 
Find the value of k. 


The point (—4, 3) is the centre of a circle k. The y-axis is a tangent to k. 


(i) Draw a sketch of the circle k. 
(ii) Write down the radius of the circle. 
(iii) Write down the equation of the circle. 


The diagram shows four circles of equal radius length. 
The circles are touching as shown. 
The equation of kı is x? + y? = 4. 

(i) Write down the radius of kų. 

(ii) Write down the coordinates of the centre of k3. 
(iii) Write down the equation of kz. 
(iv) Is x? + (y + 4? = 4 the equation of k, or k4? 

Explain your answer. 


15. The centre of a circle k is in the second quadrant and the length of the radius is 4. 
The x-axis and y-axis are both tangents to k. 
Draw a sketch of this circle and hence write down its equation. 


16. The line 4x — 3y — 40 = 0 touches the circle YA 
(x — 2)? + (y — 6)? = 100 at P(10, 0). 
(i) Write down the coordinates of C, 
the centre of the circle. 
(ii) Show that CP is perpendicular to 
the given line. 


4x — 3y — 40 = 0 


> 
P(10,0) x 


17. Ona street plan, two roads are represented by 
straight lines with equations y = —x + 4 
and y = x. 
The intersection of these lines marks the 
centre of a roundabout whose diameter 
is 2 units on the plan. 
Find the equation of the circle representing 
the roundabout. 


18. The smallcircle, centre C, has equation 
(x + 2) + (y + 1y = 25 
The large circles, centres A and B, touch the 
small circle and AB is parallel to the x-axis. 
Find (i) the centre and radius of each of the 
three circles 
(ii) the equation of the circle with centre A. 


Section 11.3 Finding the equation of a circle 


To find the equation of a circle we generally require, 
(i) the centre and (ii) the radius of the circle. 


In the more difficult questions these two pieces of information are not given directly. We have 
to rely, therefore, on our knowledge of the geometry of the circle to find the centre and the 
radius. 


Three geometrical properties of the circle are particularly important. 


1. The perpendicular from the centre of a circle to a chord 
bisects the chord 
In the given figure, CM L AB 


|AM| = |MB| 


The corollary to this theorem is property 2, A 
given below. 


2. The perpendicular bisector of a chord contains the centre 


i i 
C 
In the given diagram, / is the perpendicular bisector of the 
chord [AB] and m is the perpendicular bisector of the 
chord [BC]. 
Each of these bisectors contains the centre, O. 
The point of intersection of these two perpendicular 
bisectors is the centre of the circle. "E o a B 
A 
Op 
P 


Note: This property is very useful when we require the 
equation of a circle containing three given points. 


3. The perpendicular to a tangent at the point of contact 
passes through the centre of the circle 
In the given diagram the tangent, f, touches the circle 
at the point P. 


The perpendicular to t through P contains the centre O. 


t 


1. Equation of circle containing three given points 


Find the equation of the circle which contains the points A(2, 1), B(0, 5) 
and C(—1, 2). B (0, 5) 


The given diagram shows the circle containing the 
three given points. 


lis the perpendicular bisector of [CA] 


mis the perpendicular bisector of [BC]. C(=i,2) 
We now find the equations of / and m. peu A (2, 1) 


Equation of /: Equation of m: 


24-2. 4 
Slope of AC — as Slope of BC = 


=> slope of / =3 


= slope of m = — 


en 
-( 
- 


Midpoint of [BC] — 


Nuw nju N 


S 


Equation of m: point = 


2x + 6y = 20 = 0 
x+3y—-10=0...® 
Solving the equations for / and m we get: 
© 3x-y=0 o 3x-y=0 
Q: x+3y=10 => 3x +9y = 30 
—10y = —30 


yes e «el 
the centre of the circle is O(1, 3). 
Radius of the circle is |OA|. 
lOA| = /(1—2? + (3-1? =v1 +4 - V5 
Equation of circle with centre (1, 3) and radius v5 is 
(p UP nc ey eT 
=> (x—-1y-(y-3yf-5isthe required equation 


Alternative method 


The equation of a circle containing three points can also be found by using the general 
equation of the circle, x? + y? + 2gx + 2fy + c = 0. By substituting the three sets of values for 
x and y we will then have 3 simultaneous equations. 

This is illustrated in the following example. 


Find the equation of the circle which contains the points (0, 0), (3, 1) and (3, 9). 


Let the equation of the circle be x? + y? + 2gx  2fy + c = 0. 


(0,0) €thecirle > 0+0+0+0+c=0 > c=0...0 
(3,1) €thecirle > 9+1+6g+2f+c=0 
=> 6g -2f- —10...9 ...(c — 0) 
(3,9) €thecircle => 9+81+6g+ 18f+c=0 
=> 6g + 18f= —90...@...(c =0) 
We now solve equations O and ©. 
Q: 6g + 2f = —10 
©: 6g + 18f = —90 
—16f = 80 
16f = —80 f= => 
@: 6g +2(—5) = —10 
6g =0 > g=0 
g=0,f= —Sandc=0 
We now substitute these values in the equation 
x? + y?+2gx+2fyt+c=0 2 x?+ y? — 10y = Ois the required 
equation 


Note: If one of the three points on a circle is (0, 0), the method of finding the equation 
shown in Example 2 may be easier than the method shown in Example 1. 


2. Equation of circle when given the equation of a tangent, the point 
of contact and one other point 


Find the equation of the circle which 
touches the line 3x — 4y — 3 = Oat 
the point A(5, 3) and which passes 
through the point B(—2, 4). 

A rough sketch of the circle is shown 
on the right. 

The centre O lies on the perpendicular B (—2, 4) 
bisector of [AB]. 

The centre also lies on the line through 
A(5, 3), perpendicular to the tangent 
spe — chy — 3) O 

The centre, O, is the point of intersection of these two lines. 


(i) Equation of the perpendicular bisector of [AB]: 


_~3=4_ il 
Slope of AB = 52 7 
= Slope of perpendicular to AB = 7 
TE m -215 443) -3 2) 
Midpoint of [AB] | 2 E »5 
Equation of perpendicular bisector of [AB]: 


> 2y-7-1Mx-21 > 14x-2y-14-0 
= 7x -y -— 7 50... 


Equation of line through A perpendicular to 3x — 4y — 3 = 0: 
Slope of 3x — 4y - 3-0 is = slope of perpendicular line = ae 
Equation of line: y — 3 -$ (e — 5) 
= 3y — 9 = —4x + 20 
=> 4x+3y—29=0...@ 
Solving equations © and O we get: 
®X3: 21x -3y =21 
Q s ayes Fp = 2 
PSN =50 > x=2andy=7 
= (2,7) is the centre of the circle 
The radius of the circle is the distance from (2, 7) to (—2, 4). 
the radius = /(—2 — 2} + (4 — 7} 
= 716+ 9 =V25 =5 
The equation of the circle with centre (2, 7) and radius = 5 is 
(Cet) r y= EOS 


3. Equation of circle through two given points with its centre on a 
given line YA k I 
The given diagram shows a circle k containing two 


points A and B and a line / which contains the centre 
of k. 


The centre of the circle is found by getting the point of B 
intersection of / and the perpendicular bisector of [AB]. sy 


Example 4 


Find the equation of the circle whose centre is on the line /: 3x — y — 7 = 0 and 
which passes through the points A(1, 1) and B(2, —1). 


m is the perpendicular bisector of [AB]. yA 
The centre of the circle is the point of 
intersection of m and the line 

she 3p — 7 (0), 


Midpoint of [AB] = (3, 0} 


eal 


Slope of AB =a) 


= 4y =2x-3 = 2x- 4y — 3 = 0... equation of m 
We now find the point of intersection of € and m. 

(E 3x—-y=7 (X2) 6x—-2y-14 

m: 2x -4y 3 (X3): 6x—-12y=9 


9 2 
The radius length is the distance from (3, 1) to (1, 1). 
Wwe ee ) Qr 
= radius I6 1 a 1) 
ay Ont 2 
qa Na 
The equation of the circle is (x — h)? + (y - k}? = r? 


b 


centre of circle, C — | 


Note 1. The question in Example 4 may also be done by using the general equation 
xX + y? + 2gx + 2fy - c — 0. 
By substituting the points (1, 1) and (2, —1) we get two equations in g, f and c. 
Since the line 3x — y — 7 = 0 contains the centre (—g, —f), we get the equation 
—3gtf-7-0. 
We then solve the three equations to get the values of g, f and c. 


2. Alineisa tangent to a circle if it touches the circle at 
one point only. 
Also, the perpendicular distance from the centre of a 
circle to a tangent is equal to the radius of the circle. 


3. Showing that a line is a tangent to a circle 
A line is a tangent to a circle if the perpendicular Li t 
distance from the centre of the circle to the line 
is equal to the radius. 


Show that the line x + 6y — 9 = 0 is a tangent to the circle 
32 4b w^ = die 4 Oy — 8 =O. 


The centre of the circle = (2, —5) and radius = /(2)? + (—5)* + 8 = /37. 


The perpendicular distance from (2, —5) to the line x + 6y — 9 = Ois 
CVE G(s) = Die 30 OMIT Yez 
vP +6 v37 /37 Sm 


Since this perpendicular distance is equal to the radius, 


— the line is a tangent to the circle 


Exercise 11.3 


1. Find the centre and radius of the circle x? + y? = 10. 
By finding the perpendicular distance from the centre of the circle to the line 
[: 3x + y + 10 = 0, show that l is a tangent to the circle. 


2. Write down the centre and the radius of the circle (x — 3)? + (y + 4)? = 50. 
Hence show that the line x — y + 3 = 0 is a tangent to the circle. 


3. Investigate if the line 3x — 4y — 12 = O is a tangent to the circle (x + 2)? + (y — 1Y = 16. 


4. The line 2x — 3y — 5 = 0 isa tangent to a circle k. 
If (—1, 2) is the centre of k, find its equation. 


5. Find the equation of the circle with centre (2, 1) and which touches the line x — y + 5 = 0. 


10. 


11. 


13. 


14. 


The equation of a circle is x? + y? — 2x — 2y + 1 = 0. 


(i) Write down the coordinates of the centre of the circle. 
(ii) Find the radius of the circle. 
(iii) Draw a sketch of the circle. 
(iv) Explain why the circle touches both axes. 


Write down the equation of the circle with centre (2, 2) and which touches both axes. 
Find the equation of the circle whose centre is (2, 3) and which touches the y-axis. 


The equation of a circle s is x? + y? — 4x + 6y — 12 = 0. 


(i) Find the coordinates of the centre and length of the radius of s. 
(ii) Find the values of k if the line 3x + 4y — k = 0 is a tangent to s. 


The points A(1, 2), B(0, —2) and C(4, —3) are shown in the given diagram. 
YA 


„A (1,2) 


av 


O 


B (0, -2)] 
"C (4, -3) 


(i) Find the equation of the perpendicular bisector of [AB]. 

(ii) Find the equation of the perpendicular bisector of [BC]. 

(iii) Find the point of intersection of these two bisectors. 

(iv) Find the length of the radius of the circle through the three points. 
(v) Write down the equation of the circle. 


Using the general equation x? + y? + 2gx + 2fy + c = 0, find the equation of the circle 
which passes through the points (0, 0), (2, 0) and (3, —1). 


Find the equation of the circle which passes through the points (0, 0), (—2, 4) and (— 1, 7). 


A circle passes through the points (3, 5) and (—1, 3). 

Its centre is on the line x + 2y — 6 = 0. 

Using the equation x? + y? + 2gx + 2fy + c = 0 to represent the circle, write down 
three equations in g, f and c to represent the given information. 

Hence write down the equation of the circle. 


The centre of the circle x? + y? + 2gx + 2fy + c = Ois (—g, —f). 

If the centre of the circle is on the x-axis, find the value of f. 

Now find the equation of the circle which has its centre on the x-axis and which passes 
through the points (4, 5) and (—2, 3). 


15. 


16. 


17. 


18. 


19. 


20. 


The circle x? + y? — 4x — 6y + k = 0 touches the x-axis at the point T. 


(i) Write down the length of the radius of the circle. 
(ii) Hence find the value of k and the coordinates of T. 


A circle k has its centre in the first quadrant and touches both the x-axis and y-axis. 


(i) If the centre of the circle is (Cg, —f), what can you say about the values of g and f? 
(ii) If the distance from the centre of the circle to the origin is 3/2, find the equation of 
the circle k. 


The line 3x + 2y — 12 = 0is a tangent to the circle k at B(4, 0). 
The circle also contains the point A(3, —5). 


YA 


B, +5) 


(i) Explain why the perpendicular to the line 3x + 2y — 12 = 0 at the point B contains 
the centre of the circle. 
(ii) Find the equation of this perpendicular. 
(iii) Find the equation of the perpendicular bisector of [AB]. 
(iv) Hence find the centre and radius length of the circle. 
(v) Write down the equation of the circle. 


A circle passes through the points (7, 2) and (7, 10). The line x = —1 is a tangent to the 
circle. Find the equation of the circle. 


A circle of radius length /20 contains the point (—1, 3). 
Its centre lies on the line x + y = 0. 
Find the equations of the two circles that satisfy these conditions. 


In a computer game a tractor is drawn.The front wheel’s rim has equation 
(x—5y *(y-3y =4. y 
(i) The ground is a line parallel to the x-axis. 

Write down the equation of this line. 

(ii) The rear wheel's radius is 3 times the size of the front 
one’s. If the points of contact of the wheels with 
the ground are 10 units apart, find the equation 
of the rear wheel’s rim. 

(iii) The tractor moves 2 units to the left. Find the new 
equation of the rim of the rear wheel. 


Section 11.4 Tangents to a circle 


A line is a tangent to a circle if it intersects the circle at 
one and only one point. 


tangent 


point of 
contact 


1. Finding the equation of the tangent to a circle at the point P 
on the circle 

In the given diagram, t is a tangent to the circle at YA 

the point P and C is the centre of the circle. 

CP is perpendicular to t. 


To find the equation of t: 
(i) Find the slope of CP. 
(ii) Write down the slope of t. 
(iii) Find the equation of t using 
y-y = m(x — x). 


Find the equation of the tangent to the circle x? + y? — 4x + 2y — 20 = 0 at the 
point (5, —5) on the circle. YA 


The centre of the circle is C(2, —1). 


Slope of CP 


=> slope oft = 
Equation oft y+5= iG = 5) 


=> 4y+20=3x—-15 
=> 3x — 4y — 35 = 0 is the equation of the tangent 


2. Tangents to a circle parallel or perpendicular to a given line 


Parallel and perpendicular lines. 


Find the equations of the two lines parallel 
to the line 3x + 4y — 6 = 0 and which are 
tangents to the circle x? + y? = 25. 


A sketch of the line and circle are shown. 


The two tangents parallel to 
3x + 4y — 6 = 0 are shown in red. 


3x + 4y —6-0 


The equation of any line parallel to 3x + 4y — 6 = O is 3x + 4y + k — 0. 
The radius of the circle is /25 — 5. 


The perpendicular distance from the centre of the circle, (0, 0), to 3x + 4y - k 2 0 
is equal to 5. 


[3(0) + 4(0) + kK| — 5 


The equations of the two tangents are 
SEV t 25=0 or 3x CE VELO IN 


3. Tangents to a circle from a point P not on the circle 


The diagram below illustrates that two tangents can be drawn to a circle from a point outside 
the circle, i.e. PA and PB are tangents to the circle k. 


YA 
A 


HY 


B 


If we are asked to find the equations of the two tangents from the point (2, 3), for example, to 
a given circle, we first find in terms of the slope, m, the equation of any line through (2, 3). 


This equationis y —3 ^ m(x — 2) 


Le. mx —y t 3-—2m - 0. 


We then find the perpendicular distance from the centre of the circle to this line and equate it 


to the radius to find the two values of m. 


Remember 


Find the equations of the tangents to the circle x? + y? = 5 from the point (5, 0). 


The equation of any line through 
(5, 0) is 
y-y = mx — x) 

= y uS) 

=> y-m(x-5) 

= m y mn 
Centre of circle = (0, 0) 
Radius of circle = /5 


YA 


If the line mx — y — 5m = Q is a tangent to the circle, then the perpendicular 
distance from the centre of the circle, i.e. (0, 0), to the line is equal in length to the 


radius. 
On OC orl 
Wine ae (=I 
|—5ml 
elem e 
aa 
25m? = 
ie ae Al 
25m? = 5(m + 1) 
20m? = 5 


m? = + => ma=t 


v5 


1 
2 


The equations of the two tangents are 


The equations of the tangents are 
m=} y-0-i(x-5) 
= 2pesS8 
zx yes) 
m= -k y-0-2-i(x-5) 
2y 2 —x 5 
= r2 —5- 


PA MV s eaaa ad OP 


4. Length of a tangent to a circle from a given point 


When dealing with problems involving tangents, it is important to remember that the line 
joining the centre of the circle to the point of tangency is perpendicular to the tangent. 


n E 
y T 


» 
X 


O 


We will use this information to find the length of a 
tangent to a circle from a given point. 


This is illustrated in the following example. 


Example 4 


Find the length of the tangent from the point (—5, 8) to the circle 
38 ary? = dhe — Gp F3 =O. 


Desay 
The centre of the circle is (2, 3). 


The radius = /g? + f? — c 


=/4+9-—3 = v10 
= |CT| = v10 
ICP| = /(2 + 5P + 8 -89 
= (49+ 25 2 /74 
Since ACTP is right-angled =  |PTP = |CPP? — |CTP? 
= 74 = 10 eu 
=> IPTI-2/64-8 
the length of the tangent is 8 


Exercise 11.4 


1. Find the equation of the tangent, t, to the given 
circle x? + y? = 8 at the point P(2, 2). 
P (2,2) 


xbeyl- 


2. Find the equation of the tangent to the circle x? + y? = 10 at the point (—3, 1). 
3. Find the equation of the tangent to the circle x? + y? = 17 at the point (4, —1). 


4. The equation of the given circle is y 
(x — 1)? + (y + 2)? = 20 P (3, 2) 
(i) Verify that the point P(3, 2) is on the circle. 
(ii) Write down the coordinates of C, the centre 
of the circle. 
(iii) Hence find the equation of the tangent to 
the circle at the point P. 


av 


5. Find the equation of the tangent to the circle (x + 4} + (y — 3)? = 17 at the point (0, 2). 


6. Find the centre and radius length of the circle x? + y? — 4x + 10y — 8 = 0. 
Hence find the equation of the tangent to the circle at the point (3, 1). 


7. Find the perpendicular distance from (0, 0) to the line 3x — 4y — 25 = 0. 
Hence show that the line 3x — 4y — 25 = 0 is a tangent to the circle x? + y? = 25. 


8. Find the centre and radius length of the circle x? + y? — 6x — 4y + 8 = 0. 
Hence show that x + 2y — 12 = 0 is a tangent to the circle. 
Explain your conclusion. 


9. Write down the centre and radius length of the circle x? + y? — 6x — 2y — 15 = 0. 
If the line 3x + 4y + c = 0 is a tangent to this circle, find the two values of c. 


10. For what values of k is the line 2x — ky — 3 = 0a tangent to the circle 
x? + y? + 4x —-4y -5=0? 


11. Show that the tangent to the circle x? + y? = 13 at the point (—2, 3) is also a tangent to 
the circle x? + y? — 10x + 2y — 26 = 0. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Find the equation of the circle, c, whose centre is (2, —1) yA 
and which touches the line 3x + y = 0. 


av 


Write down the equation of the line which contains the origin and whose slope is m. 


Hence find the equations of the tangents from the origin to the circle 
vr+y—4x—-2y+4=0. 


Find the equation of the line through the point (3, 5) with slope m. 
Hence find the equations of the two tangents from the point (3, 5) to the circle 
xX +y +2x-—4y-4=0. 


Write down the equation of any line parallel to 3x + 4y — 6 = 0. 


Hence find the equations of the tangents to the circle x? + y? — 2x — 2y — 7 = 0 and 


which are parallel to the line 3x + 4y — 6 = 0. 


A circle has centre (3, 5) and touches the line y = 2x + 4. 
(i) Find the length of the radius of the circle. 
(ii) Find the equation of the circle. 
(iii) Find the equation of the tangent to the circle at the point (1, 4). 


The equation of a circle with radius length 7 is x? + y? — 10kx + 6y + 60 = 0, where k > 0. 


(i) Find the centre of the circle in terms of k. 
(ii) Find the value of k. 
(iii) The line 3x + 4y + d = 0 is a tangent to the circle, where d € Z. 
Show that one value for d is 17. 
Find the other value for d. 


The diagram shows the circle YA 
xX +y + 4x- 2y-4=0. 
(i) Write down the radius length of the circle. 
(ii) If PT is a tangent to the circle, explain 
why PT is perpendicular to the radius [CT]. 
(iii) Hence find the length of the tangent 


[PT] to the circle. 


SA 
T 


Find the centre and radius length of the circle x? + y? —14x — 2y + 34 = 0. 
Hence find the length of the tangent from the point (2, 5) to the circle. 


20. Find the length of the tangent from the origin to the circle x? + y? — 8x — 4y + 10 = 0. 
21. Find the length of the tangent from the point (7, 8) to the circle (x — 2)? + (y — 5)? = 16. 


22. If the length of the tangent from the point (1, 1) to the circle x? + y? - 4x — 6y +c =0 
is 2 units, find the value of c. 


Section 11.5 Lines and circles: Common chord 


1. Points of intersection of a line and a circle 
We use simultaneous equations to find the point(s) of intersection of a line and a circle. 
If there are two solutions, then the line intersects the circle at two points. 


If there is only one point of intersection, the line is a tangent to the circle, as shown below. 


l 
A T 
| 
| ) tangent 


Find the points of intersection of the line x + 2y — 1 = 0 and the circle 
3? db OS o OL 


We start with the equation of the line and express x in terms of y or y in terms 
of x. (Avoid fractions, if possible.) 


ear AP — de) = xe —2y il 


We now substitute (—2y + 1) for x in the equation of the circle. 


(2o SEMIS EO cmq) 
=> dh ley = 4) risum 
5 =5=0 = == 
(y DoD 
y=1 or y=-l 
For each value for y, we find the corresponding x-value. 
vol = 2S weal = see 


The points of intersection are (—1, 1) and (3, —1). 


Find the point(s) of intersection of the line 2x — y + 8 = 0 and the circle 
x? + y? + 4x + 2y = 0 and hence show that the line is a tangent to the circle. 


Line: 2x-y+8=0 > y=2x+8 
Circle: x? + (2x + 8)? + 4x + 20x + 8) =0 
Em aap dh dr Sphe ce OA se dese abe ac JI = (0) 
5x? + 40x + 80 =0 
x? + 8x + 16-0 
(x + 4)(x + 4) =0 
x = —4... one value only 
The corresponding y value is:2(—4) -y+8=0 => y=0 
The point of intersection is (—4, 0). 


Since there is only one point of intersection, the line is a tangent to the circle. 


2. Where a circle intersects the axes 


A circle intersects the x-axis at the points where y = 0. 


A circle intersects the y-axis at the points where x = 0. 


Find the length of the intercept the circle 
x? + y? — 10x + 8y + 16 = 0 makes on the x-axis. 


The circle intersects the x-axis at the points where y = 0. 
y=0 > x-10x+16=0 
=> (x—- 8)\(x-2)=0 
=> x=8 or x=2 
The circle intersects the x-axis at (2, 0) and (8, 0). 
the intercept on the x-axis is 6. 


3. The common chord or common tangent of two circles 
Take the circles s: x? + y?— 4x —2y - 4-0 
ands; x*+ y?— 6x +4y-3=0 


S1 — Sp! 2x —6y-1=0 


This is the equation of the line which passes through the points of intersection of the two 
circles. 


(i) If the two circles intersect, then the line is the common chord of the two circles. 
(ii) If the circles touch internally or externally, then the line is the common tangent. 


Common chord Common tangent 


Example 4 


Find the equation of the common chord of the two circles 


xc ye 6x: 2y 4) and! ay an y — 6 — 0. 
The equation of the common chord is 
quc Oy et sr 
Se = 6x Oy Ae eye = yy E 
= She ar Oy 
=> 4x — 3y —5 = Ois the required equation 


Note: The points of intersection of the two circles in Example 4 above are found by solving 
the equations 4x — 3y — 5 = 0 and x? + y? — 6x + 2y+4=0. 
Exercise 11.5 
1. Find the points of intersection of the line 3x — y + 5 = 0 and the circle x? + y? = 5. 


2. Show that the line x — 3y — 10 = 0 is a tangent to the circle x? + y? = 10 and find the 
coordinates of the point of contact. 


3. Find the point of intersection of the line 2x — y — 5 = 0 and the circle x? + y? = 5. 


4. Find the points of intersection of the given line and circle in each of the following: 
(i) x + y = 6and x? + y? + 2x - 4y - 20 = 0 
(ii) 2x + y - 22 Qand x? + y? - 10x — 4y - 11 = 0 
(iii) 3x —y - 5 = O and x? + y? - 2x + 4y - 5=0. 


10. 


11. 


13. 


14. 


Show that the line x — 2y + 12 = 0 isa tangent to the circle x? + y? - x — 31 = 0 by 
finding the point of contact. 


The line x — 2y — 1 = 0 intersects the circle x? + y? +2x — 8y — 8 = Oat the points L 
and M. 
(i) Find the coordinates of L and M. 
(ii) Find the midpoint of [LM]. 
(ii) Find the equation of the circle with [LM] as diameter. 


Find the coordinates of the points where the circle x? + y? — 4x — 6y — 12 = 0 
intersects the x-axis. 
Hence write down the length of the intercept the circle makes on the x-axis. 


Find the coordinates of the points of intersection of the circle x? + y? — 4x + 6y -7 — 0 
and the y-axis. 
Hence write down the length of the chord that the circle makes on the y-axis. 


The circle x? + y? — 4x + 11y — 12 = 0 meets the positive x-axis and positive y-axis at 
A(a, 0) and B(0, b) respectively. 
Find the value of a and b. 


kis the circle x? + y? — 4x — 8y - 5 = 0. 
Find the length of the intercept the circle cuts off the x-axis. 


Find the equation of the common chord of the circles x? + y? — 3x + 5y — 4 = 0 and 
x!-*y-xt4y—-7-0. 
Hence find the coordinates of the points of intersection of the two circles. 


Find the equation of the common tangent to the circles x? + y? - 14x — 10y — 26 = 0 
and x? + y? — 4x + 14y + 28 = 0. 
Use this tangent to find the point of intersection of the two circles. 


Find the points of intersection of the circles x? + y? + 4x — 2y — 5 = 0 and 
x? * y? 14x — 12y + 65 = 0. 


Stars revolve around the Pole Star once each night. 
A particular star traces out the circle, 
x? + y? + 2x — 8y + 4 = 0, in a chosen set of 
coordinate axes. 
The horizon has equation y = 1. 
(i) State the coordinates of the Pole Star. 
(ii) Calculate the coordinates of the points of rising and 
setting of the moving star. 


Section 11.6 Touching circles - Chords and circles 


1. Circles touching externally or internally 
Two circles touch if they meet at one point only. 


If two circles touch externally, then the distance 
between their centres is equal to the sum of their 
radii. In the given diagram d is the distance between 
the two centres. 

Since the circles touch externally, 


If two circles touch internally, then the distance 
between their centres is equal to the difference of 
their radii. 

In the given diagram, 


Show that the circles sı: x? + y? - 6x — 4y +11 =0 
and sy: x? + y? + 4x + 6y — 19 = 0 touch externally. 


sy: 22+ y?— 6x —4y t 11 — 0 S centre = (3,2) and 
radius = y3? + 22— 11 = 2 


Sy x+y2+4x+6y—-19=0 = centre = (—2, —3) and 


radius = /(—2)? + (—3)? + 19 = /32 = 4/2 


Distance between the centres = /(3 + 2)? + (2 + 3)? = /50 
= 5/2 


Sum of the two radii = /2 + 4/2 = 5/2 


Since the distance between the centres = the sum of the radii = 5/2, 
the circles touch externally. 


2. Chords and circles 


We have already encountered the very useful geometrical property of the circle 
which states that: 


In the given diagram, d is the length of the perpendicular from the 
centre, O, to the chord. 


We use the Theorem of Pythagoras to find d, r or p as required. 


A circle k has centre C(4, 2) and makes a chord 6 units in length on the y-axis. 
Find the equation of k. 


If the centre is (4, 2), then the length of the perpendicular [BC] is 4 units. 


ABIS $ length of chord on y-axis 
=> |AB| =3 
JAC? 23 + 4 
= (NCP =25 s [ENSIS = miis=5 
the circle has centre (4, 2) and radius 5 
Equation of circle: (x — 4)? + (y — 2)? = 25 


Exercise 11.6 


1. Find the centre and the radius of each of these circles: 
sy xe y^—2x—15-0 and s; x7 + y= 14x - 16y + 77 — 0. 
Hence show that the circles touch externally. 


2. Show that the circles x? + y? + 4x — 6y + 12 = 0 and x? + y? — 12x + 6y — 76 = 0 touch 
internally. 


3. Find the centre and radius of each of the circles, 
x?*yl—4x—2y -20—-0 and x?-y?- 16x — 18y + 120 = 0. 
Deduce that the two circles touch externally. 


4. Determine whether the circles x? + y? — 16y + 32 = 0 and x? + y? — 18x + 2y + 32-0 
touch internally or externally. 


5. x + y? — 4x — 6y + 5 = 0 and x? + y? — 6x — 8y + 23 = 0 are two circles. 
(i) Prove that the circles touch internally. 
(ii) Find the equation of the common tangent. 
(iii) Hence find the coordinates of the point of contact of the two circles. 


6. The given diagram shows a circle with centre (3, 0) making an intercept 8 units in length 
on the y-axis. 


8 units 


(i) Use the Theorem of Pythagoras to find the length of the radius. 
(ii) Hence write the equation of the circle in the form 
(x — af + (y - bọ = œ. 


7. A circle has centre (2, 3) and radius 4 units in length. 
(i) Draw a sketch of this circle. 
(ii) Show that the distance between the points where the circle intersects the y-axis 
is 4/3. 


(iii) Find the length of the intercept the circle cuts off the x-axis. 


8. Acircle of radius length 5 units has its centre in yA 
the first quadrant. 
It touches the x-axis and makes an intercept of length 
6 units on the y-axis, as shown. 
(i) Find the coordinates of the centre, C. 
(ii) Find the equation of the circle. 
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9. Acircle with centre in the first quadrant touches the y-axis at the point (0, 2). 
If the circle makes a chord of length 3 units on the x-axis, find its equation. 


10. Acircle k has centre (—1, —4). 
The midpoint of a chord of length 2/5 is (2, 0). (2, 0) 
(i) Find the length of the radius of k. 


(ii) Write down the equation of k. 


> 


11. A circle passes through the points (0, 0) and (0, 8). 
The centre of the circle is in the first quadrant and the length of the radius is 5 units. 
(i) Find the coordinates of the centre of the circle. 
(ii) Find the equation of the circle. 


12. x? + y? — 6x + 4y — 12 = Ois the equation of a circle. 
Write down the coordinates of its centre and the length of its radius. 
x? + y? + 12x — 20y + k = 0 is another circle, where k € R. 
If the two circles touch externally, find the value of k. 


Section 11.7 Circles touching the x-axis or y-axis 


If a circle touches the x-axis or y-axis, then the radius of the circle is equal to one of 
coordinates of its centre. 


1. Circle touching the x-axis 2. Circle touching the y-axis 
YA 


O X O x 
Radius = |—-f| Radius = |- gl 
Vg + f? - c -|-fl => dg-f?-c-|-g 
= ge > g+fP-c=g 
— g-c- > f2—E=0 
> g-c => pe 


Find the equations of the two circles which contain the points (3, —2) and (2, —1) 
and which touch the x-axis. 


Let the equation of the circle be 
32 db y^ 4- Drage 4- Diky 4E e = 0. 


(2, -1) € the circle 

=> 4+1 +292) + 2f(-1) +¢=0 

= Ayes — Df se C= =) aoo D 
(3, —2) € the circle 

= 944 + 29(3) + 2(-2) +c =0 

= 6g — 4f +c = -13...@ 


If the circle touches the x-axis, the radius = |—f| 
E C il 
> gefi-c-f? 
=> J£? —3 (€ oss GJ 


We now use equations (D and ® to eliminate f. 
(DE de — J 4e S OxX2: 8g-4f+2c= 


@: 6g —4f+c=—13 Op Gea c 
2g T C 
= @= r3 


We now substitute (—2g + 3) for c in equation © 
©: g?—c 
=> g?=—2g+3 
= g +2g-3=0 
UD uU 
=> g-lor g=-3 
g=1 => c=-21)+13 3 c=1 
g=-3 => c=—2(-3)+3 => c=9 
Substituting these values for g and c in equation © we get: 
4g —-2f +c=—5...0 
g=landc=1: 4(1) - 2f+1=—5 
=)=- 0 = fes 
g=-3andc=9 > 4(-3) —2f+9=—5 
=> -12-2f-9--—5 
=> -2f=-2 => f=1 


'The two sets of values for g, f and c are 


Circle 1: g=1,f=Sandc=1 Circle 2: g= —3,f=landc=9 


Circle 1: x? + y?+2x+10y+1=0 
Cide% s 4b = Ge + Dp OSHC 


Exercise 11.7 


1. The centre of a circle is (3, —4) and the x-axis is a tangent to the circle. 
Find the equation of the circle. 


2. The y-axis is a tangent to a circle, k. 
If the centre of k is (—3, 2), find its equation. 


3. The coordinates of the centre of a circle are (5, y), y > 0. 
The x-axis and y-axis are both tangents to this circle. 
(i) Write down the value of y. 
(ii) Write down the equation of the circle. 
(iii) Write down the equation of the tangent to the circle that is parallel to the y-axis. 


4. The x-axis and the line y = 8 are both tangents to a circle k. 
The centre of the circle lies on the line 2x — 3y = 0. 
(i) Draw a rough sketch of the circle. 
(ii) Write down the length of the radius. 
(iii) Find the coordinates of the centre of the circle. 
(iv) Write down the equation of the circle. 


5. The y-axis and the line x = 8 are tangents to a circle. 
The centre of the circle lies on the line 2x — y — 3 = 0. 
(i) Write down the length of the radius of the circle. 
(ii) Find the coordinates of the centre of the circle. 
(iii) Find the equation of the circle. 


6. The x-axis is a tangent to the circle x? + y? + 2gx + 2fy +c — 0. 
Show that g? = c. 
The x-axis is a tangent to a circle k at the point (4, 0). 
If the circle contains the point (1, 3), find its equation. 


7. The y-axis is a tangent to the circle x? + y? + 2gx + 2fy + c — 0. 
Prove that f? = c. 
A circle touches the y-axis at the point (0, —3) and it contains the point (4, 1). 
Find the equation of this circle. 


8. The x-axis and the line y — 10 are tangents to a circle. 
If the circle also contains the point (1, 5), find the equations of the two circles that 
satisfy these conditions. 


Revision Exercise 11 (Core) 


1. 


10. 


11. 


A circle has centre (—1, 5) and passes through the point (1, 2). 
(i) Find the the length of the radius of the circle. 
(ii) Write down the equation of the circle. 


Find the coordinates of the centre and radius length of the circle x? + y? — 2x — 4y — 9 = 0. 
Hence write down the equation of the circle with the origin as centre and which has the 
same radius length as the given circle. 


Find the equation of the circle with centre (2, 3) and which touches the x-axis. 
Show that the line 3x — 4y + 25 = 0 is a tangent to the circle x? + y? = 25. 


A(—1, —3) and B(3, 1) are the end-points of a diameter of a circle. 
Write down the equation of the circle. 


The circle (x — 5)? + y? = 36 meets the x-axis at P and Q. 
Find the coordinates of P and O. 


Write down the centre and radius of the circle 
w+y?-2x+4y+4=0 

Draw a sketch of this circle. 

If the line x = k is a tangent to the circle, find the two values of k. 


The circles k, and k, touch externally. k, 
Circle kı has centre (8, 5) and radius 6. 

Circle k, has centre (2, —3). kə 

Calculate the radius of kz. 


Show that (0, 0) lies inside the circle (x — 5)? + (y + 2)? = 30. 


David took a photograph of the Big Wheel at the Fairground. y4 
Using the axes shown, he estimated A to be (1, 6) and 
B(11, 10). 

Find the equation of the circular part of the Big Wheel 
through A and B. 


Oo 


Two satellites orbit the earth. The equation of the orbit of the first satellite is 
x? + y? = 2250000. The second satellite orbits 200km away (from the centre of the earth) 
than the first. How much further does the second satellite travel to the nearest km. 


Revision Exercise 11 (Advanced) 
1. Write down the centre and radius of the circle 
x)-y—6x—-2y -3-90. 
Hence find the equation of the tangent to this circle at the point (5, 4). 


2. Circle k has centre (5, —1). 
The line /: 3x — 4y + 11 = Ois a tangent to k. 
(i) Show that the radius of k is 6. 
(ii) The line x + py + 1 = Ois also a tangent to k. 
Find two possible values of p. 


3. Find the two values of k for which 8x + 3y + k = 0 is a tangent to the circle 
x + y? + 4x — 3y — 12-0. 


4. The point A(5, 2) is on the circle k: x? + y? + px — 2y +5 =0. 
(i) Find the value of p. 
(ii) The line x — y — 1 = 0 intersects the circle k. 
Find the coordinates of the points of intersection. 


5. cy x2 +y 2x —2y - 23 2 0 and T vod Seu k 
€; xX + y? — 14x — 2y + 41 = 0 are two circles. j 3 
(i) Prove that c, and c, touch externally. 
(ii) kis a third circle. 
Both c, and c; touch k internally. 
Find the equation of K. 


6. A circle with centre C has equation x? + y? — 10y + 20 = 0. 
(i) Write down the coordinates of C. 
(ii) Find the radius of the circle, leaving your answer in surd form. 
A line has equation y — 2x. 
(iii) Show that the line y = 2x is a tangent to the given circle and find the coordinates of 
the point of contact. 


7. Find the centre and the radius of each of the circles x? + y? = 4 and 
xX? + y? — 8x — 6y + 16 = 0 and show that they touch externally. 
Write down the equation of the common tangent to these circles. 


8. Points (2,5) and (—2, 1) lie on the circle x? + y? + 2gx + 2fy +7 — 0. 
(i) Make two equations in g and f. 
(ii) Solve this pair of equations to find the values of g and f. 
(iii) Hence find the equation of the circle, and give its centre and radius. 


9, Acircle passes through the origin and the point (4, 2). 
If its centre is on the line x + y = 1, find its equation. 


10. A circle with centre C has equation (x + 3)? + (y — 2)? = 25. 
Write down (i) the coordinates of C 
(ii) the radius of the circle. 
Verify that N(0, —2) lies on the circle. 
The point P has coordinates (2, 6). 
Find the length of the tangent drawn from P to the circle. 


11. The centre of a circle lies on the line x — 2y — 1 = 0. 
The x-axis and the line y — 6 are tangents to the circle. 
Find the equation of this circle. 


12. 6 identical metal barrels are stacked as shown. 
The equation of the end of the barrel 
centre Cis (x — 4» + (y — 5)? «1 
(i) Find the equation of the end of 
the barrel centre H. Y 
(ii) Find the area trapped between A 
the 6 barrels correct to 3 places of decimals. Gy v 


Revision Exercise 11 (Extended-Response Questions) 


1. (i) Find the length of the intercept which the circle x? + y? — 8x — 7y +12 = 0 
cuts off the y-axis. 
(ii) Find also the length of the tangent to the circle from the point (9, 2) 
(iii) Find the equation of the image of this circle under the translation 
(0, 0) — (4, —3.5) 


2. (i) Write down the equation of any line parallel to the line 3x — 4y + 1 = 0. 
(ii) Write down the centre and radius of the circle x? + y? - 8x -2y - 8-0 
(iii) Find the equations of two tangents to this circle which are parallel to 
3x —4y * 1-0. 


3. A, B, Cand D are the vertices of a square. Y4 A (2,7) 
The coordinates of A and B are (2, 7) 
and (8, 7) respectively. 
(i) Write down the coordinates of C and D. 
(ii) Write down the coordinates of the 
centre of the circle that passes through 
A, B, C and D. 
(iii) Find the equation of the largest circle 
that can be drawn inside the square 
ABCD. B a 


B (8,7) 


O 
ay 


The x and y-axes are tangents to the circle x? + y? + 2gx + 2fy +c =0 
(i) Prove that g? = f? = c 

(ii) Find the equations of the two circles that pass through the points (—3, 6) and 
(—6, 3) and which have the y-axis as a tangent. 

(iii) Show that the x-axis is also a tangent to these circles. 

(iv) One of these circles is an enlargement of the other with the origin (0, 0) as the 
centre of enlargement. Find the scale factor k of the enlargement. 

(v) Show that the circumference of the larger circle = k x circumference of the smaller 
circle. 


A metal plate is used to strengthen the struts 
of a push-chair. The holes have radius 4 units 
and their centres form an isosceles triangle 
with sides 20, 20 and 24 units long. 

If the equation of the edge of the top hole is 
(x — 20} + (y — 18)? = 16, find the equations y 
of the edges of the other two holes. 
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The line 3x — y — 6 = 0 is a tangent to a circle at the point (3, 3). 
The circle also contains the point (4, 1). 
(i) Sketch the line 3x — y — 6 = 0 and the points 
(3, 3) and (4, 1). 
(ii) Draw a rough sketch of the circle. 
(iii) Find the equation of the circle. 
(iv) Find the equation of the image of circle by reflection in the line 3x — y — 6 = 0. 


A circle has its centre in the first quadrant. N 
The x-axis is a tangent to the circle at the point (3, 0). ai AN 
The circle cuts the y-axis at points C and F where ICFI = 8 e J 


(i) Find the equation of the circle. 

A tangent is drawn to the circle at the point C. 
(ii) Find the equation of the tangent and 

the coordinates of the point D. D (68,0) I x 
A perpendicular tangent touches the circle at 
the point J. 
(iii) Find the equation of the perpendicular tangent and the coordinates of the point I. 
(iv) Hence find the length of the perimeter of the triangle. 


A circle has equation x? + y? — 2ax — 2by + D? = 0. 
(i) Find the centre and radius of the circle. 
(ii) Prove that the circle touches the y-axis. 
(iii) Find the equations of the two circles that pass through the points (1, 2) and (2, 3) 
and which touch the y-axis. 
(iv) Find the distance between their centres. 
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Section 12.1 Revision 


The inequality symbols >, =, <, = are needed when 


solving problems in which a range of possible values > greater than 
satisfy the given conditions. > greater than or equal to 
e.g. If 3x 4-5, < less than 
3x 9, < less than or equal to 
and x > 3, which means that all values of x 
greater than 3 satisfy 3x — 4 > 5. 
An expression such as 3x — 4 > 5 is called an inequality. 
Basic rules of inequalities 
Adding or subtracting a ey (ens yea 
constant, a 
Multiplying or dividing ax > ay 
by a positive number, x>y PNE 
a0 a dà 


When multiplying or dividing by a negative number, the inequality symbol is reversed. 
E.g. 5 > 2 ;if both sides are multiplied by (—1), we get 5 x (-1) < 2 X (-1), ie. -5 < -2. 


Multiplying or dividing ax « ay 
by a negative number, Xy 
See 
qe «m p 


A zy 


Also, Combining inequalities > 
so gineq M ie > 
i29 2 TO 
a>b>0 ? 


Graphical construction 


If a graph of the function is given or is easily constructed, this provides an extra technique in 
helping to understand and solve inequalities. 


If f(x) 2 (x - (x - D(x- 420, 
then the points x = —3,x = 1 and x = 4 are the 
critical points in determining the solution set. 


The set of values of x for which 
f(x) = (x + 3)(x - 1) - 4) =5 


can also be estimated. 


Note: 
(i) When solving inequalities, the solution is often restricted to specific number systems, 
ie. € N, € Z, € R, and the resulting range of numbers plotted on the number line. 
eg. 53-12 14,x EN. 
(ii) An inequality creates an ordered pair (a, b); 
If a> b, then if the order is reversed (b, a), the inequality is also reversed, i.e. b < a. 


Solve the inequality 3x + 7 2 x + 2, x € Z, and plot the solution on a number line. 


She ap 7 2 ze ar 2 
2x + 7 22 ... subtracting x from both sides 
2x = —5 ... subtracting 7 from both sides 
=) 
ge xe 
Xx 
(All integer values greater than or equal to -M will satisfy the original inequality.) 


c c c E c E 
0 1 2 3 4 3 6 


Solve the inequality +(x — 1) > 4(x — 4), x ER. 


Graph your solution on a number line. 


«(x — 1) = ix - 4) 
—x—12z2x —8 ... multiplying both sides by 6 
=> —X 2-7 ... adding 1 and subtracting 2x from both sides 
= x <7 ... multiplying both sides by (—1) and reversing the inequality sign. 


+ SS SS SS SS — —— 


=) c ces. = 1 rh 8} 4 S 6 7 8 


(Note: A closed circle on 7 indicates that 7 is included in the range.) 


Solve the inequality —9 < 3 — 4x «1,x ER. 


Graph your solution on the number line. 


—9)«& 3 — dhe ss. fl 
=> —12 < —4x = —2 ...subtracting 3 from each part of the inequality 


e» 3 ES i ... dividing each part of the inequality by —4 and reversing 


the inequality symbol 
=x <3 ... reversing the order 


(Note: An open circle on 3 indicates that it is not to be included.) 


Example 4 


(i) Find the solution set A, {x| 7 < 10 — 3x, x € R}. 
(ii) Find the solution set B, {x| 2 > 1 - 2x, x € R}. 
(iii) Find the set A N B and graph the solution on the number line. 


24:7 = 10 3x Bag y 
3x <3 ee 2 


=) 
= >= 
1 2258 3 
zi 
rcd 


A N B is the set of values Æ <x< 1. 


Exercise 12.1 
1. Graphon a number line the set of values of x € N for which 
(i) 3x -S>x+3 (ii) 6x -5<2x—-1 (iii) 1 — 3x > 10. 


2. Solve each of the following inequalities and plot the solution set on a number line. 


GEITEN Gi) te- 1) >44), xE 


(iii) 5E »iIXaeR 
3. Plot the solution of each of the following inequalities on a number line, x € R. 
(i) 12x - 3x -3) «45 (ii) x(x 42x? +2 (iii) x — 2(5 + 2x) « 11 


4. Plot on a number line the set of values of x € R for which 
(i) -2€x-*1x3 (ii) 1321—-3x27 (ili) 32 4x + 17 -1. 


5. Solve each of the following inequalities, x € R. 


(i) 3»3(x-2)»0 (i) —4«2(1-3x) «1 (iii) 322-74 


6. Find the set of values for which 3(x — 2) >x — 4 and 4x + 12» 2x + Iz, x ER, 
and plot your answers on a number line. 


7. (i) Find the solution set A of 2x - 5< x — 1,x € R. 
(ii) Find the solution set B of 7(x + 1) 2 23— x, x € R. 
(iii) Plot the solution set A N B on a number line. 


8. (i) Find the solution set Cof 2x 32 2, x ER. 
(ii) Find the solution set D of 3(x + 2)<12+x,x ER. 
(iii) Plot the solution set CM D on a number line. 


9, (i) Find the solution set E of 15 — x < 2(11 — x), x € Z. 
(ii) Find the solution set F of 5(3x — 1) > 12x + 19, x € Z. 
(iii) Find the set of values EM F. 


10. (i) Find the set of values G for which 3x + 8 « 20, x E N. 
(ii) Find the set of values H for which 2(3x — 7) 2 x + 6,x EN. 
(iii) Find the set of values G N H. 


11. A38m rope is used to form a rectangular area on a sports day. If the width of the 
rectangle has to be at least 2m long, and the length has to be exactly 1 m longer than its 
width, find the maximum dimensions of the rectangle. 


12. If a«n « b, and 100 < 2" < 200, 
find the values of a and b, where a, b € R and n where n € N. 


13. Give one example to show that if a > b — 0 and n2 0 >a > br. 
Now give an example to show that if a > b >0 and n <0 — a" « br. 


Write an equivalent set of conclusions for these: 
(i) If a <b « 0 and n (odd) 7 0 ..... 

(ii) If a <b «0 and n (even) 7 0..... 

(iii) If a <b < 0 and n (odd) «0 ..... 

(iv) If a € b « 0 and n (even) «O0 ..... 


14 Findxif x € Z and Z = (5 — 3x < -10] N (4x + 6 < 32}. 


Section 12.2 Quadratic and rational inequalities 


1. Quadratic inequalities 
ax? + bx + cz 0 is an example of a quadratic inequality. 
To solve a quadratic inequality of the form ax? + bx + c=0 (or <0), proceed 
as follows: 
1. Solve ax? + bx + c = 0 to find the (real) roots of the quadratic equation. 
2. Draw a rough sketch of the graph using these roots. 
(i) If a > 0, the graph is U-shaped. 
(ii) If a < 0, the graph is N-shaped. 
3. Use the graph to find the set of values of x that satisfies the inequality. 


Solve the inequality x? — 2x — 8 <0. 
Step 1. Solve x? — 2x — 8 = 0. 


=> x7-2x-8=(*«+ 2)~—-4)=0 
=>x=-—20rx=4 


Step 2. Since a = *1,ie.- 0, ~. a U-shaped graph. 


Step 3. The solution of the inequality is the set of values of x that produces the 
points of the graph that are on or below the x-axis, i.e. x? — 2x — 8 <0. 
The solution is -2 <x <4. 


Questions involving values for which the roots of an equation are real, 
ie. b? — 4ac 7 0, result in quadratic inequalities as shown in the following example. 


Find the range of values of k for which the 
equation x? + (k — 4)x + (—1)-0 
has real roots. 


Condition for real roots: b? — 4ac = 0. 
a=1,b=(k-4),c=(k-1) 
=> D = 4ac = (k = 4)? — 4(1)(k — 1) 
=k? — 8k +16-—4k+4 
= [= Pr 


iP — dure SO = = Oe ae 2 SO: 


k 19k 


(i) Solving k? — 12k + 20 = 0; (ii) Sketch the graph; a = +1, i.e. >0, 
=> (k — 2)(k — 10) =0 -. a U-shaped graph. 
=> k=2 and k = 10 are the roots. 
The solution of the inequality is the set of values of k that produces points on a 
graph that are on or above the k-axis, i.e. k? — 12k + 20 = 0. 
The solution is k <2 and k= 10. 


2. Rational inequalities 


f(x) = M = is a rational function as the denominator and numerator are 


both polynomials in x. 
3x32 


z2 is a rational inequality. 
x+1 4 y 


Since we do not know if (x + 1) is positive or negative, we cannot simply multiply 
both sides by (x + 1) when solving for x as the inequality symbol would have to be 
reversed if (x + 1) was negative. 


However, if we multiply both sides by (x + 1)", we can retain the same inequality 
sign since (x + 1)? is always positive. 
3x 2 
x+1 
=> (3x — 2)(x + 1) = 2(x? + 2x + 1) 
=> 3 +x-222x7+ 4x42 


=> x?— 3x — 4 > 0, creating a quadratic inequality (with the same solution set) 
from the rational inequality. 


=> X (x +1)? =2x (x +1) 


Find the range of values of x for which = +1 


il 
mg 


multiply both sides by (x + 2). 
[(x + 2} is always positive for all values of x.] 


2x * 1 adl 2 
mi pano X (x + 2) <5 X @ +2) 


(Opty) = Ig 44x + 4) 


2x? + Sx +2<F(x? + 4x + 4) 


= 
=> 
=> 4474+ 10x -4« x?c- 4x 4 
=> 3x?-6x«0 
=> x74+2x<0. 


25e ae Jl 


Note: ND 


x 5 has the same solution set as x? + 2x « 0. 


(i) Solving the equation x? + 2x = 0; (ii) Sketch the graph; a = +1, i.e. >0, 
= (G9 a 2) = -. 8 U-shaped graph. 
=> x=0 and x = —2 are the roots. 


= The solution of the inequality is the set values of x that produces points on 
the graph that are below the x-axis (i.e. x? + 2x « 0). 


The solution is —2 < x < 0. 


Exercise 12.2 


In each of the following questions, x E R unless otherwise stated. 


1. Solve each of the following quadratic inequalities: 
G xXŻL-x-6>0 Gi) xX +3x-10<0 (ii) 2x? — 5x +2 <0. 


2. Solve each of the following inequalities for x: 
(i) 6-x-x 20 Gi) 12 = 5x = 2x > 0 (D -—235— 7x 0. 


3. Find the set of values of x for which 
(i) 6x7 — x — 15 Gi) 16 =77 =0 (iii) 2(x? — 6) = 5x. 


4. Find the set of values of x for which (4 — x)(1 — x) <x + 11. 


5. If x2— 6x +2 < 0, show that 3 — /7 <x «3 + v7. 


10. 


11. 


12. 


13. 


Find the range of values of k for which x? + (k  1)x + 1 = 0 has real roots. 
Find the range of values of k for which the equation Kx? + 4x + 3+ k = 0 has real roots. 


Find the range of values of p for which the quadratic equation px? + (p + 3x + p =0 
has real roots. 
If x = —2 isa root of the equation, find the value of p. 


Solve each of the following rational inequalities for x. 


a x3 - Y x +5 T 
(i) 5 -2x* 2 (ii) x-3^Lbx73 (iii) 


2x — 1 
> = 
rt3 3,x #—3 


Find the range of values of x for which 


(3522.45 i Asara m aral 


2 5 


Find the set of values of x for which each of the following EHE: is true. 


(i) 4-—1x23 (ii) a Ź<1,x#1 
Solve these inequalities: 
(i) 2d <1,x#-3 (ii) LEM xx 5 
Examine the graphs of y = 2x? + 4x y = 2x? + 4x 


and y = x? — x — 6 and estimate the 
range of values of x for which 


2x) + 4x 2» x? — x — 6. 


By simplifying the quadratic 
inequality, find the range of values of x 
for which 2x? + 4x >x? - x - 6x € R. 


ICT: Study the functions in Q13. using graphics software. Enlarge the scale on the x-axis 
and focus particularly on the domain —3 < x < —2. 


14. 


15. 


Show that x? + x +1> 0 for all values of x. 


The path of a ball is given by the expression f(t) = —11 + 13t — 22, where t 

represents time. 

Find the range of values of t that satisfies each of the following inequalities. 
(i) flo «4 

(ii) f(t) = 7, and hence deduce the set of values of t that satisfies 

(iii) 4 « f(t) <7. 


16. 


17. 


18. 


19. 


20. 


Examine the graphs of the following 
quadratic functions. 

Find, as accurately as the graph allows, 
the range of values of x that satisfies 
each of the following inequalities. 


(i) f(x) > 0 
(ii) g(x) « 8 
(iii) f(x) = g(x) 
(iv) g(x) >0 


The width of a rectangle is to be 3m shorter than its length. If the ratio of the length 
to the width is to be less than 5, find the range of possible dimensions for 


(i) the length of the rectangle 
(ii) the width of the rectangle. 


The graphs of x? — 2px + p + 6 are shown 
for p = 1.5,2,2.5. 

Find the range of values of p for which the 
graphs are always positive, for all real 
values of x. 


Find the range of values of x for which (x + 3)m 


(i) the perimeter of this rectangle is less 
than 50m 
(ii) the area of this rectangle is greater 
than 12m? 
(iii) the perimeter of this rectangle is less 
than 50 m and the area is greater than 12 m’. 


(x + 2)m 


Find the range of values of x, x € Z,so that the xm 
perimeter of this triangle is between 8 m and 
12m long. 


3m 


Section 12.3 Modulus 


1. Modular equations 


The modulus of a number is a measure of its size or 
magnitude and is written as |x. 


[3| = 3, |-4| = 4,|15.5] = 15.5, |- 62| = 62 .... in other 
words, for all x € R, |x| is the positive value of the number. 


Conversely, if |x| = 6, then x = +6 or —6. 
And therefore, |x|? = 36. 


Geometrically, the modulus function multiplies any negative part of the graph by (—1). 


Compare the following graphs: 


y= hx y=2x-3 


y=x 
y 
2 
1 


The graph of f(x) — |x| is found from the graph of f(x) = x by reflecting, in the x-axis, 
that part of the graph for which f(x) « 0. 


Sketch the graph of f(x) = |3x + 5| and hence solve the equation |3x + 5| = 2 
(i) graphically and (ii) algebraically. 


(i) Graphically: 
Given f(x) =3x +5. 
At x =0, f(x) =5 => (0,5) is the f(x) intercept. 
At fG)=0 0=31+5 E E 5 E 


3 0) is the x-axis intercept. 


f(x) = 3x + 5 is the line passing through (0, 5) and (2 0. 


Reflecting the negative region of the 
graph in the x-axis creates the graph of 
Fy = Gx = ol. 


The x-coordinates of the intersection 

points of f(x) = |3x + 5| and f(x) =2 

give the solution to the equation 
Bets = 2 


The x-coordinates are x = —1 and 
x= —2.3. 


Algebraically: 


Method 1 Method 2 
Since |3x + 5| = 2, 3x 4 5| 22 


=> 3x+5=+42 dy aem => (3x +5} = (2) 
oris I => 9x + 30x +25=4 
=> 9x? + 30x +21=0 


7 => 3x?+ 10x +7=0 
The solution is x = = or x= —1 > (3x+7)(x +1) =0 


= The solution is (—7, —1) 


Note 1: The method of “squaring both sides” of a modular equation can be useful when 
the modulus sign appears on both sides of the equation, e.g. |3x + 5| = |x — 2]. 


Note 2: Getting the modulus of an expression is sometimes referred to as getting 
the absolute value of the expression. 


2. Modular inequalities 
If |x| < 1, then the value of x must lie between +1 and —1, i.e. -1«x < +1. 


If |x| > 1, then the value of x must lie outside this range, i.e. x >1 or x< —1. 


Sketch the graph of f(x) = |2x — 5| and hence solve the inequality 
Pe = Sj <3. 


f(x) = 2x — 5 is drawn first by using two points 
on the line, e.g. (2.5, 0) and (4, 3). 


f(x) = |2x — 5| is then drawn by reflecting the 
negative portion of the graph in the x-axis 
as before. 


Drawing the line f(x) = 3 on the same axes, 
the red segment represents where |2x — 5| « 3. 


The x-values that create that portion of the 
graph are 1 « x « 4. 


Note: If [2x —5| 23, then 2x 523 or 2x — 5 2-3. 
If [2x — 5| « 3, then —3 < 2x — 5 «3. 
2 «2x «8 ... adding 5 to each part of the inequality 
1«x«4 ...dividing each part of the inequality by 2 


This produces the same solution set as above. 


Draw a graph of f(x) = |x + 3| and f(x) = |3x — 7]. 
Solve the inequality |x + 3| < |3x — 7| algebraically and indicate graphically 
the solution set. 


Ix + 3| < [3x — 7| 
=: (et BP < Ge = 7 
=> xX + 6x + 9 < 9x? — 42x + 49 
= =the + die = < © 
= x = Gear SSO, 


Solving x? — 6x + 5 = 0, 
(x —-5)(x—1)20 
=>x=S5orx=1 


Therefore, the values of x for which 


x*—6x+5>0 are x<1 and x>5. 


Exercise 12.3 


1. 


468 


Solve each of the following inequalities for x € R. 


See es Gee 


3x — 2l. 


(i) jx - 3| 2 1 (ii) |x - 2] 24 (iii) |2x - 1| 2 5 
(iv) |3x - 2] =x (v) 2x - 3| 22 (vi) Ix - 5| 2 |x + 1| 
Copy and complete the following table and hence sketch a graph of f(x) — 
| x -3 | -2 | -1 | 0 1 7 3 
ECEIEE 


Use your graph to solve the equation |3x — 2| = 5. 


Write an equation for each of 


the graphs of the related modular 


functions, f(x), g(x), A(x), 


given in the diagram. 


By evaluating f(—2), h(—5) 
and g(2), verify that each 


6—5—4 -3 


equation is correct. 


Graphs of three modular functions in the 
form f(x) = |ax + b| are given. 

Find the values of a and b for each of the 
three graphs. Verify each equation at x = —2. 


On the same set of axes, sketch the graphs of the functions 


f:x— |x —2| and g:x— |x — 6l. 
Hence solve the equation |x — 2| = |x — 6]. 


Verify your answer algebraically. 


6. Solve each of the following inequalities for x € R. 
(D [x—6| «2 (ii) |x - 2] «4 (iii) |2x —1| 25 
(iv) |2x ^ 112 11 (v) |3àx - 5| «4 (vi) |x — 4| «3 


7. Solve the following inequalities, x € R. 
à) x -1127 Gi) [ax +4| « x 4- 2] (ii) 21x — 1] «& | x 4 3| 


8. Onthe same set of axes, sketch the graphs of the functions 
f(x) 7 |x| — 4 and g(x) = 3x. 
Hence solve the inequality |x| — 4 « 1x. 


9, Sketch the graph of the function f(x) = [x + 3| and hence find the solution to 
the inequality |x + 3| > 3. 


10. Solve the inequality |1 + 2x| < |x + 2| for x € R. 


1 


9 
1+ 2x i 


|=1,x#- 


t3[— 


11. For what real values of x € R is | 


Hence solve the inequality Fear <1. 


12. Use the graphs of the functions f(x) = |x + 1|, g(x) = |3x — 6| and A(x) = 3 
to estimate the range of values of x that satisfies each of the following inequalities. 


G) f(x) < h(x) 
(i) A(x) < f(x) 
(iti) g(x) < f(x) 
(iv) gQ) <h@) <f@) 
(v) g(x) < f(x) < hx) 
(vi) f(x) > h(x) > g(x) 
(vii) f(x) > g(x) > h(x) 


ef 58-349 3 3 5S 43 


13. Solve each of the following for x € R. 


(i) acq (ii) |x — 3| 2 2|x — 1l (iii) |x — 1] - |2x - 112 0 


Section 12.4 Mathematical proof 
In mathematics, we use deductive reasoning to prove that a statement is always true. 
The statement, when proved true, then becomes a theorem. e.g. Pythagoras’ theorem. 


The different methods of proof include direct proofs, proofs by contradiction and proofs 
by induction (see Section 12.12). 


1. Direct proof 


Direct proof uses axioms, definitions and other proven theorems to verify the 
new statement. 


Prove that the sum of two even integers x and y is always even. 


Proof: 
Since x is even, we can write it as x — 2a, where a € Z. 


Also since y is even, y = 2b, where b € Z. 
Therefore, x + y = 2a + 2b = 2(a + b). 
Since x + y has a factor of 2 — x + y must be even. 


The sum of two even integers is always even. 


2. Proof by contradiction 


In a proof by contradiction, we show that if we claim some statement to be true, then a 
logical contradiction occurs which proves that the original statement must be false. 


Prove that /2 is irrational. 


Proof Assume V2 isa rational number. 


V2 can be written as 2 : a, b € Z and b 0, and a and b have no 
common factor. 


... Squaring both sides 


CP 9 

a’ is even since it is equal to 2 X (b?) .... any integer multiplied by 2 is even 
ais even 

a can be written as a = 2c ...sincea is divisible by 2 

gg de = Yr 

2c? = p 

b is also even 

aand b have a common factor of 2 which contradicts our assumption. 
V2 is not a rational number. 


V2 is an irrational number, i.e. it cannot be written as T with no 
common factors. 


Exercise 12.4 


1. Prove by contradiction that there are no positive integer solutions to x? — y? — 1. 
(Hint: Assume that x and y are both positive integers and use the difference 
of two squares.) 


2. Prove by contradiction that if a is a rational number and b an irrational number, then 
a+ b is an irrational number. 


3. Prove by contradiction that there are no positive integer solutions to x? — y? = 10. 
(Hint: Assume that x and y are both positive integers and use the difference of 
two squares.) 


4. Prove that if a divides b, and b divides c, then a divides c. 

5. Prove that if a divides b, and a divides c, then a divides (b + c). 

6. If a and b are real numbers, prove that a? + b? = 2ab. (Abstract inequality proof.) 
7. Prove that the sum of two rational numbers is a rational number. 


8. Prove that the sum of two odd numbers is always even. 


Section 12.5 Proofs of abstract inequalities 


If a 0 and b > 0, then A + 2 = 2 is an example of an abstract inequality (see Example 2). 


To prove that an inequality statement is true, we will use two important facts: 
(i) (Any real number)? 7 0 
(ii) —(Any real number)? < 0. 


If both sides of an inequality are squared, 
the inequality sign is retained only if both sides 
of the inequality are positive. 


For example, 4 > 3 > 4 > 3’, i.e. 16 > 9. 


However, if one or both sides are negative, 


then this does not hold. 
Eg. 2» -322?-(-3y, 
ie. 479. 


To prove an abstract inequality; 


1. Write down the statement you are asked to prove. 
2. Use the rules of inequalities to adapt the inequality until ... 
3. you arrive at an inequality that is obviously true. 


Prove that à? + D? = 2ab foralla, b € R. 


If: a? + b? = 2ab, 
then a? — 2ab + b? = 0 ... subtracting 2ab from both sides. 


(a — by = 0 ... factorising the left-hand side. 


which is always true. S, GP ae li e. 


If a — 0 and b — 0, prove that $-b22 


=o 


then a*+b?=2ab ... multiply each term by the common denominator ab. 
a —2ab+b?=0 
(a — b)? = 0 ... which is always true. 
b 


Cn Bs 
POET 2; 


Show that x? + 4x + 6 > 0 (i.e. is positive) for all x € R. 


If: x? + 4x *- 6 — 0, 
then x? + 4x -4—4- 67 0 ... adding and subtracting (5) to complete the square. 
=> (x-2»—4-670 ... completing the square. 
=> (x*2Y-220 ..whichis true for all values of x, since (x + 2)? > 0 


for all values of x. 


x? + 4x - 6 — 0 forall x € R. 


Example 4 


Show for all real numbers a, b > 0 that (a + b|} + 


WE (mr 2E FF i) z 4, 


then (a + p) 24 ... using the common denominator ab to add the fractions. 


(a + by 
= 4 ... simplifying. 
ah simplifying 
(a + b) = 4ab ... multiplying both sides by ab. 
a? + 2ab + b? = 4ab ... expanding the left-hand side. 
a — 2ab + b? = 0 ... subtracting 4ab from both sides. 
(a — b = 0 ... which is true for all a, b € R. 


(a + D PEE > 4, 


Exercise 12.5 
1. Prove that (i) a? +2ab+b>=0 (ii) à? + 2ab + 2b? 2 0 foralla, b € R. 


2. Prove that (a + bY = 4ab foralla, b € R. 
3. Prove that —(a? + 2ab + b?) < 0 foralla, b € R. 


4. If a 0 and b > 0,show that 


T sa. A 
(i) ats 2 (i) 2 + 


5. Prove that a? — 6a + 9 + b? =0 for all real values of a and b. 


6. Prove that for all real values of x, 
(i) xX + 6x +920 (ii) x? — 10x + 2520 (iii) x? + 4x - 6-0 
(iv) x3 — 6x + 1070 (v) 42 + 12x - 11 50 (vi) 42 — 4x - 27 0. 


7. Show that (i) ~x? + 10x -25x0 (ii) —?—4x - 7 «0 forall x € R. 


8. Prove that for all real numbers p and q, 
G) pP + 4q* 7 4pq (ii) (p +q} <2(p* + q^). 


9. Factorise a? + b’. 
Hence prove that à? + b? > a?b + ab? for all real a — 0 and b 0. 


10. Given that a? + b? = 2ab, deduce an expression for (i) à? + c? and (ii) P? + c. 
Use these results to prove that 


a? + b? + °> ab + bc + ca for all real values of a, b and c. 


+ 
11. If p — 0 and q >0 and p # q, prove that Pot > Jp. 


12. Show that (ax + by)? < (a? + b*)(x? + y?) for alla, b, x, y € R. 
13. Prove that at + b^ = 2a?b? for alla,b € R. 
14. Ifa and b are positive numbers, show that 


(a+ 2b)(2 à 23 > 4, 


<1 


a 
Gy Q4 


15. Show that for all real a, 


16. (i) Express a^ — bt as the product of (a) two factors (b) three factors. 
(ii) Factorise añ — ab — ab* + b5. 
(iii) Use the results from (i) and (ii) to show that à? + b? > ab + ab^, where a and b 
are positive unequal real numbers. 


17. If à + b?=1 and œ + d? 2 1,show that ab + cd « 1. 
(Hint: Use the result that à? + b? = 2ab.) 


18. Prove that vab > nu if a and b are positive and unequal. 


19. Prove that a + EE = 4, where a+2>0. 
a+2 


a tC. 


aq a. c [4 
20. Ifa, b, c, d are positive numbers and = > =, prove that bed’ d 


b^ d 
21. Explain why (dà? — b?)(a — b) is always positive for a > b. 
Hence prove that a^ + b* = ab + ab? foralla, b € R and a 7 b. 


Section 12.6 Indices 


When a number is multiplied by itself many times, we use the index form to represent 
the product. 
4x4x4x4x4= 4, ie. 4 to the power of 5. 


In this case, 5 is the index (plural indices) and 4 is the base number. 


Revision of the rules of indices. 


Example Rule 
6 X 64 = 67 aPgd = qa*a 
45 
2. E. ee E = a- 4 
3. | Q*y 227 (aP)t = qn 
oe = 5°= 9 =(-3)=(2)=1 | 
o S 1 2-4 1 an = ll 
3 dud lc a? 
To Tim s a= Va 
7. | 83 = (83) or (8 at = Vg = (Vay 
EN (2 x 5)? =2 x 3? (aby = aPa" 
(2) -2 Qum 
6) 6 (5) | pp 


Each of these rules can be verified by expanding the powers and simplifying, e.g. 


(24 = 24 X 24 X 24 = 


2? = 4096 


Note: Vx = Vx = x? = the square root of x. 
Vx = "m the cube root of x. 
Ux = x* = the fourth root of x ... etc. 
3 143 
Note: 25? = (252) (5)? = 125 (most often, it is easier to get the root first and then 


raise to the power.) 


Evaluate each of the following. 


(i) 273 (ii) 36° (ii) 645 


(iv) as 125 ie 


(i) 25 = .. (i.e. 3 multiplied by itself three times equals 27) 
3 
(ii) 362 


(ii) 645 = 


(iv) (i)? 


Numerical expressions containing complex fractions with indices 
can be simplified and evaluated with a calculator. 


Since the procedure on each calculator may be slightly different, 
it is important to gain practice on your calculator, particularly when 
dealing with fractional powers. 


However, it is most important to understand the rules of indices 
and to be able to apply them to general problems containing unknowns. 


xy 
Simplify each of the following. (i) | = ; 
d M 


2,-3M 


o (BG) = G9! = olor = 


St SA 25 
neo W 


Show that 


opua St Se ds: sui A Se 
Serr PrF Se r5 Hr M 
US 25 25 


Exercise 12.6 
1. Simplify each of the following: 


(i) xe (ü) x.x.x? (iii) 2:20 x 339 (iv) 5 (v) Hn 
(vi) a? (vii) V27 (viii) (a?) (ix) E (x) (Gaby 


2. Express each of the following as a rational number: 


(i) V64 (ii) 372 Gi) zby (iv) 25 (v) 


10. 


11. 


Express as rational numbers, 
(i) 8 (ii) 16: (iii) 273 (iv) 814 (v) 125°. 


Simplify each of these: 
oh (3) em eG o 


2 3 
Express 4^ X 16 in the form 4", n € Z. 
645 x 4 
Find the value of the rational number p for which oxen =, 
Simplify each of the following, writing your answers with positive indices. 
a O x ay)? "E Ea — 
(i) ge (ii) rF (ili) a Xa 
"Ec (aV b)? NET 
iv) |— v vi 
"i 5 () Tab M 
Simplify each of these 
(i) cane: Ay Gi) (x4 x?)(x — x?) (iii) ET AL + EHE 
x? 


By multiplying the numerator and denominator by (x — 1), simplify 
(x= 1)? +(x- 1)? 
(x - 1)? 


The expression 3? *! x V/3-?" can be written in the form 34; find k. 


The keys on a piano are tuned so that each key 
(white and black) produces a note that has a 
frequency of 2/59) times that of the previous note. 


If the A key (2 keys below middle C) is tuned to 
a frequency of 220 Hz, find, correct to the nearest 
whole number, the frequency (in Hz) of middle C. 


middle C 


The surface area of a sphere is given by 
A = 4qr? and its volume V by ir, where r is the radius of the sphere. 


Show that if we have two spheres of radii nn and r, respectively, then the ratio of the 


A; _ (Vis 
surface areas can be written as —— = |—— 
A, Vo]. 


If two such spheres have volumes 162 cm? and 384 cm? respectively, find the ratio of 
their 


: š a 
areas, expressing your answer in the form p where a, b E N. 


13. Given f(n) = 3", find expressions for (i) f(n + 3) (ii) f(n + 1). 
Hence find the value of k such that f(n + 3) — f(n + 1) = kf(n), where k € N. 


14. Given f(n) = 3" - |, find the value of k such that f(n + 3) + f(n ) = kf(n), where k € N. 


Section 12.7 Exponential equations 


y =3* is an example of an exponential function. 
* — 27 is an example of an exponential equation. 


As in the last section, 3 is the base number and x is the index (power) or exponent. 


When solving exponential equations, it is important to identify the base number (usually a 
prime number) that is common to all the individual terms of the equation. 


E.g. 3* = 27 ; 3 is the base number for both sides. ... (3 = 3°) 
25* = 125 ; 5 is the base number. ... (5* = 5°) 


Solve these equations. (i) x = 163 (i) 275-9 = 3534 99-2 


(Gi) 97-9395 99-7 
(the base number is 3) 
(Gyre = 3} x GCG) 
=> 33-9 = 31 x 32x - 4 
— 331-9 = 32-3 
= te — OS oe = 3 
>x=6 


By using a suitable change of variable, an 
exponential equation can be transformed into a 
quadratic equation and then solved. 


If y = 3*, express 3% in terms of y. 
Hence solve the equation 3% — 4.3* + 3 = 0. 


(i) 32x = (3*)? - ye 
(ii) Given 3% — 43* + 3 = 0. 


=> y? — 4y +3 = 0 ... using the substitution 3* = y and 3% = y? 
= Wir ay = 
=> y=1 or y=3 ... are the solutions of the new quadratic equation 
=> 3*=1 or 3* —3 ... re-substituting to find values of x 
=> 3* = 39 or 3* = 3! ... using the base number 3 
x =0 or x= 1 are the solutions. 


Exercise 12.7 
1. Find the value of x in each of these equations: 
(Gi) 2 = 32 (ii) 16 = 64 (ii) 25* = 125 (iv) Fes 
2. Solve each of these index (exponential) equations. 
O 9-1 (ii) &- 4 (iii) 4712 2:*1 (iv) x 22] 


27 32 


3. Find the value of x in each of these equations: 


v2 


(i) 2° = = (ii) 25* = 125 (iii) xi -/2 (iv) 7: = si 


v5 V7 


4. Write /32 asa power of 2 and hence solve the equation 16*~! = 2/32. 
5. If 27* 2 9 and 2* * = 64, find the values of x and y. 


6. Express (i) 2**? and (ii) 2* + 2* in the form k2*, where k € N. 


Hence solve for c in the equation 2*  2* = 2* * (c — 2). 
7. By letting 3* = y, solve the equation 3% — 12(3*) + 27 = 0. 
8. Solve the equation 2?* — 3(2*) — 4 = 0 and verify your answer by substitution. 
9. Solve each of these equations: (i) 27 — 9(2")+8=0 (ii) 3*—10(3) 49-0 


10. If y=2*,write (i) 2% (i) 2**! and (iii) 2**? in terms of y. 


Hence solve the equation 27**! — 2*+3 —2* + 4 = 0. 


11. By using the substitution y = 3’, find the two values of x such that 3.3* + 3 * = 4 and 
verify each solution by substitution into the original exponential equation. 


12. Solve the equation 2(4") + 4* = 3. 


13. Solve the equation 3* — 28 + 27(3 ?) = 0. 


14. By letting 2* = y, solve the equation 2**! + 2(27*) — 5 = 0. 


15. Solve the exponential equation 3* + 81(3-*) — 30 = 0. 


Section 12.8 Exponential functions 


Exponential functions such as f(x) = a* are used in modelling many physical occurrences. 


These include: 


(i) the growth of a biological cell 


(ii) changes in population, e.g. algae growth on stagnant water 


(iii) compounded interest and depreciation 


(iv) radioactive decay 


(v) the rate at which a body loses heat (Newton's law of cooling). 


ICT: Functions of the form y = a*, a = constant, can be studied 
graphically. Remember, when using a keyboard, to use the “^” 

button to raise a power (exponent), i.e. y = 2 ^ x. 
Proper use of brackets is essential, i.e. y = 2 ^ (2x) = 2%. 


All of the graphs associated with exponential functions have a characteristic shape and 


are easily identified. From this diagram we can see 
that graphs of the form f(x) = a*, where a > 0 
and a # 1, have the following properties; 


1. At x =0, f(0) =a? — 1. 
— (0,1) isa point on all graphs. 


2. At x — 1, f(1) 7» a! =a. 
— (1,a) isa point on all graphs. 


3. At x= -1, f( )-a-l 


> (-1, L is a point on all graphs. 
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yas 
y = 10° | y=2* 
JOJA muy: 
6 
5 
4 
= 1.3 
3 
B "TIERS 
» 
-3 —2 -10 - $2 3 4 5.6 2% 


4. They are defined for all real values of x. fe) 201:2107 fx) = 10° 


E , , fo 
5. The x-axis is a horizontal asymptote to ` "6 
. Saé \ 
all the curves = f(x) = a* is always positive. t is 
\ 1 
6. If a > 1, all of the curves increase as x ja 4 
increases. As a increases, the curves rise * 3 
more steeply. fa) 20.512 27 4 fo)T7 
Y A 
7. If 0<a<1, then the curve f(x) =a TA 
reflects in the y-axis, producing a set of 5 ec EE 
curves that decrease rapidly as x increases. 74 cg -2 -1 1 234% 


Note: If a= (4) =271 
> fa) = (3) = =o 


Note: The general formula for an 
increasing exponential 
function is f(x) = Aa‘, 
where A is the value at 
the start, i.e. when 
x — 0. 


A bacterial colony doubles every hour. If 10 bacteria cells were present at the 


start of an experiment, (i) complete the following table (ii) draw a graph of the 
number of bacteria present up to 5 hours. 


(iii) By how many would the population increase in the 6th hour? 


(iv) What percentage increase in the population occurred in the 6th hour by 
comparison to the first hour? 


(v) Write an expression for the size of the population (N) after t hours. 


3 4 E 
40 80 160 320 


(iii) At t= 5 hours, there are 320 
160) bacteria. 
At t — 6 hours, there are 640 
bacteria. 


=> an increase of 320 bacteria. 


Percentage increase 


umber of bacteria 


10 
— 320096 
After t hours, N = A.a'. 
At iom INL 110) m Af 
=> 10- A. 
ANt iom 11, N es 10 = 20. 
=> a=2. 
N = 102". 


The graphs of two exponential functions, y = Aa’, are given in this diagram. 
Find the values of A and a for each graph. 


(i) f(x) = Aa* 

f(0) =1, -. Ad =1 > A-1. 
f= 2, 022—429 

[.. f(x) is an increasing function] 
a f(x) = 2* 

(ii) h(x) = Aa 2) 
f0) =4, -. Ad®=45 A — 4, (0, 1) h(x) 
fQ) =2, 44 22-2 a=Fah. 
[.. f(x) is a decreasing function] 


(ESSI estos 
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The magnitude (or size) M of an earthquake is measured on a scale called the Richter scale. 


During earthquakes, the amplitude (A) of the earth's movement is a measure of the 
intensity (Z) of the quake i.e. Z ~ A and is given by the exponential formula J = k10”, where 
k is a constant. 

The energy released by the earthquake of magnitude M is E = 1015M + ^^ joules 


An earthquake of magnitude 2 on the Richter scale releases 25,118,864 Joules of energy. 


An earthquake of magnitude 6 on the Richter scale releases 25,118,864,315,096 Joules of energy. 


Given that the intensity of an earthquake is represented by the formula J = k10”, 
and the energy released during a quake by the formula E = 10!°"*48, where T is 
the Intensity and M is the magnitude on the Richter scale, compare 

(i) the intensity (ii) the energy of an earthquake of magnitude 6.1 on the 
Richter scale with a quake of magnitude 4.7. 


(i) M; =61 = L = k1064 (ii) E = 1015M + 4.8 = 1015X 6.1 + 4.8 = 101395 
M, =47 = ib = k1047 E; = 1015M +48 = 1015X 4.7 + 4.8 = 1011-85 


"n ot k10°! i TR 1013-95 ee 
z age = 1 = 25 amem A 


= Jb = 23b, E, = 126E, 


Exercise 12.8 


1. Match each of the following exponential = 
functions with one of the graphs. 
G) y=2 
(ii) y = (0.1) : 
(iii) y = 10* 


i = (0.5)2* 
(v) y — (0.5) 2340 4.924 


B C D 
yA yA yA 
3 3 3 
2 2 2 
1 
-2-10 1 2 x -2-10 1 2 x -2-10 1 2 x 


2. Anentomologist monitoring a grasshopper plague notices that the area affected by the 
grasshoppers is given by A(n) = 1000 x 2°?” hectares, where n is the number of weeks 
that have elapsed after the initial observation. Find 

(i) the area originally affected 
(ii) the affected area after (a) 10 weeks (b) 12 weeks. 
(iii) Draw a graph of A(n) against n for 0 « n « 10. 
(iv) From the graph or otherwise, calculate the *doubling time" for the colony. 
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State whether each of the following graphs is increasing or decreasing. 
à) y -(i) (ii) y = (0.8) (iii) y=4x 2 (iv) y 23x 47 


What is the y-intercept of each of the following curves? 
(i) y = (0.6)2* (ii) y 4 327* (ili) y = 8.2% (iv) y=6.4~* 


. For each of the following, use one set of axes to sketch the graphs (—2 < x < 4). 


(i) y ^2: and y 2 3* (ii) y ^2* andy - 3^ (iii) y = 3.272 and y 223 * 
(iv) For what values of x is 2* > 3* ? 

(v) For what values of x is 2* < 3* ? 
(vi) For what value(s) of x is 2* = 3* ? 


(vii) For what values of x is (3) > (3) ? 


The number of days, D, that yoghurt stays fresh, if stored at the temperature T°C, is 
D = 18(0.72)7. 
(i) Is this an example of exponential growth or decay? Explain your answer. 
(ii) For how many days will the yoghurt stay fresh if stored at 
(a) 5°C (b) 2°C (c) 0C ? 
(iii) Estimate the temperature required to keep the yoghurt fresh for at least 5 days. 


Carbon-14, the radioactive element of carbon, decays according to the formula 

P = 100(0.99988)", where P is the percentage of the original mass of Carbon-14 that 

remains after n years. 

(a) Find the percentage of Carbon-14 that remains after (i) 200 years (ii) 500 years. 

(b) Estimate (using trial and error) how long it will take the Carbon-14 sample to 
decay to half its original mass. Give your answer correct to the nearest 10 years. 

(c) A bone containing 79% of its original Carbon-14 was discovered in a bog in 
County Offaly. Estimate its age. 


A science researcher monitoring a mosquito plague notices that the area affected by the 
mosquitoes is given by A(n) = 1000 x 2°?” hectares, where n is the number of weeks 
after the initial observation. 

(i) Find the original area affected. 

(ii) Find the area affected after (a) 5 weeks (b) 10 weeks (c) 12 weeks. 
(iii) Using the answers to (i) and (ii), draw a graph of A(n) against n. 


The pulse rate, P(t), of a runner, t-minutes after he finishes training, is given by 
P(t) = 90 x 37025 + 50. 
(i) Sketch the graph of P(t) using the values of t = 0, 2, 4, 6, 8, 10 min. 
(ii) Find the pulse rate immediately after finishing training. 
(iii) How long did it take for his pulse rate to drop to 
(a) 70 beats per minute (b) 55 beats per minute? 
(iv) What is the runner’s normal pulse rate? Explain your answer. 


10. The energy released by an earthquake is given by E = 10'!°“*48 where A is the 
amplitude and M is the magnitude on the Richter scale. 
How many times greater is the energy released by an earthquake of magnitude 7 
compared to an earthquake of magnitude 5? 


11. In an experiment involving a population of flies, the model P(t) = 40b' 
was established for the population P(t) after t days from the beginning of the 
experiment, t = 0. 
(i) How many flies were there initially? 
(ii) After 1 day, there were 48 flies. Find the value of b and interpret it. 
(iii) Sketch a graph of P(t) versus t for 0 < t < 5. 


Section 12.9 Logarithmic function 


The logarithm is a function that focuses on the index (or exponent) of a number. 

If y = 25, then y = 32 is easily calculated. 

However, if 200 — 2* it is not as easy to find the index x that gives the number 200. 
To find x, we use logarithms (logs for short). 


Consider the result 32 = 25 ; using log notation, log,32 = 5. 
This is read as “the log of 32 to the base 2 is 5”, 
i.e., 5 is the index (power) to which the base number 2 must be raised to get 32. 


Similarly, 10? =100 can be rewritten using logs as log;9100 = 2 
(the log of 100 in the base 10 is 2), 


i.e., 2 is the index (power) to which the base number 10 must be raised to get 100. 


Thus, the equations 2? = 8 and log,8 = 3 are identical and interchangeable. 


joo) = 10? logio 10022 


200 = 2* log; 200 = x 


From this definition of a log, it is clear that 
(i) logs25 = 2 (ii) log;:27 = 3 (iii) log,16 = 4 (iv) log381 = 4, 
i.e. to what power must 5 be raised, to get 25...? Answer = 2... etc. 


If the log or base is not a whole number, proceed as follows. 


1. 
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Without using a calculator, evaluate (i) log,27 


(i) Let log;27 = x. (ii) Let log;9 = x. 


= 9 =27 J-9 


=> (PF c 33 => (Gry =: 32 
= 23 => —x-2 


> x=; =a 


The laws of logarithms 


When the rules of indices are expressed in 
logarithm form, we produce the very important 
laws of logarithms. 


These laws enable us to solve many 
complex equations. 


Using your calculator, verify each of the following. 


1. log;o4 + log;93 xx log;912 = 1.0792 
2. 10g18 — logi96 = logio(8) = 0.1249 
3. 10g18? = 3 logio8 = 2.7093 


4. log;910 =1 
5. logiol = 0 


(ii) log,9 (iii) log 48. 
(ui) Let log; 8 = x. 


= QE =e 
jy = 23 


The Laws of Logarithms 
1. log, xy = log,x + log,y 
2 log (^^ = log,x = log,y 
3. log, x” = nlog,x 


4. log,a = 


The rules of logs apply to any base, however, the two most widely-used bases in logs 


are the base 10 and the base e (2.718). 


Base ten logs, e.g. log,,1000, are used for calculation purposes and are referred to 


as common logs. 


Base e (= 2.718), e.g. log,1000, is used when dealing with naturally-occurring events, 
e.g. earthquakes, growth of colonies etc., and hence are called natural logs and are 


written log, x = Inx. 


Without using a calculator, simplify the following number: 


2log, 3 + logy 16 — 2og[£) 


2logi;3 + logioló — 2log[$) = log)?  logigl6 — logu($] 


= logio (3? x 16) — logio 38] 
9x16 
(25) 


= log;9100 =2 


= logio 


Without using a calculator, simplify the following number: 
log,128 + log345 — log,5 


log,128 + log345 — log;5 = log,128 + log, 2) = log,128 + log;9 
(Since the bases are different, these logs cannot be added!) 


Let log;j128 =x => 128 = 2* also, let log39 = y > 9 = 3” 
2 = 32 = 37 
7=x 2=y 


log,128 + log,39 =7+2=9 


Example 4 


Evaluate the following number correct to two significant figures: 


logs11 — log.4 


Using the log key on the calculator 


Press g. 8, = 11, "5 mms g. 6, ep 4, "9 = 


= 0.379438 


= 0.38 correct to two significant figures. 


Note: For all bases, 


(i) if log.(e)* = x also (ii) if ae”) = x 


=> klog.(e) =x => log,a°&") = log, x ... taking the log of both sides. 


but log.(e) = 1 
> k=x 


M 
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log,n.log,a = log,x 
log,n.1 = log,x 


=> nx 


If eis a positive integer, e - 2, k >0 (i) log.(e)* =k and (ii) e^*9 =k 


Solving logarithmic equations 


When solving log equations, always check that each term has the same base. 
If this is not the case, the change of base rule must first be used to change to 
a common base. 


If no base is given, the equation holds true for all bases. 
If log,b = log,c, then b = c. 
If log,b — k, then b — a*. 


Check all solutions to make sure they do not produce logs of negative numbers 
as these are not defined. (See page 492.) 


Solve the equation 2log,x — log4(18 — x) = 1. 


2logax — log,(18 — x) 2 1 If x = —9, the equation becomes 
=> log;x? — log,(18 — x) = 1 2log;(—9) — log;(18 + 9) = 1. 
x2 E Since the log;(—9) is undefined, x = —9 


= leo = me. 
83 is rejected as an answer. 


US = 3 


n =3l= = xe 
= A 


X = 54 — 3x 
A 34 — 
(x — 6)(x + 9) =0 


x=6 or x=—9. 


Example 6 


Solve the equation log3x + 3log,3 = 4. 


This equation contains logs with different bases. 
Therefore, we need to change base 3 to base x (or vice versa). 
log.x 1 


log;x = ise = E3 because log,x = 1 


^ 1 = 
logax -3logj3 24 => IE + 3log,3 = 4 


Using the substitution log,3 = y, 


ates -. log,3 =1 
=> 1+ 3y? = 4y 
3y? — dy +1 =0 or log,3 = 3 
DTE 
; y=lory=4 E 


x —30r27 (both solutions give positive logs and thus are acceptable). 


Note: This result can be verified by repeating the procedure using the base 3 
log33 — 1 


instead of the base x: log,3 = = , 
log;x  logix 


Exercise 12.9 


Without using a calculator answer questions 1-6. 
1. Write down the value of each of these: 


(i) log;4 (ii) log;81 (iii) log;91000 (iv) log,64 
2. Find the value of each of the following: 
(i) logsl6 (ii) logo27 (ii) 10g1632 (iv) log:8 (v) log, 81 


3. Change each of the following to index form and solve for x. 


(i) log,27 = x (ii) log 54 =x (iii) loggx = 2 (iv) logux = 3 


4. Solve each of the following equations: 
(i) logxx = -1 (ii) log3/27 = x (ii) log,2 = 2 (iv) log,(0.5) = x 
5. Simplify each of the following, expressing your answers without logs. 


(i) logy2 + log,32 (ii) logs? + loge8 — log,2 (iii) log;4 + 21og;3 


6. Write each of the following in the form log,x and then simplify: 
(i) log;2 + 2log;3 — log418 (ii) logg72 — logs(2) 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


If the log;5 = a, find in terms of a, 


(i) log45 —— (i) log,(3) (iii) log,(84) Gv) logs 53 (v) log;75. 


Use common logarithms (i.e. logarithms to the base 10) to find, correct to three 
significant figures, the value of x in each of the following: 


(i) 200 = 2* (ii) 5* = 500 (iii) 3*+1 = 25 (i) Sr usi 


Let y 227-13. 
(i) Express x in terms of y using common logarithms. 


(ii) Hence find, correct to 4 decimal places, the value of x for which y = 8. 


If logiox ^ 1 +a and logiy = 1 — a, show that xy = 100. 


If p= log, (22. q= log (7) and r= log 7). show that p+ q = 2r. 


If log,x = 4 and log,y = 5, find the exact values of: 


(i) log,x2y (ii) log,axy (iii) log 


Use the change of base law to show that log);x = slogsx. 


Using a calculator, evaluate each of the following logs correct to three significant figures: 
(i) logy4 (ii) log;927 (iii) 1og;9356 (iv) 1log;55600 
(v) 1og,929 000 (vi) 1og;9350 000 (vii) log;93 870 000. 


Ifthe log;ox — 3.123, and using the results of O14, find the max and min values of x 
without using your calculator. 


Find, correct to three significant figures, the value of each of the following: 
(i) log315 — log,5 (ii) logs6 — log,18 (iii) log,42 — log;215 


Evaluate (i) log,,81 (ii) log558. 


__ d 
Show that log,a = lee 


If x >0 and x #1, show that 1 + 1 + — ; 
logox  logax  logsx  logaox 


If log,p = log,2 + 3log,q, use the laws of logarithms to express p in terms of q. 
If logaa + logga = a > 0, find the exact value of a. 


Find the value of 3In41.5 — 1n250, correct to three significant figures. 


Solve the following log equations: 


23. log;(x — 2) + logox = 3 24. logio(x? + 6) — logyo(x? — 1) =1 
25. log2x — log(x — 7) = log3 26. log(2x + 3) + log(x — 2) = 2logx 
27. log,(17 — 3x) + logyyx = 1 28. log; — 4x — 11) = 0. 


29. Given that 2log;x = y and log,(2x) = y + 4, find the value of x. 


30. Iflogex + logsy = 1, x, y > 0, show that x = : 


Hence solve the simultaneous equations logsx + logsy = 1 
5x + y = 17. 


31. Use the change of base rule to solve each of the following equations: 
(i) 4log,2 — loggx - 3 = 0 (ii) 2log,x + 1 = log,4. 


Section 12.10 The graph of y = log,(x) 


Using computer software, the graphs fe^ 
of logio(x), log.(x) [i.e. In(x)] and log,(x) 4 g(x) —log;(x). 
are drawn in the domain 0 < x < 10. a aa 
TG) = log 
Comparing the graphs, we conclude that 2 
y = log,(x) has the following properties: 1 Q. 1) h) = logi eo) 
- Nn 1, 0) (10, 1) 
: o an ase zx 5 >) 
ae -Oi 2343567891017 
2. log;2 = log,e = log;910 = 1. =t 
3. All graphs of log functions are =2 
increasing. 


4. y =log,(x) is defined for x > 0 only. 
5. y = log,(0) is not defined. 


6. The y-axis is a vertical asymptote to all curves. 


Comparing log,(x) with y = a* 
If we let a = 2; comparing y = 2* and 
y = log,(x), we have 


y = loga(x) 


y = log,l6 = 4 


The points (0, 1), (1, 2), (2, 4), (3, 8), (4, 16), ... are on the curve y = 2*. 
The points (1, 0), (2, 1), (4, 2), (8, 3), (16, 4), ... are on the curve y = log;(x). 


y = log;(x) is the inverse function of y = 2". 
Also, y = log;ox is the inverse function of y = 10". 


The graphs of y = 2* and y = log;(x) reflect in the line x = y. 


Exercise 12.10 
1. Using your knowledge of indices, explain properties 1, 2 and 5 on the previous page. 
2. Using a graphics calculator or computer software, plot y = 10* and y = logi;ox on the 
same axes and find the axis of symmetry. 
From your graph, estimate correct to one place of decimals, the value of y = 10!? 
by enlarging the scale on the y-axis. 
3. Consider the function y = logax. 


(i) Complete the following table. 


x i 1 3 


y = log;x =i p 


(ii) Using the values in this table, sketch the graph of y = logax. 
(iii) Estimate the value of log;2.5 from your graph. 


4. Onthe same axes, sketch the graphs of 


(i) y »550xxx2 (ii) y =logsx,0 € x « 25 
(iii) What is the relationship between the two graphs? 


5. Onthe same axes, sketch the graphs of 
(i) y = logx at x = 1,2,4,6,8. 

(ii) y = log;2x at x = 1,2, 4, 6, 8. 
Use the log rule: log; xy = log;x + log;y, to explain the transformation that has 
occurred in the new graph. 

(ii) y = log,(x — 2) at x = 3,4, 6, 8, 10. 
By comparing this graph with the graph of y = log,x, describe the transformation 
that has occurred. 


6. On the same axes, sketch the graphs of y = logiox, y = logi and y = logjo(x + 2). 


7. Given y 2 3*3 *2— 5, 
(i) express x in terms of y using common logarithms. 
(ii) If y — 30, find correct to 3 places of decimals, the value of x. 


8. Copy this graph of the function y = log;ox into A T 
your copybook (or using a computer) and use it to 
draw rough sketches of the following functions: 2 
G) y=logiox +2 (üi) y = logo + 2) i 
(ili) y = logi x — 2 (iv) y = 2log;ox Ol liii 
(v) y = —logiox i 


9. Copy this graph of the function y = log;ox into 


your copybook and use it to draw rough sketches 


log;ox 


of the following functions: 


(i) y = logio(2x) 


(ii) y = log (5) 40/1 3 


10. Copy this graph of the function y = 2* into yix 


your copybook and use it to draw rough sketches 


of the following functions: 


(i) y=2* +1 


(ii) y=1- 2 


(iii) y = 2+! 


av 


(iv) y = ($).2" 


Section 12.11 Problem-solving with exponential and 


log functions 


As stated already, exponential and log functions are used to model a wide variety of 
problems. 


The loudness of sounds, the acidity of a solution and the intensity of earthquakes on the 


Richter scale are some examples, among many, of their application. 


'The acidity of a substance is determined by the ion concentration formula 
pH = —log[H*], where a pH of 7 is defined as neutral, <7 acidic, >7 alkaline. 
Determine the acidity of each of the following substances. 

(a) Apple juice with a [H+] ion concentration of 0.0003. 

(b) Ammonia with a [H+] ion concentration of 1.3 x 107°. 


(a) [H*] = 0.0003. = pH = —log[H*] 
= —log[0.0003] 
— 3.52 .. the apple juice is acidic 


(b) [H*] 2 1.3 x 10? => pH = —log[H*] 
z-logH-3 1027] 
= 8.87 .. the ammonia solution is alkaline 


The loudness of a sound of intensity / is given by the formula dB = 10log[7... 


where dB is measured in decibels and /, is the threshold intensity of hearing 
(I, = 1X 10°? Wm). 
(a) Find the loudness (in decibels) of a sound at the threshold of hearing. 
(b) Given that prolonged exposure to sounds over 85 decibels can cause 
hearing damage, and that a gunshot from a .22 rifle has an intensity of 
I = 2.5 X 10P I, , should you wear ear protection when firing this gun? 


(a) Threshold of hearing = 1 x 10? Wm? 


-12 
dB = 101og{ 7} = 10log( x o] = 10log1 = 0 dB, i.e. no loudness. 


(b) 12 2.5 x 1051, 
dB = 101og{ 7} = 10log 


5 x 103 
2m E LE 1010g2.5 x 10% = 134 dB. 


Yes, since the loudness is well above 85 dB, you should wear ear protection. 


Compound interest (increasing value) 


The final value, €A, of a sum of money, €P, invested at a rate of i (expressed in decimal form) 
compound interest for t years, is given by the formula A = P(1 + i). It is often required that 
we calculate the time, t (the index), for a particular investment to mature. This can be done 
by using logs as follows; 


If A — P(1 + iy, 
A "P" 
=> P^ (1 + iy ... dividing both sides by P 
=> In (4) = In(1 + iy ... taking the natural log of both sides 
A = j " — 
=> In qm t.In(1 + i) ...InB" — n.InB 
(s) 
=> 


Ind+i ^ 


How long would it take €5000 to increase in value to €6000, if invested in a credit 
union at a yearly compound interest rate of 2%? 


Since A = P(1 + i), where €P is invested for t years at i96, 


A. — €6000 P — €5000 i — 296 — 0.02 i dbxege 102 
= €6000 = €5000 (1.02) Method 2 
12 = (1092 
oy E ue 
1.2 = (1.02) = 6920 = 921 wea 
In1.2 = In(1.02)! ... taking the natural log of both sides 
In1.2 = t. In 1.02 


In1.2 


In1.02 — 
9.21 years = t = 9 years and 77 days 


Depreciation (reducing value) 


If a quantity reduces by a fixed amount over a given term (e.g. per annum), the same 
equation can be adapted to track the reducing value over time. 


The present population P then becomes P = P)(1 — i) where Py was the initial population. 


For example, if the population of red squirrels is reducing at a rate of 5% per year, then 
P = P,(1 — 0.05)! = P4(0.95)' is the number of red squirrels after “t” years. 


Example 4 


The population of red squirrels in a given region was estimated to be 5000 at the 
start of 2003. Assuming a rate of decrease of 5% per year, estimate the size of the 
population in 2013. 


Since P = P«(1 — i) and i = 5% = 0.05, 
and given that Py = 5000 and f = 10 years, 
P = 5000(1 — 0.05)! = 5000(0.95)!° = 2994 squirrels 


Doubling time 


The doubling time is the time required for a quantity to double in size or value. 

If a quantity is growing exponentially, then the number (or value) present at time t can be 
expressed by y = A.e”, where A is the amount or value at the start (i.e. t = 0) and b isa 
growth constant, specific to a particular organism. 


If this quantity doubles in size, then there are 2A present. 


2A = Ae’, where T is the time taken to produce 2A, i.e. the doubling time. 


2, — gh 
In2 = Ine’? = bT Ine = bT 
=> m2 = T, the doubling time. 


A certain type of bacteria is growing exponentially, where y = A e” is the 
number of bacteria present after t (hours) and b is the growth constant. Under 
certain conditions, the bacteria doubles in population every 6.5 hours. If at the 
start of the experiment under these conditions there are 100 bacteria present, 
find (i) the growth constant b (ii) how many bacteria will be present after 2 days. 


Since y = Ae”, then 200 = 100695^ ... since 100 doubles to 200 in 6.5 hours 
J = pD 
In2 = In ef = 6.5b Ine = 6.5b. 


(i) The growth constant b = In2 — 0.1066 per hour. 


6.5 
(ii) Two days = 48 hours 
The number present after 48 hours = 100 e%!0% x 48 
— 16680 bacteria. 


Exercise 12.11 


1. Anne invests €5000 in a fixed-term account paying 0.6% per month compound interest. 
Find 
(i) the money in Anne’s account after 
(a) 1 month (b) 2 months (c) 3 months 
(ii) a formula for the amount Anne has saved after t-months 
(iii) the minimum time for which Anne needs to invest her money if she wants to 
double her money. 


2. A biologist puts 100 bacteria into a controlled environment at the start of 
an experiment. 
Six hours later, she returns and counts 450 bacteria in the colony. 
Assuming exponential growth of the form y = Ae” where b is the growth constant, 
find a value for b, correct to two decimal places. 


3. Milk for a baby, which was heated up to 45°C, is left to cool. The temperature T°C of 
the milk, after t minutes left cooling, is given by the rule T= 15 + 30 x 10-99, 


(i) Verify that the initial temperature was 45°C. 
(ii) If the milk is to be given to a baby when it has cooled to 35?C, find how long it has 
to be left to cool to reach this temperature. 
(iii) Use this rule to find the room temperature, explaining your answer. 


. The loudness L (measured in dB) of a sound is given by the formula L = 10 logi 7} 


where J, is the threshold of hearing (1 x 107? Wm ?) and / the intensity of the sound. 


(i) If thunder can have a range of loudness between 100—110 dB, what is the 
corresponding range of intensities in Wm ?? 

(ii) The threshold of pain is generally assumed to be 10 Wm ?. 
Find in dB the loudness of a sound that starts to cause pain. 


. The amplitude of an earthquake is given by A = 10”, where M is the magnitude (size) 
of the quake on the Richter scale. The energy released by the earthquake is 

E = 10!5M +48 joules. Using the rules of logs, find a and b such that E = 10°A®, 

a,b € Q. 


The consumer price index (CPI) measures the cost of goods and services on a yearly 
basis. Assuming that a commodity was valued at €100 in 2000, and that the CPI has 
been rising exponentially at 4.5% since that year, find 


(i) the value of that commodity in €, t years after 2000 
(ii) the predicted cost of that commodity in 2010. 
(iii) Using the same predicted rate of increase, what was the value of that commodity 
in 1995? 


During the early stages of development, the weight W kg of a certain mammal, 
t months after birth, is given by the formula W = 0.6 X 1.15’. 


(i) What was the weight of the mammal at birth? 
(ii) State the growth constant per month as a percentage. 
(iii) How long does it take this mammal to double its weight? 


The decay of Polonium-210, a radioactive substance, is given by the 
formula M = Mee *, where M, is the mass at the start, 
M is the mass after t days, 
k is a decay constant specific to Polonium. 
If M = 10g when t=0, and M = 5g when t= 140 days, find 
(i) the value of My and k 
(ii) the mass of Polonium after 70 days 
(iii) after how many days there will be 2 g of Polonium left. 


Section 12.12 Proofs by induction 
Many theorems in mathematics are proven true using the method of mathematical induction. 
To prove a statement true by induction, we follow clearly-defined steps. 


(i) The statement is proven true for some fixed value, usually n = 1 or n ^ 2. 
(ii) The statement is then assumed true for n = k. 
(iii) Based on this assumption, we must show that the statement is true for n = k + 1. 
(iv) In conclusion, a “rolling proof" is formed: 
a. Since it was true for n —1, 
b. itis now true for n - 1 1 —2. 
c. Since it is true for n = 2, itis true for n = 2 + 1 = 3, etc. 
d. It is therefore true for all values of n. 


Prove that for all values of », 1 +2 - 3 - A  ....n — Z (n +1). 


uu 
2 


Proof: 
(i) Prove the statement true for n — 1. 
= ET TE 
= 1-5(-*1)-20Q)- 1, which is true. 
(ii) Assume true for n = k. 


zm 42-34 4. sonst 


(iii) Based on this assumption, we must show that the statement is true for n = k + 1. 


1424344. k+ CE 1) o E(k + 1) + (k+ 1) ... adding (+1) to 
both sides. 


.. factorising (k + 1) 
from RHS. 


.. getting a common 


denominator. 


re-arranging the 


denominator. 
le * 0 +4 
Itistrue for n=k+1. 


(iv) But since it is true for n = 1, it now must be true for n = 1 * 1 — 2. 
And if it is true for n = 2, itis true for n = 2 + 1 = 3, ... etc. 


(v) Therefore, it is true for all values of n. 


498 


Note 1: Although we could prove this statement true for many discrete values of n, the 
important feature of this method of proof is that it proves the statement true for all 
values of n. 


Note2: Mathematical induction is not a means of discovering a result, but when we have a 
result that seems to be true, this method provides us with a rigorous proof. 


Note3: Proof by induction can be applied to several different categories of results 
including; 


1) Results involving series of numbers eg. 14+24+34+4+....n=2(n+1). 
g g 2 


(ii) Results involving factors of expressions e.g. 10" — 7" is divisible by 3. 


(iii) Results involving inequalities e.g. 3" > 3n + 1, forn = 2. 


Prove that forall values of 7G N, 33^: 3*4 35 4 3° S $(3" = il). 


Proof: 


(i) Prove the statement true for n = 1. 
3! = 23! e 3(2) =3 ... which is true. 


(ii) Assume true for n = k. 
Bet ge St goce Gt = 1) 


(iii) Based on this assumption, we must now show that the statement is true 
for n — k-« 1. 


SPP up eo at cu qr geeto aing 
to both sides. 
9 
= 3(3* — 1) + 343! 
eae) 
B a| p 
_af38*-1+ 2x) 
(preis) 


ar 3) ... factorising 3. 


.. common 


denominator. 


(3.3* — 1) ... rearranging. 


It is true for n=k+1. 


(iv) But since it is true for n = 1, it now must be true for n = 1+ 1 — 2. 


And if it is true for n = 2, itis true for n = 2 + 1 = 3, ... etc. 


(v) Therefore, it is true for all values of n. 


T 


Prove by induction that += i 


seer EN, 


CIN 
2 23'34 emar mci" 


Proof: 


(i) Prove the statement true for n — 1. 
1 1 ... Which is true. 
(ii) Assume true for n = k. 
EE Do Kk 
1o: 03099 MEFO kel 
(iii) Based on this assumption, we must now show that the statement is true 
for n — k * 1. 
1 1 1 1 1 2 k 1 
42 23 34 7 e D Fe | Gl | DED 
EE Ke 2) + 
(k + 1)(k + 2) 
— dE ap OE E dl 
(k + 1)(k + 2) 
a Og DR Dy (k= 1) 
 (k4+T(k +2) (k+1)+1 


F F kEN. 


Iti ns nne fioxe m= ik r IL. 


(iv) But since it is true for n = 1, it now must be true for n = 1 * 1 — 2. 
Amal nit dod THUS tor 72 = 2, 8 tne tor m= 2 sp il = By oon SIC 


(v) Therefore, it is true for all values of n. 


Exercise 12.12(A) 


In each of the following questions, prove the results by mathematical induction for all 
positive integer values of n. 


1. 


2-4 6 8... 2n c 2n - n(n + 1). 
n=1 


1+4+7+10+....Gn—-2)=5Gn- 1). 
1(2) + 2(3) + 3(4) + 4(5)  .... n(n + 1) = So n(n + Dez 1)(n + 2). 


n=1 


1.1.1.1 1 "M 
203) 34) 46) 59 EDD) 2mn42y 


1 1 1 1 


1 E 1 n 
45) 5 90) *X8 ""m-*3m-34) 2 UTITA dn + 4)" 


n 2 
3 3 3 3 3- 3 gt. 2 
6 D-2-3-4-....n 2 rely. 


" Sonn $2)= n(n + ee + 1) 


8. x cx c x34 x44+.....x" , 
x-1 


Divisibility proofs 


Example 4 


Prove that for all n € N,3 is a factor of 4" — 1. 


Proof: 
(i) Prove the statement true for n — 1. 


3is a factor of 4! — 1 = 3 ... true. 


(ii) Assume true for n = k. 


= 31safactorot 4*— Te NI. 
(iii) Based on this assumption, we must now show that the statement is true 
for n — k « 1. 
Is3 atactorof 4^ 1 —1 ? 
= 44 —1 
—4*(341)-1 
—34* + 14-1 
= 3.4* + (4* — 1). 
Since 3.4% is divisible by 3 and (4* — 1) is assumed divisible by 3, 
3.4* + (4* — 1) is divisible by 3. 
It is true for n =k + 1. 
But since it is true for n = 1, it now must be true for n = 1+ 1 — 2. 


And if it is true for n = 2, it is true for n = 2 + 1 = 3, ... etc. 


Therefore, it is true for all values of n. 


Prove by induction that 8" — 7n + 6 is divisible by 7 for all n € N. 


Proof: 
(i) Prove the statement true for n — 1. 
7isafactor of 8! — 7.1 + 6 = 7 ... which is true. 


(ii) Assume true for n = k. 
=> 7isa factor of 8* — 7k + 6k € N. 
(iii) Based on this assumption, we must now show that the statement is true 
for n — k +1. 
Is 7 a factor of 8**! — 7(k - 1) c6 ? 
= 88> k = 7 +6 
= 8 ae io We 7 4-6 
= (8 + 1385 — je 7 6 
EU S + (8° — 7k +6) 7 
Since 7.8% is divisible by 7, (8* — 7k + 6) is assumed divisible by 7 and —7 
is divisible by 7, 
8+! — 7(k + 1) + 6 is divisible by 7. 
It is true for n =k + 1. 
(iv) But since it is true for n = 1, it now must be true for n = 1+ 1 — 2. 


And if it is true for n = 2, it is true for n =2 + 1 = 3, ... etc. 


(v) Therefore, it is true for all values of n. 


Example 6 


Show that n(n + 1)(n + 2) is divisible by 3 for n € N. 


Proof: 
(i) Prove the statement true for n = 1. 
3 is a factor of n(n + 1)(n + 2) =1(1 + 1)(1 + 2) 
= 6. ... which is true. 
(ii) Assume true for n = k. 
= 3isa factor of k(k + 1)(k + 2), k EN. 


(iii) Based on this assumption, we must now show that the statement is true 
forn=k +1. 


Is3 a factor of (k+ 1)(kK+1+1)(K+1+2) ? 


= (k + 1)(k + 2)[k + 3] 
= (k + 1)(k + 2)k + (k + 1)(k + 2)3 
= k(k + 1)(k + 2) + 3(k + 1)Y(k + 2) 
Since 3 is assumed a factor of k(k + 1)(k + 2), and 3 is a factor of 


3(k + 1)(k + 2), 
(k + 1)(k + 2)(k + 3) is divisible by 3. 
It is true for n= k + 1. 
(iv) But since it is true for n = 1, it now must be true for n = 1+ 1 = 2. 


ANG! THIS THUS tor ip] = 2, s tine tore m= 21 = 3, oon SIC 


(v) Therefore, it is true for all values of n. 


Exercise 12.12(B) 


Prove by induction that 

1. 6"— 1 is divisible by 5 for n € N. 

2. 5"— 1 is divisible by 4 for n € N. 

3. 9"— 5" is divisible by 4 for n € N. 

4. 3? — 1 is divisible by 8 for n EN. 

5. 7” — 2" is divisible by 5 for n € N. 

6. 7"*!+ 1 is divisible by 8 for n € N. 

7. 29-14 3 is divisible by 7 for n € N. 

8. 5"— 4n + 3 is divisible by 4 for n € N. 

9, 7"-F 4" + 1 is divisible by 6 for n € N. 
10. n(n + 1)(2n + 1) is divisible by 3 for n € N. 
1l. n> — n is divisible by 3 for n € N. 


12. 13” — 6"-? is divisible by 7 for n2 2, n EN. 


Inequality proofs 

When dealing with inequalities we noted two important deductions, namely 
(i) If a b, then a—b>0 
(ii) (any real number )? > 0. 


Example 7 


Prove by induction that 2" > n? for n2 5,n EN. 


Proof: 
(i) Prove the statement true for n — 5. 
PS5 
32 >25 ... which is true. 
(ii) Assume true for n = k, k > 5. 
=> 25 »Kke€N and kz5. 
(iii) Based on this assumption, we must now show that the statement is true 
forn=k+1. 
Is 2kt1>(k+1) ? 
Since 2* > k? (assumed) 
2 2 > ie? 
2k ril > 2k? 
we need to prove that 2k? > (Kk + 1)". 
DPS [RP te De se Al 
KT 2k 0 


k? — 2k + 1 — 1 — 1 > 0 ... completing the square by adding and 
j2— kae -—9S5( subtracting half the coefficient of k squared. 


(k — 1? —2 0 which is true for k 7 5. 
isnt SUS & Ue ae Wy 
It is true for n =k +1. 


(iv) But since it is true for n = 5, it now must be true for n = 5 + 1 = 6. 
And if it is true for n = 6, itis true for n = 6 + 1 = 7, ... etc. 


(v) Therefore, it is true for all values of n > 5,n € N. 


Example 8 


Prove by induction that n! > 2", nz4,ne N. 


Proof: 
(i) Prove the statement true for n — 4. 
alii 
24 > 16 ... which is true. 


Assume true for n — k, k z 4. 

=> k!»2*5kec€N and kz 4. 
Based on this assumption, we must now show that the statement is true 
itor m= lk ae A. 

iis (ce D Der" m 

Is (A+ 1)k! 2.2? ... (k - 1)k! 5 (k +1)! 
Since k! > 2* (assumed), 

(kK + 1)k! > (Kk + 1)2* 


we need to prove that (k + 1)2* > 2*.2 
(k + 1)2* > 2.2* which is obviously true if k > 1. 


(We se Ul e get 
It is true for n= k * 1. 


But since it is true for n = 4, it now must be true for n = 4+ 1 — 5. 
And if it is true for n = 5, it is true for n = 5 + 1 = 6, ... etc. 


Therefore, it is true for all values of n > 4,n € N. 


Example 9 


Prove that (1 + x) 21 * nx forn=1,nEN,xER. 


Proof: 


(i) Prove the statement true for n — 1. 
=> (14+x)!2=1+1.x ... whichis true. 


(ii) Assume true for n = k, k > 1. 
(+x)F21+ kx, KEN and kz 1. 


(iii) Based on this assumption, we must now show that the statement is true 
forn=k +1. 
Js (il sp ayer! x9 il sp (e se dye v 
JS (CL ec UL eeu) ERE eR ee mt 
Since (1 + x) z 1 + Kx ... (assumed). 
(il sr sel se 22) 22 (il oe ad CHL e a9) 


we need to prove that (1 + kx)(1+x)=>1+kx +x 
il +b ze te [Ree se ac am db 4E fee de ae. 


= kx? =0 whichis true for k=1 and x € R. 
tiie ime tor mas il, 


But since it is true for n = 1, it now must be true for n = 1+ 1 =2. 
And if it is true for n = 2, itis true for n = 2 + 1 = 3, ... etc. 


Therefore, it is true for all values of n > 1,n € N. 


Exercise 12.12(C) 


Prove by induction each of the following statements: 


1. 


2. 


3. 


2” >2n + 1 forn=3,nENn. 

3r >r fornz2,n€N. 

3r > 2n +2 for n>=2,nEN. 

n! >2"-! for n=3,nEN. 
(n+ 1)! 2 27? for n=2,nEN. 

(1 + 2x) 21+ 2nx for x 2 0,ne N. 


(1 + ax)" z 1 anx for a>0,x>0,n EN. 


Revision Exercise 12 (Core) 


1. 


Find the values of x that satisfy the following inequality: 


-1 cZ t4 L2 eR 


(a) Using the log and 10* keys on your calculator, evaluate each of the following: 

(i) 105? (ii) logyy4.5 (ii) 10%, where t= 0.04 (iv) log5n, where n = 100. 
(b) Using the /n and e* keys on the calculator, evaluate 

(i) e^ Gi) In589 — (ii) e-?""-^where t= 40 — (iv) (19), where k = 3.7. 


An exponential function is defined by f(x) = 3 X 4". Find 
(i) the value of a if (a, 6) lies on f(x) 
(ii) the value of b if (=. b) lies on f(x). 


Solve the equation |x — 8| = 3. 


Solve each of the following: 
(i) 5” x 257-1 = 625 (ii) 27^-? = gon +2 


A graph of the exponential curve y = a2* + b y 
is shown in the diagram. 


(2, 4) 


(i) Write down two equations in terms of a and b. 
(ii) Solve the simultaneous equations to find the 
values of a and b. 


T 3T 


7. The graphs of the log functions 
(i) In(x) 
(ii) In(x + 1) 
(ii) In(x) + 1 
are shown in this diagram. Identify each curve, 
giving a reason for your answers. 2-1 123 435% 


RP wwe 


8. Solve the equation In(x — 1) + In(x + 2) = In(6x — 8). 


9. y = Ae”. Given that y = 6 when t=1,and y =8 when t = 2, find the values 
of A and b. 


10. Find the values of a and b if the graph of y = alog,(x — b) passes through the 
points (5, 2) and (7, 4). 


11. Solve 32* ^! — 28 for x, correct to two places of decimals. 


12. Prove by induction that 


3+6+9+12+....3n= Hen + 1), for all positive integer values. 


13. Prove by induction that 
8" + 6 is divisible by 7 for n € N. 


14. Prove by induction that 
n? > 4n +3 forn=5,nEN. 


Revision Exercise 12 (Advanced) 
1. Find the range of values of x that satisfies 
(i) 3x+4<x -6 (ii) x?— 6 <9 — 2x. 
Hence find the range of values of x that satisfies 3x + 4 < x? — 6 < 9 — 2x 


2. The mass M of a radioactive material remaining after t years is given by the formula 
M = 30 x 2701 grams, Find 
(i) the original mass 


(ii) how long it would take for the material to decay to 10 grams 
(iii) how long it would take to decay to the “safe level" of 1% of its original mass. 


3. The exponential curve / = J) X 10°!5 measures the loudness of sounds compared to 
the threshold intensity of hearing Jp, where S is the perceived loudness (in decibels). 
(i) How many times louder than the threshold intensity is a sound of 30 decibels? 
(ii) How many times louder is a sound of 28 dB than a sound of 15 dB, give your 
answer correct to the nearest integer? 


10. 


11. 


13. 


14. 


By choosing a suitable base, solve the following equation for x. 


logsx — 1 = 6log,5 
Solve 0.7* = 0.3 for x, giving your answer correct to 3 significant figures. 


Using the same axes, draw a sketch of each of the following in 
the domain —3 < x < 3. 

(i) F(x) = |x| 

(ii) g(x) = |x| +2 
(iii) A(x) = |x + 2]. 
(iv) Find the values of x that satisfy f(x) O A(x). 

(v) For what values of x is g(x) > h(x) ? 


Sketch the graph of y = In(x — 3). 


Express x in terms of y and hence sketch the image of y = In(x — 3) in the line y = x. 


Sketch the graph of the function f(x) — lix + 3| and hence find the solution to 
the inequality lix *3|23. 


3 ot 
XxX? 
1 zi 
x?/—x2 


Simplify 


Prove by induction that 


1 1 
+r" 1n forr>0 and n€ N. 


Prove that <1 forall x € R,x z -1. 


_ 4x - 
(x + 1) 


Given that k is real, find the set of values of k for which the roots of the 
quadratic equation (1 + 2k)x* — 10x + (Kk — 2) =0 


(i) are real 
(ii) have a sum which is greater than 5. 


Prove by induction that 
142.24 3.2?4+ 423 t ....n2^ ^ 1— (n — 1?" 9 1. 


If for all integers n, u, = (n — 20)2", write an expression for u, +1, u, +2- 
Hence verify that u,,5 — 4u,,, + Au, = 0. 


15. Solve the following simultaneous equations for x, y = 0. 


2log y = log2 + log x and 2” = 4* 


16. The population of a city grows according to the law P = 40000 (1.03)", where n is the 
time in years and P is the population size. 


(i) What type of function is this? 

(ii) Estimate the size of the population in 12 years time. 
(iii) What was the initial population of the city before the city started growing? 
(iv) Determine when the population will have doubled (to the nearest half-year). 


17. The population of a town was 8000 at the beginning of the year 2000 and 15 000 at 
the end of the year 2007. Assuming that the growth was exponential, 
(i) write an expression for the growth of the population, defining each of the 
terms used 
(ii) find the population at the end of the year 2009. 
(iii) In what year will the population be double that of the year 2007? 


Revision Exercise 12 (Extended-Response Questions) 


1. The manufacturer of a facial cream SPOTLESS claims that the population of bacteria 
which create spots will be halved within five days of using their cream. 
During a trial in his laboratory, Professor Snape finds that the number of bacteria N in 
the population is given by the formula N = 5000e 9 ', where t is time, measured 
in days. 


No. of bacteria 


O 2 4 6 8 10 12 14 16 18 20 * 
Days 


(i) Using this formula, test the claim that the bacteria population will halve in 
five days. 
(ii) According to Professor Snape's equation, what will the level of bacteria be 
after 10 days? 
(iii) How many bacteria are present at the beginning of the trial? 
(iv) After how many days will the population reduce to 100? 
(v) Copy this grid and sketch a graph of the number of bacteria in the population over 
a 20-day trial. 


0.02mm? 


B 
« 5m >A 


The diagram shows a conical glass fibre. 
The circular cross-sectional area at the end B is 0.02 mm". 
The cross-sectional area reduces along the length from B to A by a 


factor of (0.92) 5) per metre length of the fibre. 
The total length of the fibre is 5.0m. 


(i) Write down a rule for the cross-sectional area of the fibre at a distance x m from B. 
(ii) What is the cross-sectional area of the fibre at a point one-third of its length from B? 
(iii) The strength of the fibre increases from B to A. 
At a distance x m from B, the strength of the fibre is given by the formula 


S = (0.92)10- 3, 
If the weight that the fibre will support at each point before breaking is given by 


Weight = Strength X Cross-sectional area, write down an expression, in terms of x, 
for the weight the fibre will support at a distance x m from B. 


(iv) A piece of glass fibre is needed to carry weights of up to 0.02 X (0.92)?? units. 
How much of the 5 m could be used for this purpose? 


A trans-european train developed a fault in the lighting systems in two carriages A and B. 
Before the fault, the light intensity in carriage A was I units and in carriage B was 

0.66I units. 

At each station at which the train stopped, the light intensity in carriage A decreased by 
17% and in carriage B by 11%. 


(i) Write down exponential expressions for the expected light intensity in each 
carriage after n station-stops. 

(ii) At some time after the initial fault, the light intensity in both carriages was the 
same. At how many stations did the train stop before this occurred? 


There are approximately ten times as many red squirrels as grey squirrels in a 
particular region. 

If the population of red squirrels is reducing at a rate of 576 per year, and the grey 
squirrel population is increasing at a rate of 11% per year, 


(i) write an expression for the size of the population of grey squirrels after t years 
(ii) write an expression for the size of the population of red squirrels after t years. 
(iii) After how many years, correct to 1 place of decimals, will the populations of both 
species be equal (assuming the present increase/decrease rates continue)? 
(iv) Find how many years it will take (again, assuming the present increase/decrease 
rates continue) before the proportions of the squirrel populations will be reversed. 
(v) Using the same axes, draw exponential graphs indicating your answers to (i), (ii), 
(iii), (iv) above. [Take t = 0, 5, 10, 15, ..., years.] 


The number of bacteria in a colony is given by the formula n = A(1 — e^"), where n is 
the size of the population after t hours. 
A and b are positive constants. 


(i) Is this a graph of growth or decay? Explain your answer. 
(ii) If t — 2 when n = 10000, and t= 4 when n = 15000, show that 
2e 9^ — 3e ?^ +1 = 0. 
(ii) Using the substitution a = e^?^, show that 
22 — 3a+1=0. 
(iv) Solve this equation for a. 
(v) Find the exact value of b. 
(vi) Find the exact value of A. 
(vii) Sketch the graph of n against t. 
(viii) After how many hours is the population of the bacteria 18 000? 


Chapter 1: Algebra 1 


Exercise 1.1 


1. 
2. 
3. 


(i) 3 (ii) —9 (iii) 5 
(i) 2 (ii) 3 (iii) 4 
(i) 3 is not an integer 
(ii) —4x^!, —1 is not a positive power 
(i) 8x? — 4x -2 (ii) 4x3 + 2x? — 6x 
(iii) 7x? — 5x (iv) 9x? — 9x — 19 
(i) 22x3 — 19x? (ii) 9x4 — 26 
(iti) 7x* — 55 + 5x3 (iv) 159 — 31x? + 3x 
(i) 2x7 + 13x+20 (ii) 2x7 -x -6 
(ii) 332 + 7x — 6 (iv) 12x? — 11x + 2 
(v) 62 -13x -5 (vi) 8x? —22x- 6 
(vii) x? — 4 (viii) 4x? — 25 
(ix) a2x? — phy? 
(i) x? * 4x +4 (ii) 3? — 6x + 9 
(iii) x? + 10x + 25 (iv) a? + 2ab + b? 
(v) x* — 2xy + y? (vi) a? + 4ab + 4b? 


(vii) 932 — 6xy + y? 
(ix) 4x? + 12xy + 9y? 


(viii) x? — 10xy + 25y? 


& (xx (i) &? — 4x +5 
(iii) —x? + 2x — 1 
9. (i) No (ii) No (ii) Yes. 

Parts (i) and (ii) cannot be expressed in the 
form (ax + by? 

10. p=4 11. ¢= 20 12. 5— 16 

13. (i) xX + 4x? 10x + 12 
(ii) 2:8 — 5x? — 13x +4 
(iii) 2x3 —32— 5x +6 
(iv) 68 — 16x? + 14x - 4 

14. Proof 

15. Proof 

16. 14 

17. 210 — x? — 25x — 12 

18. 2x* - 108 + 9x? + 5x — 2 

19. —47 

20. ()x-2 (ii) x +2 
(iii) x? — 2x (iv) 3x — 2y 

21. (i) 2x +3y-1 (ii) 2322 — 3x + 4 

22. (i) 4a (ü) 4ab (ii) 2yz (iv) Z 


23. 
24. 


25. 


26. 


(i) x -3 (li) 2x - 4 (iii) 2x +3 
(i) x? — 7x + 12 (ii) x2—1 
(iii) x2— 1 (iv) 4? + 5x — 6 
(v) xX- 5x +3 (vi) 2x2 + 3x +6 
(i) x -2 (ii) x - 3 
(ii) 3x — 1 (iv) x +2 
(i) xà +2x4+4 (ii) 4x? + 6xy + 9y? 


Exercise 1.2 


1. 
2. 
3. 


x 


(i) x? + 4x (ii) 4x +8 

(i) 2x +2 (ii) 10x + 2 

(a) 228 + 5x? + 3x 

(b) 8x? + 15x + 6 

(c) (i) 390 cm? (ii) 281 cm? 

(a) —4 (b) —8 (c) —14 

(d) 54a? — 9a? — 15a — 4 

(a) 6 (b) 46 (c) 7.75 
a _ 3a 

(d) ig a7 

(a) 2x? + xy — 3y? (b) 6x + 4y 

(a) 2x3 — 10x? (b) 18x? — 50x 

(i) Number of diagonals in a 4-sided 
polygon (2) 

(ii) Number of diagonals in a 5-sided 
polygon (2), (5), (9) A triangle has no 
diagonal 

à —3a-—8 

(i) 4° + 6t+ 6 (2) (ii) ^ —3P? +6 (4) 


(iii) 2 — 7t + 16 (2) 


(i) 1372zcm? (i) 4a? Gii) frh 
4x? — 84x? + 432x,a=0,b=9 

Sm 

3m 

()10 Gi) 15 (i) 45:17 


Exercise 1.3 


1. 


we YN 


5x(x — 2) 

6b(a — 2c) 
3x(x — 2y) 
2x?(y — 3z) 
2a(a* — 2a + 4) 


52. 


53. 


. Sxy(y — 4x) 

. 2ab(a — 2b + 6c) 

. 3xy(x — 3y + 5z) 

. 2ar(2r + 3h) 

. (Ba - 4)(2b - c) 

«(x — 9)(x + 3) 

. (c — 2d)(2c + 1) 

. (2x + y)(4a — 3b) 

. (y — 3b)(Ty + 2a) 

. (2x — 3y)(3y — 4z) 

. (2x — 3y)(3x — 2a) 

- (&— y)(x + y)Ga — 4b) 
. (a — b)(a +b) 

- (x - 2y)(x + 2y) 

. (3x — y) (3x + y) 
. (4x — 5y)(4x + Sy) 

. (6x — 5)(6x + 5) 

. (1 — 6x)(1 + 6x) 

. (7a — 2b)(7a + 2b) 

. Gy — DGy + 1) 

. (2ab — 4c)(2ab + 4c) 

- 3(x — 3y)(x + 3y) 

. 5(3 — x)(3 + x) 

. 5(3a — 2)(3a * 2) 

. (2x +y —2)(2x + y + 2) 
. (3a — 2b — 3)(3a 
. (a — b)(a + b)(à + P?) 
. (x + 2)(x +7) 

. (2x + 1)(x + 3) 

. (2x + 7)(x + 2) 

. (x — 2)(x - 7) 

. (x-4x- 7) 

. (2x — D(x-3) 

. (3x — 5)(x — 4) 

. (7x — 4)(x — 2) 

. (2x + 3x — 5) 

. (3x — 4)(x + 5) 

. (4x — 5)(3x + 1) 

. (3x + 5)2x — 3) 

.« (3x — 2)(x + 5) 

. (3x - 1)(2x - 3) 

|. (9x — 4)(4x + 1) 

. (5x + 2)(3x — 4) 

. Gy - 5Oy +7) 
«(4x — y)Gx + Sy) 


< 


(i) (x + 2V3)(x + V3) 
(ii) (x + 3V5)(x — V5) 
(iii) (2x + V2)(x — 3/2) 

(i) (a+ b)? — ab + P? 
(ii) (a — b)(a* + ab + b?) 
(iii) (2x + y)(4x? — 2xy 

(i) (3x — y)(9x? + 3xy + 
(ii) (x — 4)G2 + 4x + 16) 


(iii) (2x — 3y)(4x? + 6xy + 9y?) 


2b + 3) 


54. 


55. 


1. 


2. 


(iii) (x +y — z)(Gx + yy + zG + y) + 2’) 
Exercise 1.4 

(i) : (ii) £ (iii) x 

iy LL wy 

(a) 28x (b) + 

(c) 1973 a Br 

q)-ET9 pap 

(g) ULT 11 (h) 0 

() HH (G) È 

() d O T$ 

earners O EHD 

(0 ax — Do 5 Pg ra 2) 


Gii) Ga 4 


(i) (2 + 3K)(4 — 6k + 9i2) 


(ii) (4 — 5a)(16 + 20a + 25a’) 


+ 4b)(9a? — 12ab + 16b?) 


(i) (a — 2bc)(a* + 2abc + 4b?c?) 
(ii) 5(x + 2y)(x? — 2xy + 4y?) 


@ qar5j © c5 
(9) 52% o #2 
() 4p 

i) 2 Gi) 233 

(ii) H (iv) erc i 


2x *1 


a—8 
(v) (a + 3)(a — 3) 


x. =å 
0 ox 


: —x-—4 
O GFG- IGF 


T ES 
6 cx - Der? 


(0 G4 20-2) 


C 
(i) 21 


wa d 
(iv) xy 


2 5 
(ii) 38x - 40x € 1) 


E 


a 


10. 


11. 
12. 


(i) 5 (ii) 4 (ii) x — 1 
QE wm Wi» 
i) 2 (i) Z 

(iii) it 1 (iv) mE 

() =F (i) 2 

(i) $53 av H $271 
(i) Lae (ii) E (ii) x +2 
P 025 ZA 


Proof (constant = 3) 


Exercise 1.5 


10. 
11. 
12. 
13. 
14. 
15. 


16. 
17. 


1 
2 
3 
4. 
5 
6 
7 
8 


(i) 35 (ii) 15 (ii) 15 (iv) 1365 (v) 10 


(i) 1 (ii) 10 (i)1 (v)1 (v) 18 
.k-9 
k=4 
. at + 8b + 24a?b? + 32ab? + 16b* 
>. 1615 201561 
. 10X8=80 
(i) a^ — 8a*b + 242b? — 32ab? + 16b+ 


(ii) 8x3 — 12x*y + 6xy? — y? 
(iii) pt + 12p%q + 54p?q? + 108pq? + 81q* 


(iv) 1 + 10y + 40y? + 80y? + 80y* + 32y? 
(i) 64 + 576p + 2160p? + 4320p? 

4860p^ + 2916p5 + 729p° 
(ii) 1 — 7b + 21b? — 35b3 + 35b* — 21b? + 7b — b? 


(iii) p? — 20p*q + 160p?q? — 640p?g? + 
1280pq^ — 1024q5 

1721.35.35 21 7.1 

70x*y* 

—84x5y? 

8064x5y? 

7 terms, 160 

(i) 256x* — 1024x7y + 1792x$y? — 

1792x°y3 + 1120x*y* — 448x3y° + 
112:2y6 — 16xy? + yë 

(ii) à? + 18a°b + 144a7b? + 672a6D? + 
2016a°b* + 4032a*b> + 5376«?b6 + 
4608a7b’ + 2304ab5 + 512b° 


| Ed (5x)8 = 1757812535 


—283.5 


Exercise 1.6 


1. a=6,b = —1,c = —12 
2. p=13,q = —-10 

3. a=3,b=7 

4. a=2,b=—-10 

S; p-2q-ir-2 

6. a=3,b=9 

7. m-9,n-2 

8. (i a,b,c, d = 1, 10, 31, 30 


(ii) p, q,r = 5, 33, 52 
9. p=2,4= -5 
10. a = 7.5, b = 37.75,c = 4.5 
11. p = —12,q = 48 
12. a= -3,b-1 


13. b=4,c=3 
14. a ==26 
15. pq = 
16. Proof 

ae ee 
17. = ae 2 
19. A=3,B= -3 


21. p = —12,q = 16 


22. c=3,d = —4; (x — 2)(x + 2)(x + 3) 
23. 5 
24. a=9-p*,b=9p,p =8,1 
25. Proof 
26. Proof 
27. Proof 
28. 2x - 1 
29. A=2,B=-1,C=-1 
Exercise 1.7 
; 4 t 2y T |. 4c * b 
l1 ()x- 3 (ii) x = 2 
ag yes ; _ 2y * 15 
(iii) x = ^0 (iv) x z 
; yz 
= +6 = 
(v) x = 9y (vi) x 73 
A _ytl " _y—3z 
2. (i) x = ge (ii) x = 2 
m _ a 
(iii) x = CES 
3. (a) r=] b) r= 


mh 27h 


4. (a) mr (b) 47? 
© r4--») (d) £6 - a) 


(c) Proof 


11. 


12. 


Ou- WP we 4T. 
(i) [= as (ii) |- 23m 
i) a=") (ii) a= 

() v 2t (ii) y = Sot 
(i) i= 100 yA -100 Gi) 2.0% 
(i) c= (ii) c= 2—1 
(i) h=V225-P (ü) h = 10/2 


(iii) A = 13cm 


(i) (3, -2) 
(10,5) 
(10, 7) 

©) @ y, z) = (2,3, 1) 
(ii) (x; LE z) = (2, =3; 1) 
(iii) (x, y, z) = (5, 0, 1) 
(i) (a, b, c) = (1, 4, 2) 
(ii) (x, LE z) xs (2, 3, -1) 
(iii) (x, y, z) = (3, 1, -2) 


Gi) (2,5) aii) (3, 25) 


(i) L —300 - 2W 
(ii) A = W(300 — 2W) 
(iii) W = 50, L = 200 or W = 100, L = 100 


7. (x,y, Z) = (71,25, —0.5) 
8. (a, b,c) = (1, -1,2) 
9. (a,b,c) = (2,5, —6) 

10. 32000 

1l. 17 years, 15 years 

12. y= ix +4 


13. N, = 88, N, = 22 
14. a=1,b = -1 


Exercise 1.8 


1. 


(a) Linear 
(c) Quadratic 
(e) Quadratic 


(b) Linear 
(d) Quadratic 
(f) Quadratic 


d» o. d 
15. c= 5 d= 5 
16. 25 litres 

17. x =15,y=11 
18. a=0.5,u = —1.5 


. (4,26), (8,13) 
. (a,b,c) = (3, 2,1) 


G) @ y, z) = (3,4,1) 


(g) Quadratic (h) Linear 
(i) Quadratic (j) Quadratic 
2. (a) 42 —1 (b 4- x 
3. (i) 5x+2  (iü)4x-6  (i)3-x 
(iv) -2—5x (v) oF 3 (vi) -1 +3 
4. 2x +5 
5. 2x25 
6. (a) 35545 (b) 4x; 60 (c) 2x +1; 
31 
7. 70 + 35x; 125 + 24x; 5 months 
8. f(t) = 22 +t + 4; in the 16" hour 
Exercise 1.9 
1. (i) x’ is not of degree 1 
(ii) (x — 1)! is not of degree 1 
(ii) y? = 3x + 4 => y = V3x + 4; 
not of degree 1 
2. (i) 7 (ii) 3 (iii) —3 
3. (i) 2 (ii) 2 (iii) —1 (iv) 2.5 
4 ()02 (i) 11 (iii) 7 
5. (i) 2 (ii) 12 (iii) 3 
6. (03 (ii) 9 (iii) —5 (iv) 1.5 
7. (025 (ii) -2 
Exercise 1.10 
1. (i) (4,2) (ii) (2,5) (ii) (3, 1) 


(ii) (x, y. z) = (6, 4, -3) 
22. (a,b, c) = (72, —2, 1) 
23. 4(small), 6(medium), 5(large) 
24. A€3000, B€6000, C€1500 
25. W=2,B=4,G=6 


Revision Exercise 1 (Core) 


L Gk Üss Uza 
2. (i) (x, y) = (—2, 2) 
(i) œ») = ($2), 6-2) 
3. x2 -2x - 1 
4. 339 + 6x? + 3x + 33 
5. (i) (0,3, —3) (ii) 1,2 
6. k-25 
7. (i) 32x5 + 240x4 + 720x3 + 1080x? + 810x 
+243 
(ii) x6 — 12x5 + 60x^ — 160x + 240x? 
192x + 64 


8. (x — 3)(? + 3x + 9) 

9. (p,q,r) = (2,3, -13) 
10. (x, LE z) T (2, =i 4) 
11. 6b? +2 
12. (i) 3n? 


(ii) 5r? (i) $ 


13. n? + 3n + 2; 10302 (iv) 3500 


14. | = 21cm, w = 15cm (v) Profit 
— 2uv. .. _v (vi) 5500 games 
15. a 
Dig ro d) mc 5. (a) €110.40 
(b) 12 blue, 84 white 12 
Revision Exercise 1 (Advanced) E 
n(n + 1) 
1 5 1225 C kls 
2. 05m 
3. (i + y = 84, 0.6x + 0.4y = 0.5(x + . 
h 2x dicam dp 6. (i) C = 40x + 30000 
E (ii) €45 
4. Proof HE 
1 (iii) 5000 
5 -3 (iv) R = 80x 
6. (i) 751 (i) 2.51 (v) RICA R 80x 
7. A: 500, B:4 500, C:17 000 
8. (i) a 503: b —028 (ü) 3.57 m/sec 3007 
9. (i) — x5 (ii) 1924566 $55 
10. —336 768.5 C 80x 3000 
11. 83026 944 1004 
ee H T T T » 
Revision Exercise 1 (Extended O' 1090020003000 X 


Response Questions) 
1. (a) (i) 436 (ii) 112 (iii) 0.7956 
(b) €58358 
2. (i) x + 1.5y = 26 
(iii) 14 standard, 8 deluxe 


(vi) 751 
(vii) P = 40x — 30000 


& A - 49 (ii) Proof Chapter 2: Algebra 2 
- S Exercise 2.1 
(ii) 1. (a) (i) -5,4 (ii) 3,4 (iii) —1,5 
1500 ( ()-35 Gi) -53 (ili) -25 
1000 © @) -23 Gi) -4$ iii) -34 
500 (d @ +3 i) 0,2 (iii) 0,8 
o i5 z^ x (e) @ -5,3 Gi) -ia (iii) —2,1 
(iv) x = 4,h = 2.5em or x = 2.9, h = 4.76cm (D G) —5, £4 Gi) 3, +1 
4. (i) C(x) = 3500 + 10.5x (p (i) -4 526) —4, -3,5 
(ii) Iœ) = 11.5x 2. (a) (i) -07,27 (ii) —3.6,06 (iii) 06,24 
(i) Ca (b) (i) 0.6,5.4 (ii) 0.1,2.5 — (iii) —2.9, 0.9 
40004 & (ay ü =2 219 (i 6+ a% 
30004 Gi) 3+ —— 
2000- 


(b) © por (ii) 2-48 
(ii) 4 E 


(23  )22 (iii) —2,3 


1000-4 


O 1000 2000 3000 4000 X - (a) 


10. 


11. 


12. 


() (25 (ii) 0,7 
(iii) 3 
(a) (i) 5/2,-/5 (ii) ST 
(i) 5/143 (v) HEA ET 
(b) 0 -3,4 Gi) 1,2 
(c) 1,2,4 
(d -1, -4,3,5 
B us 
(a) —42,12 (b) «23.13 
(c) —9.5, —0.5 (d) —16 € x « 0.6 
(e) —1.6,0.6 (Œ) -3,1 
(g) —3.6, 0.6 (h) —4.2 < x < —0.8 


Graph does not intercept the x-axis 


(a) 21 units (b) 25 units 
(a) —0.5,2 (b) —0.8 
(c) —0.5,2.4 

() 1 (ii) 4 


Only one solution is real in each case 


(i) —7,2/7 (ii) —3V5, - 


Exercise 2.2 


1. 


10. 


12. 


(i) Curvef (ii) Curve (iii) Curve g 
(iv) 1. Curve fhas roots = 1.5 and 4.5 
2. Curve h has roots = 3 
3. Curve g has no real roots 


"IEEE EET: o] 
2a ? 


_ | —b + byb? — 4ac 
" 2a 2i 


(i) —39 «0 ..Noreal roots 
(ii) 1720 ~. Roots are real and different 
(iii) 16 — 0 ~. Roots are real and different 
(iv) -8«0 ~. No real roots 
(v) 0. .. Roots are real and equal 
(vi) 0 .. Roots are real and equal 
k < —120rk > 12 
(i) k=25 (ii) k = +12 
(iii) k = 0,3 
Sel 
k= 3 1 
Kec 
QU. 2 
2 4 b 


Exercise 2.3 


1. x 3,y=9orx=1,y=1 
2.x =-2,y=—-lorx=l1,y=2 
3. ly-4orx Ly 1 
4. x=1,y=O0orx=4,y 3 
5. x 2 3,y - Aorx 2 4,y 23 

6. x 22, y 23 

7. x 22, y -201x ^ 5,y- 11 
8. x=3,y=1 

9. x =2,y=0orx=0,y=1 
10. x 2-2, y 2-20rx-1,y-4 
11. x - Ly-lorx Ly 4 
12. x =0,y =30rx 2,y=1 
13. t=2,s=3ort As L 
14. t= —7,s = —5ort = 1,s = —1 
15. t=2,s=1ort=11,s=7 


Exercise 2.4 


1. —6,—50r5,6 
2. —6,—4or 4,6 
3. (i) 2x + 2y = 62; xy = 198 
(ii) Length = 22m, width = 9m 
4. Sides are 3, 4, 5 and perimeter — 12 units 
5. t= 2.68 or t = 9.32 
6. x —3orx-5 
7. 0.25 seconds or 1.25 seconds 
8. 12cm 
9. —1,10r7,9 
10. 9cm 
11. Length = 10m, width = 6m 
12. —1,0,1 o0r7, 8,9 
13. Width = 2m 
14. Length = 24m, width = 10m 
15. 935m 
16. t=3,s=5 


Negative values are not valid 
(—2, 2.4); (6.2, —0.4) 
k 710 


Exercise 2.5 


1. (a) (i) —9 (ii) 4 
(b) () 2 (ii) —5 
(c) (i) 7 (ii) 2 
(d) (i) 9 (ii) —3 
() @ 4 (ii) $ 
© @ -4 Gi) -4 
(9 © -£ Gi) -2 


h) (i) -2 (ii) i 13. f(x) = - bà + Mic 9 or 
( @ -2 (i) -3 f() = 9 F(x - 14? 
(i) 02 (i) 3 14. f(x) 233 + 2x +4 or f(x) 2 (x - 12 43 
2. (a) x39 3x-1-20 15. (i) fa) —4 - (0.1)(x — 6} 
(b) 2 —6x-420 (ii) (6 — 2/10,0) and (6 + 2/10, 0) 
(c) 9)—-7x —-5-0 (ii) 4/10 
(d) 3x2+2x-7=0 17. 40°C, 4hrs 
(e) 2x2 + 5x - 4-0 
(f) 2x - 3x - 10-0 Exercise 2.7 
(g) 12:28 -3x 4-0 1 (i) 2V2 (ii) 3/3 Gii) 3/5 
(h) 6x? + 10x +3 =0 (iv) 10/2 (v) 9/2 
3. ()3x—10x + 24=0 2. (i) 5⁄2 (ii) 5/2 (iii) 7/2 
"m i * x - E e (iv) 5/3 (v) 9/2 (vi) 7/5 
m) x°+6x+5= 
(iv) x2 — (4 + /S)x + 4/5 20 3 (i) d (ii) E (iii) E 
v) x? — 4ax + 3a? = 0 
> 25x — 25x +6 = 0 Q)2/2 — (9) E 
(vii) bx? - 5bx + 6 =0 4. (i) 4/6 (ii) 30 (iii) 6 2/3 
(viii) 10x? — 31x + 15 = 0 (iv) 22 (v) 2 (vi) a2 — 4b 
Exercise 2.6 5 ds (ii) —— 
1 ()19 (ii) 9 (iii) 22 E 
2 © @-42-19 Gi) -12-6 (iii) —9 + 4/5 (iv) “> 
(iii) (x — 1} 6. (i) 2 (ii) 4 
3 ()G*2*-10 (ii) @ +3"-8 T (i) 7 (ii) —12 — 2/5 
Gi) e D =i 8. ()4/2 (ii) V6 
2 4 
4 © 1, -7) (i) (1, —4) cii) $ (iv) 2+ 83 
(iii) (-4, 2) 10. 5(2 - V3) 
5. k>9 11 /2 
6. 2(x - 32 - 11 p, 29-56 
& © (=1, —5), (2, —1), (4, 1) 6 
Gi) (a) y= @ +1} -5 
(b) y 2x2 42x —4 Exercise 2.8 
(a) y * (x - 20? - 1 1. (202+ 4) m 
(b) y=? - 4x +3 2. (a) V14 km 
(a) y 2 (x 4 +1 (b) (i) 2(4 — /14)km 
(b) y cx - & +17 (ii) 12 seconds 
9». ()3 Gi) -2 (iii) 4 3. (8-- 2/6) km 
10. Maximum point = (3, 9) f w 
Greatest en = ~ C ai) va’ i 
1L (i) Gy-(x-3-1 5. (i)x=4 (ii) x — 5 
(ii) B; y = (x — 3? (iii) x =9 (iv) x =2,3 
(iii) A;y = (x - 3? +1 (v) x=2 (vi) x = —2,8 
12. Curve C: y = 16 - (x - 2? > p = 16,a=1, 6 (i)x=4 Gi) x- $2 
q-2 (iii) x = 9 (iv) x = 2,6 
Curve D: y = 4 — (x - 2? >p = 4,a =], 
q=2 T a=1,b=2;x=—3! 


8. 5 7. f(0) =6 


9 a+1+1 fG) = 33 
a f) = -4 
10. a=2,b=5 8. ©) fx) = -1(x-* D - 1)(x - 2) 
1. ()/2248 (ii) a= -1,b =4,c = —3,d = —4,e =4 
(ii) /332 + 83x =4m 9. (0a—-—2 
(ii) f(x) = (x + 2 (x — 1y 
Exercise 2.9 a(x) = -i« T2y(e- 1 
5. True 10. (i) x — 6x? +3x+10=0 
7. True (ii) x3 + 4x? + 3x =0 
8. k=8 (iii) 4x3 — 5x2 — 22x + 6=0 
9. p=11 (iv) 2x3 — 1332 + 22x - 8-0 
10. (x —1)(« + 2) 1l. (i) f(x) = 218 — 17x? + 27x + 18 
11. (x — 2)(x — 3) (ii) f(x) = —4x3 — 8? + 37x + 20 
1. (i) @ — 1)@ — 4)(@ + 1) 12. a=-1,b=-18 


(ii) (x — Dæ- 3)(x — 4) 
(iii) (x — 2)(x + 3)(x + 5) 


13. (i) -1,0,2 


" 1 1 

(iv) (x — DE + D)(3x — 4) (ii) — 1], 0, 24 

(v) (x + 1)(x — 3)(2x + 1) (iii) —1.3,0, 2.3 

(vi) (x — 22 (2x + 5) 14. (i) V= x(x — D(x + 1) 
13. (x + 2)(x + 5)(2x — 1) (ii) x = 3cm 
14. a =2;(x — 1)(x + 1) 15. V = Tjj = ap? 
15. (x — 2)(x — 3)(x + 4); x = 2,3, -4 4 
d A a = 0.79 
17. (i) -1,1,4 Gi) —1, —4,3 V = 1051.49 cm° 

(iii) -1,1,4 (iv) —1, -2,3 lbi e 

1 16. x = 4.8 (from graph); x = 4.84 (algebra); 

18. a= 7,b = 2; (2x - 1); -1, 3.5 q235 


19. k= —8; (x — 2)(x + 6) 
20. a = 3,b = —30; (2x + 5) 
21. a= —5,b = 19; -1,3, -2 


Revision Exercise 2 (Core) 


5 1. x= 1,5;t= -2, -1,3,6 
1 
2. (i) (He); (ii) (Sj -b 2. x 21 /13 
E x 3. p>1 
n 5. a= —21,b=8 
gene 6. (i) One of 2, -3,5 


1 (i) f(y) = - 3x7? - 2 +3 
(ii) f(x) = x + x? — 10x + 8 
2. (i) f(x) =x x — 6x 
g(x) = 3x3 + 3x? — 18x 
(ii) f(x) = =x + 68? — 11x + 6 
g(x) = —2x3 + 12x? — 22x + 12 
a=6,b=3,c 15,d=6 


(ii) (x — 2)(x + 3)(x — 5) 
(iii) Roots are 2, —3, 5 
7. (i) Real roots 
(ii) Imaginary roots 
(iii) Imaginary roots 
8. y—12y +27=0;x = 1,2 


» 


4. a m 0, b = —7,c = —6 Revision Exercise 2 (Advanced) 
5. ()f()-o-2 i. 2x- 12-7 

(ii) g(x) = x? : 

(iii) A(x) = 2x3 G) 1 / 

A= (2,4) (ii) (1, —7) 


6. f(2) = 16, (5) = —5 2. 11 — 4/6 


3, 535 45 
` 25 
4. 7 
5. (i) thas a value slightly less than 1 
(ii) t = 0.90 (iii) 0.4996 
6. pola(b-dne" 
a 
7. 
1 ii 
fec [Hes fe ee 7 k> 7 
k Negative | Positive Positive 
4k Negative | Positive Positive 
4k —1 Negative | Negative | Positive 
k(4k — 1) Positive | Negative | Positive 
1 
0ckc4 


9. B(-/2,1— 5/2) A(/2,1 + 5/2) 
10. k=-3 
11. —6 
13. (2, —7), ( -B, 3) 
13. Length = 18m, width = 6m 
14. y « -4Aoryz 0 
15. y= -22 - x *^ 5 
16. (iii) f(0) = —6, f(1) = 0, f(2) = 0, f(3) = 0, 


fG) = 0,f(4) = 6 
LY 


17. (02,5 
(ii) flx) = pe - 2) - 5? 
(iii) a=2,b 24, c = 90, d 100 
(iv) f(x) = —2x3 + 24x? — 90x + 100 
(v) f(x) = —2x3 — 24x? — 90x — 100 


Revision Exercise 2 (Extended 
Response Questions) 
1. (i) a= 0.0002 
(ii) 10 hours 
(iii) Because a is so small, the effect of at? is 
not noticed until it is near 10 
2. (i) 6x? + 7xy + 2y? 


(ii) K=7 
(iii) x =m 
3.5y + 2y? = 
eal 


3. (a) V = x (96 — 4x)(48 — 2x) = 8x(24 — x)? 
(D (i) 0<x<24 
(ii) Maximum volume occurs at A 
No volume exists at B and C 
(iii) Maximum = 16382 cm?; x = 8cm 
(iv) 15680 cm? (v) 14440 cn? 
(vi) 9720 cn? 
(c) a=4,b =24,c = 48 
4. (ii) Roots = 0, 40 


O' 10 20 30 40 " 
(iii) A = 600 — (w — 20y? 
Maximum area — 600m? 
(iv) w= 20m 
(v) width = 20m, length = 15m 
5. (a) (i) 1 second or 3 seconds 
(ii) 4.5 seconds 
(b) 4.45 seconds 
(c) h — 6 — (t- 2}; (p, q) = (2, 6) 
6. 


No. of price Price Number of Total 


hikes per rentals | income (7) 
rental 
a2 €432 
1 price hike | €12.5 €425 
2 price hikes | €13 €416 
3 price hikes | €13.5 €405 
x piceihikesiii 2E (12 = 00) 
0.5x x 
(Bo = 22) 


(i) [= (12 + 0.5x)(36 — 2x) = 432 — 6x — x? 
(ii) 441 — (x + 3 
(ii) €441 
(iv) Reduce rental price 


7. (a) A=xy +3 


(b) (i) y= 100 -— zx 
Gi) A = 100x — 7” 


ui 100 
<x «x 
(iii) 0 € x = 


(c) 512,124 


(à © ¥ (10-2) & 5 
9 


3 : 
. 3 rad 
(i) 247.6 m? peque 
(ii) 188m 10. D em? 
8. (a) al 3 e 3 33), u. (i) 3 radians (ii) 143° 
12. (4- acm? 
A(3228. 5 + 83] 13. 64 cm? 
URBI 14. (ii) 27cm (iii) (12a — 18/3) cm? 
RS _ 200 
(c) A 15. (i) 0 ; (oro E | 
(ii) r= 10 (iii) 0 = 2 radians 


Exercise 3.2 
1. (i) 0.7431 (ii) 0.2756 (iii) 0.5407 


o (iv) 0.7266 (v) 0.5914 
6 2. (1) 48° (ii) 69° (iii) 55° 
E 1 (iv) 78° (v) 42° (vi) 12° 
(d y= 85 — @— 15 3. (i) 42° (ii) 53° Gii) 41° 
(e) (14, 81) (iv) 24° 
(f) o<d<sl 6. 42 + 12/3 
m 7. (i) 13.9 (ii) 44° 
9. 
Hn. ya 8. (i) v2 Gi) /6;1-4- 3 
2d 
1- Exercise 3.3 
1. (i) 0.7660 (ii) —0.7660 (iii) 0.6428 
of | 3 3 42 (iv) —0.6428 (v) —0.8192 (vi) 0.5736 
14 2. (i) 0.6691 (ii) —0.8480 
"^ (iii) —0.9004 (iv) —0.9336 
(iv) Gp 3. (i) sin50° (ii) —cos 65° 
(v) (a) k «0 (b) k=0 (c) k>0 (iii) —tan 20° (iv) —cos 40° 
(v) —sin 70° (vi) —tan 60° 
: 4. (i) a (ii) -5 (iii) -3 
Chapter 3: Trigonometry 1 2 
(iv) -i v3 1 
Exercise 3.1 iv) —3 () 5 (vi) 
L (02 (d Gi) w wi) —2 çiy- 
a i) 4a ij) 1997 5. (i)3rd (ii) 1st iii) 2nd (iv) 1st 
(v) 5 (vi) 3 (vii) 6 (i) . (ii) S .( ) 7 ( ) 
; -— > u o 6. (i) 124 (ii) 68 (iii) 240 
2. () d (ii) d (iii) 30 . uu (iv) 345° (v) 75? 
(iv) 150 v 80 (vi) 330 (vii) 75 7. 13? and 167° 
3. @) 8cm Gi) 16cm Gii) 10cm (iv) Sem g, G) 147°and213° (ii) 224° and 316° 
4. G fed (i) ares Gii) 43° and 223° 
(iii) z radian (iv) 15 radians 9. 30° and 150° 
(v) i radians 10. 1 and —1 
1 
dios 11. 3 and -3 
. 15cm? 
: al 12. land -l 
7. lj radians 2 2 


13. 233? Exercise 3.6 


M. -i 1. ()1L87em (ii) 197? 
T 2. (i) 257m (ii) 387 (iii) 29.8m 
"02 (iv) 21.9* 
16. —1 3. (i) IPY] = 180m; |QY| = 297m 
v5 (ii) 331 m 
y. à 53 Diesel. (ii) V3 4. (i) 18.4 (ii) 31.9cm (iii) 15.8? 
2 v2 5. (i) 7m (ii) 13m 
Exercise 3.4 6. (i) 3.3m (ii) 17.6 m? 
: T EE 7. 29m 
1. (i) 6.4m (ii) 18.7m (iii) 6.7m i 2 ^ " 5 
2. (i) 44° (ii) 35° (ii) 41° 8. (i) 14.8m (ii) 19.7 (iii) 28.5 
1 T 9. x - 8 
3. (i) 68°16’ (i) 97 
(iii) 36 sq. units "i ee 
(i) 28.3cm? (ii) 95cm? (ii) 29.5 cm? Kp co OR i 
(i) 35° (ii) 90° (iii) 42° 12. () 28.6m (i) 29.2 m? 7 
(i) 23cm (ii) 182 cm? 13. (i) 160m (ii) 340m (iii) 525m 
(iv) 200m 


- sei 14. (i) 1697cm (ii) 177cm (iii) 43 


. 72.5? and 107.5? 
10. (i) 73cm (ii) 2.0cm 
11. 368m 1. ij 


4 
5 
6. 
7. (i) 2m 
8 
9 


Exercise 3.7 


12. 103km 


13. 406 m, 622m 


14. 137km 1 


Exercise 3.5 1 -0.6 


1. (i 72cm (ii) 8.6cm (iii) 9.4 cm -0A 
(i) 106° (ii) 44° (iii) 108° 02 
. 15.2 sq. units 


-27 - Oo z| radians 27 


(i) 4.0 (ii) 120° 


(i) 46° (ii) 10.9cm 


2 
4 
5. 
6. 146.5m 
7 
8 sin (x) —0.6 


. Gi (ii) a—3,b =8 
10. 18.3cm 


-1 
1. (x-4 Ää EU 
12. (i) 21.5cm (ii) 582cm 4 Angles 

13. 70° 

14. 97.2° 

15. (i) 1277? (ii) 161 cm? 

16. 19° 

17. 54.4km 

18. (i) 88.79 km, 17.32. 


2. x 0 | 45 | 90 | 135 | 180 | 225 | 270 | 315 | 360 | 405 | 450 | 495 


540 


, (0,1) or (27,1) , - 26°, 26°, 332°, 386°.0.84 


4. (i) y=tanx,0<x= X 


(ii) y = cos x, m € x «m 


6. (iv) a= 0.58, 


(V) 
o 10 | 20 | 30 | 40 |50 60 70 80| 85 
tan x | 0 0.18/0.36/0.580.8412,1.7|2.7|5.7 11.4 

(vi) 13^ 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 
0 

(vii) 2.2, (viii) 2.5% 

7. () 9,297 d) 0,72 (ii) Z< x= 57 
4'4 4 4 


3T 


(iv) 0c x2 A Tcx« ) 


Exercise 3.8 


1. 
2. 
3. 


(i) 3, 2r (ii) 2, 20 (iii) 4, Flv) Lg 
(i) 7 (ii) 2 F Gii) 87 (iv) 3 

(i) [- 2. 2] Gi) [- 5, 5] (iii) [- 8. 8] 
(iv) [- 6, 6] 


(i)a=3,b=2 (ii)a=4,b= 4 
a=3,b=2 
(i) 7, [- 1, 1], cos 2x (ii) 4, [- 2, 2], 2sin E 


2 
(iii) > [- 0.5, 0.5], 5 sin 4x 
(iv) m, [- 4, 4], 4cos 2x 
(i) f(x) = 3cos 2x, g(x) = 2cos 3x 
ms T T T TT 
(ii) A 6 ,B »€ 5 p P TA 
(i) y 24, [2,6], 27 (ii) y 2 - 1, [-3, 1,27 


(i) -2,[-3,- 1], 5, (v) 2,[-3,7 ], 87 


9. (i) y 22, period = m, y = 2 + 2cos 2x 


X 


1—-3cos 2 


(ii) y =- 1, period = 47, y = 

(iii) y = 2, period = 27, y = 2 + sin x 

(iv) y 2 - 2, period = 23,y=-2-3sin 3x 
10. 


11. 


f(x) = 2sin2 2 


X) = cos: 


270) P 90° i!) V 60° 


12. y= cos 2x, y = sin Sm 
13. (i) a= 25000, b = 15 000, c = 30° 


or A radians (ii) 6 times (iii) 4 months 


14. (i) 2m, 6m 14. 0- 17°: 43°, 137°, 167°, 257°, 283° 


(ii) i Revision Exercise 3 (Core) 
65 1. 23.1 cm? 
5 2. 150° and 330° 
5:5 
z 3. (i) Í radians (ii) 24cm 
s 4. 16$.cm? 
y5 5. (i) Period = 180°; Range = [-2. 2] 
depth (m)/ 3 (ii) a=2,b=2 
f f 6. 2 sq. units 
15 7 aa 
5 e 
1 8. 30? or 150? 
a . 9. 49? or 131° 
E, FE 5 75 10 125 5. 17.5 po 225 |25 10. 1 
t (hours) 2 
1, 
eine 3 
(iii) 5.18m 2 
(iv) between 00.50 and 04.10 or 2 
10.50 and 14.10 or 20.50 and 24.10 15 
1 
0.5 
Exercise 3.9 0 z]3 - 3272 p 
1. 30? and 150° E. 
2. 30° and 330° T di 
T and 27. 2 
3. 4 and 1 Be 
T 5r 3 
4. 12 t ”T or 42 "T7 M 
5. 10° + n(120°) or 110° + n(120°) 4 
4m , 2nmT 5g , 2nT 45 
6. grt Or 9 +73 
7 T | nmg ST nm 
12 2 12 2 Revision Exercise 3 (Advanced) 
8. () S amor "nz 1. «D 115° (ii) 43.5cm? 
12 12 
: L5 L Irm 
(i) n-0, Sm 7 2. (i) nm p 9 "7315 
EB tin You (ii) 15 radians 
aes EN 3. (i) 57° (ii) 39cm 
hag —— —— 4. 36km/h 
ho dix 25/3 
n=3 um 5. (i) a=5 (ii) 2 
9. x = 75?, 105°, 195°, 225°, 315°, 345? 6. 2.9m 
7. (i) [-4,4] (im (iii) -4 


10. 75°, 105°, 255°, 285 oem dar Mr ca 


IL 0) 24 7x, ; 
Oats bes ats (v) P= (32.2) 
s n 7n 
11 = — 
Qn * 12^ 12 8. 3.13m | 
ned 9, (a) (i) 94m (ii) 429 
(b) No; eye moves 32.4? 
12. m nr lin , nx . a 
pp 10. 10.4cm (b) 3 rad 
24 2 074 * 2 (i) (a) cm (b) 7 radians 


13. 8 = 40°, 80°, 160°, 200°, 280°, 320° 11. 12m 


12. (= = 83 Jem? 
13. (i) a=(0,4),b = (0,- 4), c= G0), 
d = (712,0), e = (32,0), f= 20) 
(ii) 20.5 m 


Ds am ila 
14. (i) ü-nm*4,0rnm- 1D 
(ii) 6= T liv 130 237 


12 12' 12" 12 


15. 38° 


Revision Exercise 3 (Extended 
Response Questions) 
1. (i)65m (ii) 21.0m (iii) 63.4? 
(iv) 23.3m (v) 16.2° 


: = 2285. ne " 
2. k ín (ii) 49 
3. (i)42/2 
(ii) 8-8m44«/2 
(iii) 8V/3—4- 
4. Proof 
A Rh a cj T 
5. (i) tan 25° (ii) tan 33° (iii) 22.7m 
6. (i)p=5,q=3 


(ii) 


10 


9 


7. (i) (a)9m (b) 3m 
(ii) (a) 0.524 s (b) 1.571 s 
(iii) (a) 3 m (b) [3m, 9m] 


(iv) Rd radians 


(y) 

A 
10 

9 

8 

7 , 3] S , Ss 
|(v)ii|A sinusoidal motion of perio 3 radians. 
4 

3 

2 

1 


8. (i) 23.5°, 23° 
(ii) 27 
(iii) 
E 
34 


32 


4.5 9 13.5 18 


(iii) 3 hrs after low tide 


2 4 6 8 10 12 14 16 18 20 22 24 


(iv) 10.28, 17.32 


Chapter 4: Coordinate H. —32x + 5y—11=0 
Geometry: The Line 12. () neither l (i) perpendicular 
. (iii) perpendicular (iv) parallel 
Exercise 4.1 " (V) parallel (vi) perpendicular 
1. (i) ud (ii) 2/5 13. (5, 2) 
(iii) -5 (iv) (4, 0) 14. (2,3);2x - 3y +5=0 
3:545 —1) 15. àx-y- 7-0 
3. © (i) -$ 16. (ii) k=3 
7. p^ —5 (4 | K); E 
os 18. (£ o); (0,4); «= 24 
B 2" E: Pax = 
9. G) aande Gi) b and d AAE EET ccc 
10. Slope of a = 2; slope of b = 3; slope of c = 2 ord ear eee 
` P gi OP pou 1 21. (a) It does not. (b) 1.58 km 
11. Line is falling from left to right; m = =F 
12. a= —Sor9 Exercise 4.4 
13. k=3,11 
, 17 12 
M. t (i) -2,k =6 1. (3-2) 
(iii) 4/5 (iv) 10 sq. units d NA 
15. (i) q=4 or 2 & oem 
13 6 
4. (3, -$) 
5 5 
Exercise 4.2 5, (12 6) 
1 (3 Gi) 22 (ii) 3 (iv) 5 « y i 
2. B' = (-7, 2), C' = (1, —2); 8 sq. units + oe 2) 
3. (02 (ii) 39 7. x 2 &y 23 
4. 14sq. units ddp. eas 
5. k=7,-21 9. x= 21, y = -14 
TRT 10. 1:2 
7. k=1,8 . Exercise 4.5 
B 2. "a collinear 1. (i) (1,2) (i) (4,1 
aaa 2. (2,1) 
^H : = 5 sq. units 3-32) 
UR 45 
12. () 15squnits — (2/0 E — 4 ($ 3) 
2 5. (2,0) 
7. k2 —5 


Exercise 4.3 


1. ()3x-y 13-0  (i)2x*y -12-0 Exercise 4.6 
2. 2x -3y c9 —0 1. 1 
3. (i (i) x-3y-15=0 5, ¢=100re = —40 
4. (i) 6 (ii) x + 6y -4=0 e, 35/10 
5. k-2 "4 
6. 1-8 7. Yes 
3 o1 
7. k-2 8. a= -33 
8. (6,0) and (0, —2) 9. a= —3 
9. a=-5 12. No 
10. (i) C= (-3, 0) (ii) 3x +2y+9=0 13. 4x + 3y + c = 0; 4x + 3y + 11 = 0; 


14. 4x + 3y + k = 0; 4x + 3y + 13 = 0; 
4x + 3y- 27=0 
15. mx — y - 4m * 2-7 0;y - 2-06; 


4x + 3y + 107 0 
16. y—5=0; 15x + 8y — 85 =0 
17. (i) 2 


(ii) Area = 5 sq. units 
18. (a) red: 3x + 2y — 2 = 0, blue: 3x + 2y +2 =0 
ES 
(b 78 
19. No they live on opposite sides of the town. 
20. (a) 8x- 10y - 3-20 
1 
b) — km 
a 


Exercise 4.7 
(i) 1 Gi) 1 
45? 
135° 
82° 
135? 
30? 
1 


sors 


5x +y =0;x —-S5y =0 
3x -y+4=0;x+ 3y-2=0 
. x +5y—-14=0;5x y - 22-0 
. 2x * 3y - 6-0 
(i) Slope = —t 


E 


(iii) 8 


SB w SS ge oe qe 


= 
© 


m 
Ne 


(ii) t= -ior3 


Exercise 4.8 
1. (a) (i) 95°F (i) 58°F (üi) 10°C (iv) 38°C 
(b) 5x — 9y — 160 = 0 
(c) 203°F 
(i) €320 (ii) 45m? 
(i) €400, €800, €1200 
(ii) 1 = 400T 
(iii) 83 years 
(iv) A = 400T + 5000 
4. (ii) 5P + 4N = 700 


t» 


(iii) €440 


p 


(iii) €69.60 


(iv) 85 
5. (ii) A: P = 5 + 2D; B: P = 2.2D 
(iii) 25km (iv) Firm B 


6. (ii) €40 and 28 articles 


Revision Exercise 4 (Core) 
1. 2x + 3y-10=0 
2. 4square units 
3. a= —8 


4. a=9 
43 
5. (1) 2 
(iii) i sq. units 
6. 52x -5y +3 =0 


. (k--i (i) (C410 
8. (a) Yes 


(ii) (4,0) and (0, —2) 


(b) Yes 
(c) Yes (d) No 
9.2x-y - 8-0 
10. k=9 


Revision Exercise 4 (Advanced) 


L (3 (ii) k = -32 

2. (C11 (i) @ 6,0) and [ 0, £) 
(b) k =3 

3. (i) 2x + y =9 (ii) (a) x -2y 21—2k 
(b) k= 4 

4. (3,3) 

5. (44,1) 


6. (i) y-6=m(x +4) 
(i) pes 0), (0,6 + 4m) 


(iii) m= Form =3 
(i) k= -35 i) 3x — 4y — 23 =0 
8. 4x — 3y + 20 = 0; 4x — 3y - 20 = 0 
9. 3x — y — 2 = Qand x + 3y — 14-0 
10. (ii) 4x + 3y +c=0 
(iii) 4x + 3y + 5 = 0; 4x + 3y 


1520 


Revision Exercise 4 (Extended 
Response Questions) 
1. (i) 2x+y=5 (ii) 5m 
2. (i) mx —y + (5— 2m) =0 
(ii) | u, 0), (0,5 — 2m) 
1 —25 


(iii) 559 cm 


2 

(iii) 15 sq. units 
4. (i) Q= (8,0), R = (0, 12) (ii) c = 12/2 
5. ()(1-1) (ii) v65 (iii) 657 


6. ()x—4y - 10-0 
(ii) A = (4,1; C = (-2,2) 
7. (k-22 (ii) T = (2, 12) 
8. (ii) 41-38 +77=0 diii) €41 million 


(iv) 10296 


9. m = —1,2; tangent = 3 17. ()15 (ii) 6 


M. mom. (i) = —Bort=1 m , © 35 (ii) 70 (iii) 120 
n. @y=3x-4 G) (BY) (qi 3 20. 288 


Geddes w Be P 21. (i)n=5 (ii) n=10 (ii) n=7 


Exercise 5.3 


Chapter 5: Probability 1 1. (i) Impossible (ii) V. likely 
i (ii) V. unlikely (iv) V. unlikely 
Exercise 5.1 (v) Evens (vi) Certain 
1. 60 2. 42 (vii) Unlikely 
3. 1872 4. 240 2. (06 4 ao (iv) 2 
: > on y en 1440 3. ()6 (ii) 8  (i)2 
: : i ii E "e DE zc 
: 4. 1 1 1 1 
8. 5040; (i) 1440 (ii) 1440 G) 6 (ii) 3 2 (95 
9. (i) 480 (ii) 240 (iii) 240 (v) 3 (vi) 3 
10. (i) 720 (ii) 1440 5. (i) à (i) + Gi) 4 (iv) 3c 
11. 5040; 720 5 
12. (i) 720 (ii) 144 () 35 
13. 840 14. 360 € 05 wt > WSF 
15. 336 16. 1440 xd ux FE M 
" ^À OF z7 Ge 005 
17. (i) 504 (ii) 648 - MA. ME od 
18. 24; (i) 6 (i) 6 Gü) 12 8 (05 We FZ (Qv); 
19. 4536; (i) 1008 (ii) 504 9. (i) a (ii) + i) E Gv) i 
20.: 72; 24 w GL üL (Gl 
21. 100; (i) 60 Gi) 20 " 36 12 9 
22. (i) 300 (ii) 60 n. = 
23. 36 24. 60480 2 (2 3  (i)3 
25. 5040; (i) 1440 (ii) 3600 Ad. gum ee a 
13 1 I 1:9 most often; d 
26. (i) 720 (ii) 336 (iii) 48 © D i) 6 Pe gee 
4. 02$ Qi 
Exercise 5.2 15. 04 $ (ii)? 
l (015 (ii) 35 (iii) 45 16. i ux M. ay f 
6. 1 2 2.6 
(v) 66 — (v) 153 2 i) 25 (8) 95° 95 
3. 56 T7. (i) "i (ii) 12 
4. 364; 286 18. (286 (ii) 22100 (ii) Ee 
5. 126; (i) 70 (ii) 35 19. (i) 
6. 126;70 | | M[w | Tor | 
7. 22.100: 286 Coffee 10 20 30 
8. (i) 56 (ii) 126 (iii) 35 Coffee | 15 5 20 
9. 40 . Total | 25 25 50 
10. (i) 26400 (ii) 22275 ; 
11. 20; (i) 12 (ii) 16 (ii) M Ww | Tot 
12. 28:6 Coffee 02 | 04 | 06 
13. (i) 15 (ii) 18 c deer Teese cdl 
ow €effee| 03 | 01 | 04 
15. (i) 70 (ii) 15 (iii) 15 Total 0.5 0.5 1 
16. 10;3 


Gii) (a) O3 — (b) 0.4 


20. Z & (0X Gi) 4 (i) 3 
Q1 sy 171 : T En 
21. (i) $ (ii) 1296 9. (i) 1 (ii) 1 (iii) 4 
; _ vex 
5 
Exercise 5.4 w m 8 
1. (i) 150 (ii) 150 (iii) 300 ` 
2 ws (ii) (a) 200 (b) 150 u. (i) 2 Gi) 5 (ii) 5 
& OZ n od (i) 45 (iii) 1e 
(ii) No; as 34 is well below the expected 13. (i) (a)N (b N (ON (d) Y (e) Y 
value of 50 ot 
4 (i) (a)4 (5) 2 0) 3 
(ii) (a)4 (b) i (ii) No (iii) B not dti exclusive ied 
s oe uw (i) 2 (i) H qu) Z 
(ii) No; far more red than one would expect 15. (i) 0.6 (ii) 0.5 (iii) 0.9 
6. No;after 300 spins the results should be (iv) 0.2 
close to the expected value 3 TEES 
. (i) x=01 (i) 06 (iii) 200 16. (i) 12 (i) $ (ii) 15 
7 : 
8. i6 (iv) X (v) x 
9. Aw largest no. of trials 17. (i) 40 (ii) ds (iii) 3 
10. (i) px (ii) Biased (iv) x (v) 2 
(iii) AOI (v) 322 E 0, 113 0, 
290 18. (ii) 5296 (ii) 2696 
Sw " 
11. (i) 3 (ii) 1,2,2,3,3,4 19. 1 20. 1 
12. (i) (17.5)17 (ii) 14 
TAT XU 21. 0.5 22. 1 
13. (i) 0.196 (i) 0.084 (ii) 0.0168 
3 (0 (ii) No 
Exercise 5.5 244, 22 
* 335 
1 (0i (ii) T (iii) 3 
25 
2 (i (i) & (iii) 19 : 
4 26 52 A(35) B(30) 
3. w 
(ii) L As 15 and 30 are multiples of both 3 
d 5: 7 


an 

4 (0i (i) d (iii) 2 
s (0i (i) E (iii) 4 

(iv) 5 ler (vi) 4 

d 5 an 5 (b) The students who did not go to the 

6. (i) 6 (ii) 36 (iii) 18 cinema or watch movies at home 
27 (01i (i) 3 (iii) 2 

Gv) H ~) 3 (vi) 0 


2 (d Wy å 


9 (029 ws (i) L Ww? 
10. (i) 048 (ii) 0.52 
n. 2 
12. (i) 0.6 (ii) 02 (iii) 09 (iv) 04 
(v) 0.33 

1. ()2 g at (iv) ENo 
14. (i) 0.35 (ii) 04 (iii) 0.5 
15. (i) 03 (ii) 07 (iii) 07 (iv) 03 
Exercise 5.6 (v) 0.4 (vi) 0.33 

A m eni 17. (i) 0.5 Gi) 035 (ii) 0.375 (iv) 0.4 


(d) 0.2 
(e) (i) 0.7 (ii) 0.6 


TENET ie. Ul mST 
^ © 36 (i) p (i) z 18. (i) 0.7 (ii) 0.66 (ii) 0.8 (iv) 0.1 
2 (013 Wz 1. (0l Ww 2 
4 (0i (il Wy 20. (i) 042 (i) 0.1 
s 0c WME Gb) € WF (ii) 0.476 (or19) — (v) 0.168 (or 4) 
(v) B (v) 0.48 (vi) 0.2 
1 
i 24 1 TX E Revision Exercise 5 (Core) 
* (04 Wig (QE is 1. 60; (i) 12 (ii) 36 
vy) ds O) za 2. (i) 330 (ii) 150 
= 3. (i) x (i) Ł (iii) 4 
9. (i) 0.04 (ii) 0.32 4 (i) 0.15 (ii) T (iii) 50 
10. (i) 0.504 (ii) 0.006 (iii) 0.994 5. (i) 720 (i) 240 
u jt (l (il 6. (i) (a) (i) E 
12. (i) 0.336 (ii) 0.788 7. ©4 (i) d (iii) E 
BO GA Gin Bed «d 
M. Og G)j WF WH 9. (i) 03 (i) 1 (iii) 19 
8.) ME ME , 7 i 
1. OH (i) d (ii) 4 
Exercise 5.7 
Word TE PET Revision Exercise 5 (Advanced) 
d Rc L d (i) Š qii) H 
2 T T! s 19 ° . 6 j 36 K 36 
- (9 9 (i) 5 (ii) 25 2. (1) 70 (ii) 35 (iii) 40 
3. Gt (ii) E 3. (i) 5040 (ii) 120 (iii) 1440 
a 2 2 mi x, dg (i) Fg (iii) 9, 
5. (ii) (a) 7345 (b) 1330. (c) 
s (03 WA WA WHR o "s = z 
; - m : ° 15 15 5 
607 WT WF MF 7. (i) 0.4 (ii) 05 Gii) 0.9 


VŠ (iv) $ 


& (i) 4 Gi) 26 Gi) & 6. x -106,y - 8 


(iv) 16 (v) É; Not mutually exclusive a (i) plete angles . 
35 7 9. (i) Lengths of sides may be different 
9. (i) clc 10. (i) Both equal 90° + |7CBG| 
x x 
11. /105 
e) 14 (iii) B 12. /DEA 
10. 10 13. Proof 


Revision Exercise 5 (Extended Exercise 6.2 


Response Questions) 1. (i) 36cm? Gi) 6cm 7 

i. dl Gi) 29 (ii) 23 (i) 4.8cm (ii) 10.5 cm (iii) 21.6cm 
6 21 42 $ 70 O A 

2. (i) 08% (4) 7299 Gii) 92% ()ssom" . JH 126cm: Gi) 143m 


2 
3 
2. 471 
3. (i) Equally likely outcomes Hs a08 em Ige 
5. (i) Largest is ZBAC; smallest is ZACB; 


(ii) “Sa |AC| > 5cm and < 15cm 
. 1 " 1 6. (i) 5cm (iii) 8cm 
ii) (@) z 353 (9; 7. (i) 30cm? Gi) 30cm? 
4 (i) 4 (i) 2 25 (iii) 45cm? ^ Qv) 4cm 
5. (ii) i Gii) 36 8. (ii) 150 sq. units 
; " i 9. (i) 3(a + 2); 7a (ii) a - 1.5 
=o ~ Gi) ds E 10. (3Or-1Ex — ()x-25 
7 3 (i) 4 11. 76cm? 
(iii) (a) (3, 4, 5] or (5, 4, 3} or (2, 6, 4} or... 
(b) 10 Exercise 6.3 
(iv) (a) 3 — (b) sk 1. (i) 2.5 (ii) 9 (iii) 52 
& (i) x=02,y = 0.2, z = 0.05 ^ rd 28a—6,b—854 
(ii) 3 (iii) 7 (iv) 0.25 4. A8 
MER P i 5. |BC| = 4.2; |BP| = 1.6 
9. ÀO Z (ii) = (ili) — : ws) 5. ii 
36 36 18 6. (i)20cm (ii) 2:3 (iii) 20cm 
iv) -L 2 7. (i) 8cm ii) 7cm 
(iv) i (v) $ : ) (ii) 
10. (ii) 0.512 — (iii) 0.064 (iv) 0.479 8. = 
11. (i) 60 (ii) 4 (iii) AO 9. (i) Triangles equiangular 
x na 96. 64 
(iv) (a) €60 (b) Lose€12 (c) 4 (d) €3 Gi) [DF] (i) x= 7o57 
10. x -45,y =4 
11. (i) [XY] (ii) x = 9, y = 13.5 
12. ()x-165y-10 (ii) x= 8, y = 54 
Chapter 6: Geometry 1 “A B : Gas 
Exercise 6.1 15. |BD| = 11.25; |AB| = 9 
1. a = 46°, b = 134°, c = 80°, d = 100°,e = 65°. 16. (i) AABCand ADBC (ii) m=6,n=6 
2. a — 111°, b = 74°, c = 112°, d = 65°, e = 40°, 17. x=5 


f = 524°, g = 60°, h = 30° 18. (i) AWXZ (ii) w=62,v=5} 
3. a=67 b= 110, c = 55°, d = 34° . x = 0.618; 1:1.618 
4. (i) x =55°,y =45° (ii) x = 116°, y = 52° 

(iii) x = 80°, y = 30° "d 
5. (i) v76 (=2v19) (i) 4/2 (üi) 2/10 


= 
2 


t3 
> 
NI 


N 
E 
pä 
> 
[o] 
B 


Exercise 6.4 


m 


E 


() HEA m Gi) (p 2*2 m 


(b) x= 224m 

(i) Proof (ii) v = 131°, x = 228°, y = 78° 
(iii) ZBED = 70°, Z110* (iv) Proof 

(i) Proof (ii) 50.6cm (iii) 2:1 (iv) Proof 

(i) r=8cem,h = 16/2 cm (ii) 8/2 cm 
(iii) i (iv) 11.11 em(from top) 

(i) Proof (ii) x =22cm 


l. a= 96°, b = 88°, c = 136°, d = 84°, e = 48° 
2. a =52°,b = 44°, c = 45°, d = 20° 

3. a = 47°, b = 94°, c = 43° 

4. f - 40*,g =h = 55? 

5. a = 42°, b = 48°, c = 40°, d = 55°, e = 35° 
6. a = 95°, b = 75°, c = 43°, d = 116°, e = 64° 
7. 60°, 54°, 66° 

8. (i) 90° (i) 50" Gii 50° (iv) 80° 
9. a = 55°, b = 90°, c = 49°, d = 49°, e = 67° 
10. (i) 62° (i) 44° 

12. 20° 

13. (i) 146° (ii) 17° 


15. (i) A’s XRZ, YOZ and PYX 


(i) 61? (iii) lZXZY| = 61°; |ZZYX| = 
61° and |ZZXY| = 58° 
16. (i) 106° (ii) 74° (iii) 53° 
17. (i) 48? (ii) 48° 
18. Proof 


Revision Exercise 6 (Core) 
3,6 

a? = 100° 

16cm 

b? = 29° 

IBEI = 7.2 em, IFCI = D cm 
48 u? 

x= 2y 
x=1.5 
G) 4.8 

. IABI=3 


O we n3 os Uv de Ur p ps 


(ii) 64 (ii) 3.6 


m 
© 


Revision Exercise 6 (Advanced) 
5/5 

2 
Proof 
(i) 120° 
68° 
x = 20 
x = 28 
x = 50°, y = 68°, c 
Proof 


Gi 108° Gi 2189 144° 


63°, d = 54° 


SAA Pe Sh a 


Proof 


Revision Exercise 6 (Extended 
Response Questions) 

1. Theory 

2. (a) 105.8cm (b) 122.5cm 

3. (ii) (b) is not always true 


Chapter 7: Differential 


Calculus 
Exercise 7.1 
1. (i) 4 (ii) 1 (iii) —3 
16 
2. F 
3 0-2 Gi) 4 
4 2 
5. (i) 8years (approx.) (ii) 12cm per year 
6. (i) S(x) = 6x? (ii) 42cm? per cm 
7. (i) 5 (ii) 4.5 (iii) 4.1 (iv) 4 
Exercise 7.2 
1. (i) x=0 (ii) x =3 (ili) x = —2 
(iv) x 22 (v) x = —3 
i 2-4 = 
(vi) x = 2 and x 2 
2 (i)x=0 (ii) Zis not defined 


3. tanZ= x which is not defined 


2 

4 (i) x=4 (li) x = —Sorx=5 
(ili) x = -—lorx=4 

5. (i)? (ii) —4 (iii) 3 
(i) -1 Gi) -3 (iii) 2 

7z 2 (ii) 4 (iii) 10 
(iv) -1 (v) 3 (vi) -4 

8. 6 

9. 0 o (iii) 0 avo 

1. OF G (Qi) -å 

n. )i G3 ai 

12. ()2 (ii) 2x (ii) 2x 

13. $ 


14. |n 1} 2 | 5 |10 | 100 | 1000 |10000 
fa) 2 2.25|2.488 2.594|2.705 2.717 | 2.718 
e = 2.718 
Exercise 7.3 
1. (05 (ii) 3 (iii) —4 
2. (i) 2x (ii) 4x +9 (ii) 6x — 4 
3. (i) 2x—-2 (i2 
(i) 2x -y+1=0 
5. (i) —2x (ii) 4—2x (ii) —1 — 6x 
6 4x-3: (09 (ii) 92x -y -20=0 
7. 2mr 
, = (ql 1 
8. f'(x) = 2x 3;(15, 14) 
Exercise 7.4 
1. (i)25x* (ii) 10x — 4 
(iii) 12x + 5 (iv) 32 —8 
(age Seu (vi) 6x? + 2x - 2 
x? x 
i 3 T 13 
2. (i) 14x + E (ii) AX 
EE . ns. 
(iii) — — — (iv) 2x MX 
-3 a —6 1 
(v) (ue 
2V5 Xo Ae 
3. 2 +x-6 
i) 1 ii) 3-4 2 
4. (i) aa (ii) IA + P 
T 4 3 TN 
(nu) =z "UE (iv) E 
E 1 mE 
ORG (i) 
1 44-41 
5. 2/ t1; Gy 
24 1 . 41 
6. 3x° + X ; 485 
-4 
7. 16 
8. 3Vx8 ip-5 
9, k=5 
11. 2 
12. 1;x-y+2=0 
13. -3;3x - y - 10-0 
14. x= -2 
15. (1,0) 
16. (1, —3) 
17. a= 


18. 
19. 


20. 


21. 
22. 


Slope = 0 = parallel to x-axis 
(3, -3) 


(7i 78) 

4 8 

a = 12, b = —18 
6 sq. units 


Exercise 7.5 


1. 


(iii) 332 — 2x + 2 


. (a) (i) 328-5 


(i) 6x — 2 (ii) 24x — 1 
(iv) 62 — 2x - 4 


(v) 30 — 2x -2 (vi) 8x3 + 332 —2 


~ 18 "e 
Ogg —Og-y 
(iii) TOES + > (iv) a pe : - 
-8é + 6x?  —3x2 — 4x — 9 
() (i Ay oy (i m 37 
-3 
6x— 1 
WE 
(i) 2(x + 4) (ii) 6(2x — 1} 


(iii) 9(3x + 5? 
(v) 16x(2x? + 3) 


(iv) 4x(x? — 1) 
(vi) —15(1 — 3x)* 


" 2 T x 

0 -A = 
2 

(i) 2(2x + 5 + 12x(2x + 5)? 


(ii) 2x(3x + 2)? + 6(3x + 2)(x? — 1) 
(iii) 2(x + 4)(x — 2) + (x + 4 
24 


-19 
16 
—28 


3x +2 


' Wx +1 


—4x?2 — 5 
2x? 


v¥ t2 3 
2(vx +1778 


= 
(1 — 2x)? 


(ii) 932 + 6x — 1 


(b) x--i 


Exercise 7.6 Exercise 7.8 


1. 6x +4 i 6 . 3 
1. 1) — 11 E 
2 128-6 OF se = Troe 
2 
3. = zi 2 : 2x 
- ai —4x? — 4x g) 1+xt 
4 £+ 6 à ()2 (i) 2 
~ -8 
5 4 _=3 
* Pc O22 +16 
1 x — 
6 - 5. (i tsin'!x 
"m a pee: 
_ MN T 4 2x 
7. ii) 2tan ' x + 
(2x + 3y (ii) T+ x2 
8. 54(3x — 2) 7. n -1 
RE 8. -2 
(x + 4p 9. E 
10 12x? — 6x 3x = 0,5 3^ 
d d2 10. = 
a ds xd. dy o8 5 
= M dX ab Exercise 7.9 
Exercise 7.7 1. G) i (ii) ~3e 
1. (i) 2cos 2x (ii) —6 sin 6x (iii) 2xe "m (iv) 2e? " 
(iii) 4 sec? 4x (iv) 2 cos(2x + 3) () rs + 3)e (vi) cos x(es"*) 
(v) —3sin(3x — 1) (vi) 2x sec?(x’) 2. (i) 5€ " 
(vii) 1 cos ix (viii) —2x sin(x? — 1) (ii) 2 sin x cos x(e™™) 


(iii) e^(1 + 2x) 
3. (i) e"(2sin x + cos x) 
(ii) 2e*(e* — 1) 


(ix) 2 cos 2x — 4 sin 4x 
2. (i) 2sinxcosx (ii) —3 sin x cox 
(iii) 4tan?xsec?x (iv) 12 sin? 4x cos 4x 


HE 
(v) —4sin(2x + 1) cos(2x + 1) 1 ii) ea "EY 
(vi) 12 tan?(4x + 3) sec?(4x + 3) - @ á e 
3. (i) 6cos30 —2sin 20 (ii) e oe 1) 
(ii) 2 tan 0sec? 6 + 2 sec?20 * 
(ii) —4 sin 40 + 4 sin i (iii) xe***(2 — x sin x) 
(iv) 3 tan? 0 sec? 6 5. -re 
4. (i) sin2x + 2x cos 2x 6. dy = Aer 
(ii) 2x cos x — x? sin x dx? 
(ili) sin x + (x + 3) cos x diy 
7. (02 (ii) -1 (iii) 0 40. a= me™sm=—1,4 
o, 3/3 12. y -2x 4 8 
* 2 
10. cosx —3sinx Exercise 7.10 
11. —4sin?x 1 
12. 0 * 
2 
13. - 33 2 x3 
14. (i) —2 sin 2x (ii) 4 sin x cos x 3. z 
—1 
17. k= 2 4. cotanx 
18. a=1,b=2 2(x — 3) 


—3 tan 3x 
log, x +1 
2xlog,3x + x 


9 Ln 


1 — log.x 


3 


say bó B 1 
(iii) Tex (iv) 5 cotan x 


4x : 1 
(v) x04 (vi) 2x(x + 1) 


4 
11. —— 
x 


GS [t2 NIN & |= 


t 
16. — eost- 
1 + sin t 


Revision Exercise 7 (Core) 


L ()2x- 5 (ii) 6(2x + 3} 
" 3 
(ill) Si ax 
2. - -2x43 
3. ()(x-2y (i) — 2 P 
4 (i) 4x+ £$ Gi) 24 cos 6x 


(iii) 6xe™ 

5. —11 
6 (i) 2 (ii) 12x - y - 8-0 
: 3 sy 3X? — 6x 
7. (i) 6x 1 = E (ii) (x—1* 


(iii) —8 cos 4x sin 4x 


13. (i) 10 (ii) 16 


3x +1 Gi) (2x + 1)(1 — 3x) 


15. 
16. 


2x-y+1=0 
k=11 


Revision Exercise 7 (Advanced) 


E 


10. 
1l — 
12. 
13. 
14. 
16. 


no FY NE 


1 


T 
T d 
(1,1), (4.1 - 2) 
x=0,2 
(i) 4 Gi) -4x 
dy HX e dy 
a gg 
(-1, 11), (3, —5) 
a=8,b=11 
(i) (0, 2160000), (30, 0); 
Full tank = 2160000 m; 
Empty tank after 30 mins 
(ii) 640000 m? 
(iii) 152000 m?/min 
(iv) 96000 m?/min 


= e;n =2,3 


(ii) 2- 3h +h? 

(iii) As h approaches zero, the slope of the 
chord will approximate to the slope of 
the tangent at A; gradient = 2 


Revision Exercise 7 (Extended 
Response Questions) 


1. 


(i) (0, 0), (2, 0) 
(ii) Slopes are —2 and 2 
(iii) 2x + y 4 0 and 2x - y - 4-0 


(iv) 53° 
(v) p=10,q = —-6,r=15 
(i) k=2 


(ii) y= 3x +In2—-3 
(i) 2x -4y - 9-0 
(ii) A = (-2,3) 

adi NL 

(iii) C = (4. 2) 

(a) + r + 11h 


(b) (i) 1425 (ii) 11.61 Exercise 8.3 


Gii) 11.0601 (iv) 11.006001 "T 7 24 
(c) 11 l. (i) 25 (ii) 35 (ili) 7 
(d) 11 2. (i) 4 Gi) $ 
(e) 3a? + 3ah + k? — 1 47 
2 "9 
(f) 32 -1 Na 
6. (a) dD . k 50e = kD = a constant times D 2 
5. (i) 2 (ii) 2 (iii) 
(b) 20cm/year v2 
* del 6. : 
(ii) 2nx(x?2 — 1)! 10. 5 
(iii) 3(x — 2)? is always positive n. 0# (i) — 
8. ()(x- pum 14. lor E 
ii Lc j a js 11 
A | 3° E 15. ()ismpg G) FE 
wu. T 
(iv) Midpoint — +, 2), show that the 16. (ii) 25 
: : 18. (i) 1-—2sin?2A (ii) 2 cos*2A — 1 
curve contains this midpoint 1 
19. (i) 


Exercise 8.4 


Chapter 8: Trigonometry 2 1. (i)2sin4xcosx (ii) 2 cos 3x sin x 
. (iii) 2 cos 2x cos x (iv) —2 sin 60sin 0 
Exercise 8.1 (v) -2sin20sin0 (vi) —2 cos 50 sin 20 
Questions 1 — 26 Proofs 
2. (i) cos20° (ii) 0 (iii) = 
Exercise 8.2 4. (i) V2 cosx (ii) —V3 sin x 


(i) I is n (ii) SI i=! S qyussacquc du) smod 


2/2 (iii) cos 7A + cos3A (iv) cos 8A — cos 4A 
Ns st od es V3 41 ae 3A — A 
2. (i) (ii) = (iii) (v) 5leos cos A] 
v3 +1 v2 EE 
& 0 33 (i) 16 (vi) l[sin 6x — sin 4x] 
"a 63 6 © 40/3 +1) Gi) 52 
4. (i) F (ii) 0 (iii) 5 (iv) 1 12. 2 
5. (i) tan3A (ii) sin 30 
1 
7. 45 
8 a (or 45°) Exercise 8.5 
9, 1 1. (i) 45° (ii) 60° (iii) 45? (iv) 30° 
T Z (v)—60° (vi) —45? (vii) 120° (viii) —30° 
at: 2/2 3. (i) x (ii) Vv1—3? (üi) TIE 
43-15. a4 TUN sus B. 
11. Tr p7 4/3 4. (i) 5 (ii) 3 (UE 
14. h - 6m 5 4 Gy H2 
17. h=2mor3m 56 23 ie 
33 
8. Both 22 


Revision Exercise 8 (Core) Chapter 9: Sequences - 
12 


L 1$ Series — Patterns 
63 

2. 65 Exercise 9.1 
4. E 1. (i) 30,36,42 (ii) 27, 32, 37 

«T a 240 (iii) 9.5,10.7,11.9 — (iv) —10, —13, —16 
6. (i) (ii) 

a 289 (v) 38, 51, 66 (vi) 46, 38, 30 

t OF (vii) —15, —20, —25 (viii) —28, —19, —10 
8. a=2.b= (ix) 54, 162, 486 (x) 30, 42, 56 
dew ae a ioe ae 
9. (ii) uS (d) 3-1, 15 (ui) 16,22,29 


(xiii) 35, 48, 63 (xiv) 48, —96, 192 


1 


(xv) 3p 42 56 


E , 2. (i) 2,6,10,14 (ii) 4,9, 16, 25 
Revision Exercise 8 (Advanced) iii) —1,0,3,8 iv) 8,15, 24, 35 
v3 
L Gi) > (v) 0,7,26,63 — (v) 12,22 
2 © -4 (vii) 2, 4, 8, 16 (vii) —3,9, —27, 81 
3. (i sin60--sin20 (ii) 2 (ix) 2, 8, 24, 64 . 
5 3. (i) 5,9,13,17 (ii) 21cm 
OE 4 (i) L2,4,7,11,16 (ii) 8 
5. u = 1, u; = 17, tio = 37 
1-t B 1 y Mes, 9° 10) 
8. tan A= E 6. u = 4, ug = —128, uy, = 4096 
Z 7. © 5,9,13, 17,21,25 
2T (ii) 1,5, 10, 17, 26, 37 
10. 9-7 (iii) 2,4, 8, 16, 32, 64 
6 8. (i) C (ii) B DD (iv) A 
9. (i) n+4 (i) 2n (iii) 3n — 1 
Revision Exercise 8 (Extended (iv) r2 (v) 1 (vi) (-1) 
Response Questions) . 1 | 
3. (i) k=25 (vii) 4n — 3 (viii) m (ix) PE 
4. (i) Proof (ii) Proof (x) (n+ 1)(n + 2) 
(iii) (a) S (b) i (iv) Proof 10. Sequence is formed by adding the previous 
5. Gi) a=2,b=1 two terms; 34, 55, 89, 144 
6. 41.4°; 55.85; 55.8? > 41.4? > |AB| > 2, 11. 1 5 10 10 5 1 
as bigger side is opposite greater angle 1 6 15 20 15 6 1 
, EN 1 7 21 35 35 21 7 1 
^ 0m. us 1 8 28 56 70 56 28 8 1 
8. (ii) x-v6 (i) 12,3,4,5,.. T, =n 
9. 1) 40 radians +1 
© Gi) 1,3,6, 10, 15, ... T, = RES 
(ii) 2 sin 26; 0 = Z radians i 
w. (@ lACI-2 6 (iii) 1,2,4,8,16,... T, 2 2! 
. 1 = zr cos g 
+1)(n+2 
(iv) 3, 6,10, 15, 21,... T, = a 


Exercise 9.2 
L 07,5893, Ty = 113 
(ii) T, = 20n — 4, Tr = 436 
(iii) T, = 13 — 3n, T4, = —53 


» 


12. 


13. 


3, 8, 13, 18 
(i) 21 (ii) 20 (iii) 32 
(i) a=4,d=3 


(ii) 4, 7, 10, 13, 16 
(iii) T5 = 61 
(i) 8 red and 22 orange 
(ii) No since T,, = 3n + 6 4 38 
a=3,d=2; 3,5,7,9, 11, 13 
(i) k=4 
(ii) p = —2 
(i) 12, 20, 28; T, = 8n + 4 
(ii) 124 
(iii) shape 20 
d = 4aconstant — sequence is arithmetic 


. d=2n +3 .. not constant 
11. 


(i) 8 
(ii) 49 
(iii) T, =n? +8 
(i) No, since T, = 4n + 2 7 87 
(ii) T, — T,- is not constant 
(iii) 5 completed levels and 32 left over 
9 weeks 


Exercise 9.3 


1. (i) S, = 2n? — n; Sy) = 780 
(ii) S, = 51n — n^; Sy) = 620 
m |] 
(iii) S, = ares $59 = 39 
(iv) S, = 2n? — 9n; $4, = 620 
2. ()n-12,8, = 336 
(ii) n= 100, S100 = 5050 
3. 7 terms 
4. a=2,d = —3; Si = —115 
5. 10 weeks 
6. (i) 69 (ii) 54 (iii) 5050 
31 29 
à T n-—21l 
* @ 2- 4n (ii) 2s 3 
7 +99 
S n 
(iii) UM 10 
8. 3,7,11,15,19 
9. $4, = 1980 
10. (i) 51 rings 
(ii) 101 rings; S2 = 1070 
11. 14 terms; d = 4 
12. 4950 
13. a = 3.5, d = 0.1; $4, = 148.5 


60 


Exercise 9.4 


1. 


10. 
11. 


12. 
13. 
14. 


15. 
16. 
17. 


18. 


19. 


20. 


Aww 


Su 


(i) r = 3:243, 729 

(li) r= i ae 3s 

(ii) r = —2; —16, 32 

(iv) r= —1;1,—1 

(v) not geometric 

(vi) r = a; a, af 

(vii) r = 1.1; 1.4641, 1.61051 
(viii) not geometric 

(ix) not geometric 

(x) r = 6; 972, 5832 


(i) a=5,r = 2; Ty, = 5120 

(ii) a = 10, r = 2.5; T; = 2441.41 

(iii) a = 1.1, r = 1.1; Tg = 2.1436 

(iv) a =24,r = —0.5; Tu, = —0.046875 ( E 
a = 4,r = 3; 4, 12, 36, 108, 324, ... 
m 1 1 
—16, 4, “ly “Ta 
A and C are geometric 


B and D are not geometric 
n = 6;4, 6, 9, 13.5 
a Tr 3; T, 
6.75 
1,3,9,27 or 9, 3, 1,5 
3, 6, 12, 24, 48 
6, 45, 33, 211 
40, —20, 10, —5 
(i) x= 15; 4, 15, 4 or 
x = 4;1,4, 16 
Gi) x = 34; 44, 75, 125 or 
x7—2;-1,2,-4 
(ii) x = 6; 4, 6,9 
(iv) x = 10; 4, 20, 100 
Proof 
No 
(ij) n=7 
(i) 18, 12, 8, 16 
(iii) 0.21m 
(i) €4000 
(ii) €4120, €4243.6, €4370.91, €4502.04 
(iii) €5375.67 
(iv) 23 years 
r=2% 


7(-3y-! 


(ii) n2 6 
(i) T,= z(2y 


Exercise 9.5 


Am FY N a 


(ii) 5 (iii) 1 
(ii) o (iii) 1 
(i) Nolimit (i) 4 (iii) 0 
()9 Gi) i Gili) oo 
(i) 0 


(5) 


(ii) oo (iii) oo 


Exercise 9.6 


m 
= 


11. 


O S U g 


Sio = 59048 

n = 6; Sẹ = 2016 
Sg = 255 

Sio = 63.94 

—728 

8 terms; S, = 5462 
4, 16, 64; S; — 5460 
Sg = 19680 

Sig = 5.994 


(i) 5 (ii) 39 (ii) 46 


TE 161 "T 
(iv) 57 (V) 996 (vi) 16s 
s,=2-—L:5.=2,n=11 


21-1? 


Exercise 9.7 


1. 2,8,32,128, 512 
2. (i) 2,8, 26, 80,242 (ii) 1,3, 7, 17, 41 
(iii) 0, 1, 3, 8, 21 
3. 6,8, 10,12, 14 
4 T =T at a 0112,3.5, 8,13 
5. ()21 (i) —1 
6. 2,0,4,4,4 
7. (a) (i) 7,9,11 (ii) 15, 19, 23 
(b) Proof (c)a-4,b--1 (d) 79 
Exercise 9.8 
1. (i) T,=4n+1 (ii) T,, = 3n -2 
(iii) T, =5n +6 
2 (i) T,=3-n (ii) T,, =2-—2n 


AWB & 


(ii) T, = 2n — 8 
(i) 10150 mm? 
(i) 900 cm? (ii) 21st design 
(i) 10100 cm? (ii) 15th triangle 
(i) T, = 2n? +n? + 4n - 1 
Gi) T, =n? —4n? +n +5 

(iii) T, =n? —4n +2 


(ii) 560mm 


7. 


8. 


(a) T, =n? — 1; 575 bright, 1 dark 

(b) T, = m —2; 574 bright, 2 dark 

(c) T, =n? —n; 552 bright, 24 dark 
(i) T, =3n2 44 

(ii) T, = 2n — m 

(iii) T, =2n7 +n—-4 

(iv) T, = 4n — 6 
(v) T, = 3i? + 25? - 1 


Revision Exercise 9 (Core) 


1. 


(i) 7, 10, 13, 16 
(iii) 1,2, 4,8 
(v) 2,9, 28, 65 


(ii) 5, 11, 17, 23 
(iv) 20, 30, 42, 56 


2. a=79,d = —4 


10. 


$$ T Y 


=? 
© r= -2; T, =(-2) 

ajg n= 

(ii) r = —3; T, = 2(-3) ^! 

(i) T, =8n +4 (ii) 250 cubes 
(i) r= —3 (ii) a= —7 

Explanation 

19900 

195 

280 


Revision Exercise 9 (Advanced) 


1. 


"m 


» 


> 


S 


E 


(i) 12 lumens (ii) T, = 2000( 3) 


(iii) 5th mirror 
: In2 
Of Tn 
(ii) (a) 35 years 
(b) 14.2 years 
(c) 7.3 years 
(i) 10 + 2(6 + 3.6 + 2.16 +...) 
(ii) Infinite geometric series 
(iii) 40m 
(i) T, 23Qy-! 
(ii) 20th term 
(i) €2.1 x 107 
(ii) €9.2 x 1016 
5,11,17 
ü)V-2P(ü-iy* 
(ii) €14953 
(iii) end of 12th year 
(01.3. -3 
(ii) k= —1 


9. 


(ii) T, = 6n — 2 
(iii) 2n(6n? + 3n — 1) 


10. $ log»; r= i k=2 


Revision Exercise 9 (Extended 
Response Questions) 


1. 


(i) T, =4a+ 2b + c; T; = 9a + 3b + c; 
T, = 16a + 4b +c 
First difference = 3a + b; 5a + b; 7a + b 
Second difference = 2a, 2a 
(ii) (a) 2a (a constant) 
(b) 3a * b 
(iii) First difference — 7, 13, 19 
Second difference = 2 
(iv) T, =3n?-2n+4 
(v) To = 1164 
(i) T, = 40(0.69)" 
(ii) 69% 
(ili) 27.6, 19.04, 13.14, 9.07, 6.26 
(v) 9 bounces 
(vi) 9 bounces 
(i) Scheme 1: S, = n(n + 19) 


m A o 21 n " 
(ii) Scheme 2: S, = 400| (35) 1] 
(ii) Scheme 1 


(ili) 16th week 
(i) 136 litres (ii) Proof 
(ili) 872 litres 
(i) Proof (ii) 2020 
(iii) €22 657 (iv) 2.8% 


Chapter 10: Statistics 1 


Exercise 10.1 


1. 


(ii) Categorical 
(iv) Categorical 
(ii) Discrete 
(iv) Discrete 
(vi) Discrete 


(i) Numerical 
(iii) Numerical 
(i) Discrete 
(iii) Continuous 
(v) Continuous 

(vii) Discrete (viii) Discrete 
(i) Categorical (ii) Numerical 
(iii) Numerical; (ii) is discrete 
Race time is continuous; Number on bib is 
discrete 
(i) No (ii) Yes 
(ii) Yes (iv) No 
(i) Contains two pieces of information 
(ii) No. of eggs 
(iii) Amount of flour 


7. 


10. 


11. 


(i) Categorical (ii) Numerical 
(iii) Numerical 
(iv) Categorical; Part (iii) is discrete; 

Bivariate continuous numerical 

(i) True (ii) True 
(iii) False (iv) False 

(v) True (vi) True 
(vii) True (viii) True 
Small, medium, large; 1-bed house, 2-bed, 
3-bed; Poor, fair, good, very good. 

(i) Primary (ii) Secondary 
(iii) Primary (iv) Secondary 

(i) Secondary 

(ii) Roy's; they are more recent 

(i) No. of bedrooms in family home and 


number of children in the family 
(ii) An athlete's height and his distance in a 
long-jump competition. 


Exercise 10.2 


1. 


2. 


10. 


(i) Too personal (it identifies respondent) 
(ii) Too vague/subjective 
(i) Too personal (ii) Too leading 
(iii) Overlapping 
QA: Judgemental and subjective 
QB: Leading and biased 
Not suitable; too vague, not specific enough 
B and D are biased; B gives an opinion; 
D is a leading question 
(i) Do you have a part-time job? 
(ii) Are you male or female? 
Explanatory variable: Length of legs 
Response variable: Time recorded in sprint 
Explanatory variable: 
Number of operating theatres 
Response variable: 
Number of operations per day 
(i) Group B (ii) The new drug 
(iii) Blood-pressure 
(iv) Designed experiment 


Exercise 10.3 


1. 


Census - all members of the population 
surveyed. 

Sample - only part of the population 
surveyed. 

A sample is more convenient and cheaper. 
Any sample of size n which has an equal 
chance of being selected. 


» 


10. 


11. 


12. 


(i) Likely biased 

(iii) Random 

(v) Random 

Selecting a sample in the easiest way; 

(i) Convenience sampling 

(ii) High level of bias likely; 
unrepresentative of population 

(i) Convenience sampling 

(ii) Systematic (iii) Stratified 

(i) Very small sample; not random and not 
representative 

(ii) Each member of the local population 
should have an equal chance of being 
asked. The sample shouldn’t be too 
small. Sample should be stratified to 
ensure all age and class groups are 
represented. 

(i) Convenience 

(ii) Her street may not be representative of 
the whole population. 

(iii) Systematic random sampling from a 
directory or Cluster sampling of travel 
agents' clients, i.e., pick one travel agent 
at random and survey them about all 
their clients. 

(i) Assign a number to each student and 
then use a random number generator to 
pick n numbers. 

(ii) (a) 23 (b) 8 

(i) Quota sampling 

(ii) Convenient as no sampling frame 
required. 

Left to the discretion of the interviewer 
so possible bias. 

(i) Cost and time, without a great loss in 
accuracy. 

(ii) A list of all items that could be included 
in the survey. 

(i) 52 Junior; 48 Senior 

(ii) Stratified sampling is better if there 
are different identifiable groups with 
different views in the population. 

(i) Cluster sampling (ii) Convenience 

(iii) Systematic 


(ii) Random 
(ivy) Random 


Exercise 10.4 


1. (a) (i) 8 (ii) 7 
(b) (i) 7 (ii) 7 
2. (i) 41km/hr (ii) 39.45 km/hr 


17. 


(i) 14 (ii) 14 (iii) 17 
14 5. 4,6 

(i) 25.857 (i) 15; Median 

(i) 195 (ii) 19 
79.2% 

Median, since 50% of the marks will be 
above the median mark. 

(i) 16.2 (ii) x = 35 

(i) 25 (ii) 6 (iii) 5.6 (iv)14 (v)6 
(i) 4 (ii) 4 (iii) 4.25 
(i) 32 years (ii) (30-40) years 

(i) 42.7 (ii) Mean will increase 
G) (a) B (5€ 

(ii) Categorical data is not numerical 
(i) 4.3mm 


(ii) 26.5 hours 
(iii) 3mm; 15 hours 
(iv) 2.5 mm; 16.5 hours 
(v) median rainfall and mean sunshine 
(least rainfall and highest sunshine) 
3.36 or 3.48 


Exercise 10.5 


1. 
2. 


10. 


11. 
13. 


(i) 8 (ii) 57 
(i) 33 (ii) 29 
(ii) (a) Q1 2 27. (b) Q3=34 (c) 7 
(i) 13 (ii) 8 
(iii) 15 (iv) 7 
(i) 5 marks (ii) 14.5 marks 


(iii) On average, the girls didn't do as well 
as the boys. The girls’ marks were more 


dispersed. 
(i) 25 (ii) 50 
(iii) 65 (iv) 15 
(i) Q, = 32; Q; = 4.0; 
Interquartile range = 0.8 
(ii) 5.5 
(i) 3.5 (ii) 2.7 (iii) 3.9 
1.414; 1.414 


(i) New set is x + 10 
(ii) Both the same 
(iii) If all the numbers are increased by the 
same amount, the standard deviation 
does not change. 


(i) 14; 14 (ii) Route 1: 2; Route 2: 2.3 
(iii) Route 1, as times are less dispersed 
1.6 12. 0.84 
1.9 14. 11;4.36 


15. (i) 25 (ii) 5.3 4. (i) 19 (ii) 54 


(iii) 30.3 and 19.7 (iv) 3 (iii) (10-15) sec (iv) (10-15) sec 
16. (i) Xx=a+2 (ii) a=5 (v) 20 (vi) 20 
17. (i) 80% (ii) 20% 5. (ii) (25-35) mins (iii) (25-35) mins 
18. (i) No, as it does not tell you what (iv) (15-25) mins (v) 48 people 
percentage did worse than Elaine. (vi) 29 mins 
(ii) 480 
19. (i) 53.5 (ii) 74.5 Exercise 10.8 
(iii) 10.5 (iv) 4 students 1. Symmetrical; 
(v) 40th percentile (i) Normal (ii) Peoples’ heights 
20. (i) €55 (ii) €32 2. Positively skewed; Age at which people start 
(iii) 13 (iv) €59; 7 third-level education 
(v) 53rd to 56th percentile 3. (i)c (ia (üi)b (iv)b (vec 
21. a=10-b;a=6,b=4 4. Negatively skewed; 
(i) Mean (ii) Mode 
Exercise 10.6 5. More of the data is closer to the mean in A). 
1 (i) 4 (ii) 27 (üi) 8 (iv) 36 6. (i) B (ii) B 
2. (ii) 8 (iii) 16 7. (GA (ii) Equal 
3. (i) 6 (i) 4.3 sec 8. (i) B (li) A 
(iii) 3.25 sec (iv) 3.5 sec 9. DA (ii) B 
4. (i) 62 (ii) 47 (iii) 67 (iv) 20 10. G)| A B [o D 
5. (i) 41 (ii) 32 (iu) 47 — (iv) 15 x x LA x 
(v) 47 4 x x x 
6. (i) 19 (ii) (a) 66 (b) 49 x V x V 
Gii) 55 (iv) 26 / x x xX 
7. () 7627 (ii) 68: 38 AE IE. SER Re 
(iii) Those who didn’t smoke; lower median (ii) D, as more of the data is located further 
8. (ii) 55 (iii) 66.5 from the mean. 
(iv) English; Higher median 
9. (i)31mins (ii) 17.5 mins Revision Exercise 10 (Core) 
(iii) 15 mins (iv) 0.75 1. (i) Primary (ii) Secondary 
(v) Both have median 17.5, similar ranges; (iii) Primary (iv) Secondary 
hence no significant difference (v) Secondary 
10. (i) 52 mins 2. (i) 13 Á (ii) 8 (iii) 15. (iv) 7 
(ii) (a) 52mins (b) 69 mins 3. 10; 3.7 
(iii) (a) 31 mins (b) 55 mins 4. (i) Census surveys entire population; 
(iv) Women in the survey have a higher sample surveys only part of the 
median and a wider range. population 
(ii) 25 students 
Exercise 10.7 5. (i) 32 (ii) €48 (ii) €25 
1. (ii) 12 (iii) (20-40) km (iv) €29 (v) Males, higher median 
(iv) 40% 6. (i) (b) because it has the greater spread 
2. (i)10 (ii) (40-50) years (ii) 2; 1.14 
(iii) 12 (iv) 60 7. (i) Stratified, then simple random sampling 
(v) (50-60) years (vi) (40—50) years (ii) 20 students 
3. (ii) 38 (iii) (12-16) mins (iii) Give each student a number and then 
(iv) (12-16) mins (v) 30 select 10, using random button on 


(vi) 8 calculator. 


8. 


9. 
10. 


(i) Yes. May not be representative as there 


is no random element to the survey. 


(ii) Use stratified sampling based on gender, 


age, marital status, income levels, etc. 
and then use simple random sampling. 
See definitions in textbook. 
(ii) 4.7 mins 


Revision Exercise 10 (Advanced) 


1. 


Anm 


10. 


David as standard deviation of his marks is 


smaller. 

(i) P4; = 5796 (ii) 75th percentile 
(i) A, D (ii) C,A (iii) B 

(iv) A (v) A 

2.9 


(i) Negatively skewed as most of the data 
Occurs at the higher values. 
(ii) A = mode; B = median; C = mean 
(iii) Age when people retire 
Large, 15; Medium, 25; Small, 20 
(i) Mean = 3.74 (i) o = 2.37 
(iii) In the later study, the average number 
of accidents has increased. The spread 
has also increased as the standard 
deviation is higher. 
(i) Explanatory: Fertilizer; 
Response: Wheat yield. 
(ii) Explanatory: Habitat; Response: 
Species. 
(iii) Explanatory: Amount of water; 
Response: Time to cool. 
(iv) Explanatory: Size of engine; 
Response: Petrol consumption. 
A: Systematic; B: Convenience; C: Simple 
random; D: Stratified; E: Quota 
(i) Median = 40; Interquartile range = 50 
(ii) (a) Because zero would not be a 
typical average 
(b) It would be distorted by the zeros 
or very high values. 


Revision Exercise 10 (Extended 
Response Questions) 


1. 


(i) (a) Median = 2 goals; 
Interquartile range = 3 goals 
(b) Mean = 2.56 goals; e = 1.66 
(ii) The mean is higher in the 2008/09 
season and the standard deviation is 
also higher. The wider spread in the 
2008/09 season suggests more open 


(iii) 4.05 mins; 1.2 mins 


games. However, the median number 
of goals per game is the same for 
both seasons. Overall, there is little 
significant difference between the two 
seasons. 

(i) 22 (ii) X = 11, Y = 27, Z = 22.5 

(iii) Strand Road as the median is higher. 

(i) Driver: Positively skewed as a lot of 
the data is clustered to the left in the 
(20—30) year age-group. 

Passenger: From ages (0—40) years, it is 
a symmetrical distribution with a mean 
of approximately 20 years. The values 
fall away as you move away from the 
centre. 

(ii) (a) Driver: 20 years 
(b) Passenger: 18 years 

(iii) A uniform distribution, suggesting 
casualties equally likely at all ages with 
moderate peak from (15-25) years. 

(iv) The (17-25) years age-group. Most of 
the casualties among both drivers and 
passengers occur in this group. 

(ii) Similarity: Both have the same mode (3). 
Difference: Girls distribution resembles 
a normal distribution. For the boys, most 
of the data is concentrated at the lower 
values (1-3). 

(iii) Though the medians are the same, the 
girls’ distribution has a greater spread. 
The samples are sufficiently different to 
suggest that this could not happen by 
chance. 

(iv) They could include more boys and girls 
who are not in GAA clubs. Include 
both urban and rural children so the 
sample would be less biased. Also, be 
more precise about what ‘playing sport’ 
means. 

(i) A - run; B - cycle; C - swim 

(ii) 25 mins (iii) Approx. 3 mins 

(iv) It would be very unusual for two or 
more athletes to have the same time as 
it is continuous numerical data (times 
were to the nearest 1000th of a second). 

(i) Histogram - ensure that the class 
intervals are equal. 

(ii) The distribution has a positive skew 
(tail to the right). Median — 225 days. 


(iii) It is not a normal distribution and 4. (i) G,2);r=4 (ii) (—2, 6); r = 2/2 
SO z-scores are not appropriate. The (iii) (3,0); r = VS. (iv) (0, 2); r = v10 
distribution has a positive skew and 5. (x -2Y + (y - 5» = 72 
hence it is not a normal distribution. 6. (3,3); (x - 32 + (y -3» =9 

(iv) A (or 0.21). This is the relative 7. (i) (22,-4);r=5 (ii) (1, 3);r =5 
frequency of the next earthquake (iii) (4, 0); r = 2/6 (iv) CA, 3); r = 2 
occurring between 100 and 200 days (9) (1, -3y jid (vi) (0, 31; — 
later. i, Tada 4 4 2 

(v) The idea of 1000 deaths is very bcn 
lys ; 11. Outside 
subjective as earthquakes occur in areas 12. teg 


of low population also. An earthquake 
relatively low on the Richter Scale 
could result in a lot of deaths in a 
densely-populated area. So the size of 


13. (ii) 4 (ii) (x44) + (y - 3? = 16 
14. (2 (ii) (4,-4) 
(iii) (x — 4? + (y - 4? - 4 


the earthquake, as measured on the 1 (iv) p " AY — 16 
Richter Scale, may be more relevant "n (x vr Tre - 
to a future analysis than the number of 6. 0 6) 

17. x - 2» +(y-2}=1 


deaths. Finally, the data may be divided 
by region and the frequency plotted 
against the size of the earthquake. 


18. (i A: (77, -1);r = 10; 
B: (3, 71); r = 10; 
C: (-2, -1);r=5 
(ii) (x - 7)? + (y + 1? = 100 


Chapter 11: Coordinate Exercise 11.3 
Geometry: The Circle 1. Centre = (0, 0); radius = /10 
Exercise 11.1 : NO dn iis 
1 (i) e@+y2=4 (ii) x? + y? = 25 auod 
Re ; 4. (x+ 1} +(y-2?}=13 
(iii) x? + y? =2 (iv) x? + y? = 18 s. (x - 22 + (y — 1? = 18 
(v) 1632 + 16y2=9 (vi) 4x2 + 4y? = 25 a E 
6. (i) (11) 
2. 24 y?-25 `, 
3. 2 +y =17 pos 
4. (i) (0,0) (ii) 5 Gil) a2 yl 25 (iv) |-g| and if equal to radius length 
2 2 7. &-2}+(y-2}=4 
5. x^ t y^ = 17 
6. (03 Gi) 1 (ii) 3/3 Peer m pem cud 
a n Rd 9. ()Q,-3;r-5 (ii) —31, 19 
(v) 5 (3 (vi) 4 10. (i) 2x+8y-1=0 (i8 -2y-21-0 
7. (i) V5 (ii) x? + y? = wy (5 1 . 17 
8. x? + y? = 25 Gii) [2 2), i o) IH 
9. 324 y2 210 v (x 2) Fly] e 
10. x? + y? = 20; ris a tangent 11. x? + y?-2x + 4y 20 
12. x? + y? — 6x — 8y =0 
Exercise 11.2 13. —g - 2f = 6; 6g + 10f + c = —34; 
1. (i) @-3P% +0 - 17? =4 2g — 6f — c = 10; x? + y? — 4x — 4y - 220 
(ii) (x - 1? + (y - 4» 48 14. £20;32 + 3y? — 14x - 67 =0 
(iii) (x — 4)? + y? = 12 15. @r=3 
(iv) x? + (y +5} = 18 (i) k 2 4 T = 2,0) 
2. (x - 2)? + (y - 2)? = 10 16. (i) g=fandg,f<0 
3. (1) (1,3) (ii) x? + y? — 6x - 6y +9=0 


Gi) c - 12 «(739-8 


17. (ii) 2x —3y —-8=0 

(iii) x + 5y + 9 =0 

(iv) (1, 22; r = V13 

(v) x? + y? - 2x + 4y - 8-0 
18. x? + y? — 8x — 12y + 27=0 
19. x? + y? + 10x — 10y + 30 = 0; 

x? +y? —2x+2y-18=0 
20. y=1 

(ii) (x — 15)? + (y — 7y = 36 

(iii) (x — 13)? + (y — 7 = 36 


Exercise 11.4 
1. x *y-4 

2. 3x-y+10=0 
3. 4x y — 17-0 
4 


. (ii) (1, —2) 
(iii) x -2y- 7-0 

5. 4x —y - 2-0 

6. (2, -5r = V3; x -6y 9-0 
7.5 

8. 38,2); r = V5 

9. (3,1), r = 5;c = —38,12 
10. k=3,4 


12. (c-2? + (y + 1 -3 


(or 2x? + 2y? — 8x + 4y + 5 = 0) 
13. mx - y = 0; y = 0; 4x — 3y = 0 
14. mx -y - 3m + 5 = 0; y - 5 = 0; 


24x — Ty - 31 20 


15. 3x + 4y + c = 0; 3x + 4y + 8 = 0; 


3x + 4y -22 =0 

16. (i) V5 
(i) @ -3F (y - 5-5 
(iii) 2x 4$y - 6-0 


17. (i) 6k,-3) ()k-2 (üi) d= -53 


18. (i) r=3 (iii) 4 
19. (7,1); r =4;5 

20. v10 

21. 3/2 

22. c — 12 


Exercise 11.5 


1. (71, 2) and (72, -1) 
2. (1, 3) 

3. 2,-1) 

4. 


(i) (4, 2) and (-1, 7) 
(ii) (—1, 4) and (3, —4) 
(iii) (2, 1) and (0, —5) 


(=2, 5) 

(i) (3, 1) and (-1, —1) 
(ii) (1, 0) 
(iii) @- 1? + y?=5 


7. (6,0) and (—2, 0); 8 units 
8. (0, —7) and (0, 1); 8 units 
9. a=6,b=1 
10. 6 units 
11. 2x y —3 = 0; (2, 1) and (71, —5) 
12. 3x — 4y — 9 = 0; (-1, -3) 
13. (—3, 4) and (—S, 2) 


(i) (1,4) 
(ii) Rising: (—3, 1); Setting: (1, 1) 


Exercise 11.6 


10. 


11. 


12. 


sı: (1, 0); r = 4; s2: (7, 8); r = 6 


(2, D); r = 5; (8, 9); r = 5; |e, c| = 10 

Externally 

(ii) x t+y-9=0 (iii) (4, 5) 
(i) r=5 


(ii) -3+ (y - 0 = 8 
(iii) 2V7 units 

(i) (4,5) 

(ii) x? + y? — 8x — 10y + 16 = 0 


(=i to -2*-(2) 
[or x? + y? - 5x - 4y + 4 = 0] 
(i) r= /30 

(ii) (x + 1)? + (y + 4)? = 30 
(i) (3,4) 

(ii) (x — 3? + (y — 4)? = 25 


(3, -25hr = 5; k = 36 


Exercise 11.7 


1. 
2. 
3. 


Dl 


(x — 3) + (y + 4) = 16 

(x +3)? (y - 28-9 
@y=5 

(ii) (x — 5)? + (y - 5)? = 25 

(iii) x = 10 

(ii) r=4 

(iii) (6, 4) 

(iv) (x — 6? + (y — 4)? = 16 
(Gi) r=4 
(ii) (4, 5) 

(iii) (x — 4)? + (y - 5? = 16 

x? + y?—8x—6y + 16-0 

x? + y?— 8x *6y -9-0 


(x — 6 + (y - 5p 225; (x + 4 + (y — 5p = 25 


Revision Exercise 11 (Core) 


10. 
11. 


(i) vB (ii) (x - 1? + (y - 5? = 13 


1 
2. (1,2);r = 14; x? + y? = 14 
3. (x - 2» c (y - 3 =9 

5. 
6 
7. 
8 


@-1}+0+1=8 


. P = (11,0); Q = (-1,0) 
. (1, -2);r=1;k = 0,2 
4 


(x — 6)? + (y — 8)? = 29 
1257 km 


Revision Exercise 11 (Advanced) 


11. 


12. 


9o XN UY Ae eos pn 


(3, 1); r = V13; 2x + 3y - 2220 
(ii) p =Oorp= -2 
k = —25, 48 
(i) p=—6 (ii) (4,3) and (1, 0) 
(ii) (x — 2)? + (y - 1} = 64 
(i) C= (0,5) (ii) v5 (iii) (2, 4) 
(0, 0); r = 2 and (4, 3); r = 3; 4x + 3y — 10 = 0 
(i) 2g + 5f = —18; 2g — f = 6 


(ii) g-1f--4 

(iii) xX + y? + 2x — 8y +7 =0;(-1,4);r = V10 

(x — 4)? + (y + 3)? = 25 

© C=(-3,2) (i) r=5 

(x — 7y + (y - 3 = 9 or 

x? + y? — 14x — 6y + 49 = 0 

(i) (x — 6} -(y-5—-2/3? =1 
(ii) 0.645 u? 


(iii) 4 


Revision Exercise 11 (Extended 
Response Questions) 


1. 


(i) 1 unit (ii) v11 
(iii) 4x? + 4y? — 64x + 191 = 0 
3x — 4y + c = 0; 3x — 4y + 9 = 0; 
3x — 4y- 41 =0 


G) C= (8, 1); D = (2,1) 
(ii) (5,4) 
(iii) (x — 5)? + (y - 4} =9 
(i) Proof 
(ii) xà + y? + 6x — 6y + 9 = 0; 
x? + y? + 30x — 30y + 225 = 0 


(iii) Proof (iv) k=5 (v) Proof 
(x — 8? + (y - 2» = 16 
or (x — 32)? + (y — 2)? = 16 


(iii) (x 
(iv) (x 


4.5} + (y 
L5) + (y 


2.5)? = 2.5 
3.5 = 2.5 


7. (i) œ- 3) + (y — 5)? = 25 
(ii) 3x — 4y + 36 = 0; (—12, 0) 
(iii) 4x + 3y — 52 = 0; (13, 0) 
(iv) 60 

8. () G@,b);r=a 
(ii) (c - 9 (y 39 =1 

or (x — 5)? + (y +1)? = 25 
(iii) 4/2 


Chapter 12: Algebra 3 


Exercise 12.1 


L (0x24  (ü)x«1 (üi) x<-3 

2. (i) x<10 = (ii) x <7 (iii) x «8 

3. (x«4  (ü)xe-l (i) x > -7 

4 (i) -3<x<2 (ii) -4<x<-2 
(iii) —$<x <4 

5. (i) 2<x<7 (ii) ERILES 
(i) —14 € x < -7 

6. x 22.55 

7. ()x«4 (li) x 22 (ii) 2<x<4 

& (i) x>25 (ii) x<3 Gi) 2<x<3 

9. (x-7 (ii) x>8 (ü) Nullset 

10. (x«4 (ii) x=4  (i)x-4 

11. Length = 10m, width = 9m 

12. a= 6.645, b = 7.645,n =7 

B. (i) a" <b" (ii) a" >" (iii) a" > 
(iv) a^ < b" 

14. x^ 6 


Exercise 12.2 
1 ()-22x23 
(ii) 1 «x «2 
2. (i) -3Sx<2 


(ii) -5 <x <2 


(i) -4 «x <14 
(iii) -3i <x<0 

i) -12 2 

3. (i) 157x715 
(iii) 15x24 


(ii) -42>x24 


4 -1«x-«7 

5. Proof 

6. —-3>k>1 

7. -4<k<1 

8 -l<p<3;p=2 

9. (i) -2>x>-1 (ii) x >3 


(iii) —10 < x < -3 


10. 


11. 


12. 


13. 
14. 


15. 


16. 


17. 
18. 
19. 


20. 


(i) -14>x>5 Gi) -l«x«-G 
see d 6 

(ii) $ «x «iT 

1 = >xe 1 <x< 

i 15 5 ii) 1 3 
(ii) 12x21 

(i) -3<x<10 (ii) -9<x<5 
(ii) 1» x21 

=3 >A > —2 
No real roots 

1 lm 11 =fs4. 
i i 5 ii) 2 4.5 
111 e<t< an AS ee fm 

iii 15 2 and 4.5 5 

(i) —3>x>-5 Gi) 12x23 
ii) -12<x<05 (iv) -1<x<5 

2 

i) Length > 3.75 (ii) width > 0.75 
(i) g 

—2<p<3 

(i) x « 10 

(ii) x >1 

Gii) 1 «x « 10 
x-—-2mor3m 


Exercise 12.3 


1 ()(-4-2)(ü) (-2,6) (ii) (—2, 3) 
MED MA (vi) 2 

2. -1,24 

3. fx) = |x|, g(x) = [x — 4L A(x) = |x + 3l, 


13. 


f(-2) = 2, g(2) -2,h(-5) = 2 
f(x) = |x + 1|, g(x) = [2x + 2|, h(x) = |3x + 3| 
4 


(i) 4<x<8 (ii) -6<x <2 

ul) x S —2 or x = IV) xS-Sorx2 
iii 2 3 (i 5 6 
(v) -3<x<-} (vi) 1<x<7 

(i) -3 2x24 (ii) -Msxe-1 
(iii) -$«x«5 

-2 <x<8 


xs—24orx>0 


. —1<x<1 
.4X4——1450:—1:5 x20 


(i) -4<x<2 (ii) x « -4orx »2 
Gi) 1b «x «31 — (iv) 2«x«3 

(v) «x «2 (vi) 2<x<3 
(vii) 3«x«3 

4 2 1 - 2 

(i) $«x«5 (ii) x= -1,15 


(ili) -2<x<0 


Exercise 12.4 


1. Proof 2. Proof 3. Proof 
4. Proof 5. Proof 6. Proof 
7. Proof 8. Proof 


Exercise 12.5 


1. Proof 2. Proof 3. Proof 
4. Proof 5. Proof 6. Proof 
7. Proof 8. Proof 


9. (a + b)(à? — ab + b°); proof 

10. Proof 11. Proof 12. Proof 

13. Proof 14. Proof 15. Proof 

16. (i) (a—b)(a + b)(d + P?) 
(ii) (a — b} (a + b)(a@ + b?) 

17. Proof 18. Proof 19. Proof 

20. Multiply both sides by d(b + d); then divide 
both sides by bd 

21. Proof 


Exercise 12.6 

L QS (ii) üD e (v) 
(v) x' (vi) 1 (vii) 3 (viii) aê 
(ix) x3 (x) 9a?b* 

2. (04 (ii) i (iii) 8 
G)2 (92 

3. (i) 4 (ii) 8 — (ii) 9 
(iv) 27 (v) 25 

4 (02 a 
Qv) 2 (v) 


s 125 
(iii) aa 


NIY NIW 


D 
=. A 
pat op 

N 


7. (05 (ii) E (iii) I 


(iv) y° wt wi x 
ab? 
& (Xl Wi e-x (ilex 


Exercise 12.7 


9. (i) R(t) 


L (05 i ai Wy) -3 140 
2 ()-$ @ -3 (ii) 3 (iv) -3 
3. © -l ()2 Gi) -l Qv) -4 40 
5. 15 
4. 22; = T T T T T T » 
p ié O 2 4 6 8 10 
5. X= 3 Y= > Minutes 
6. 425225 c =3 (ii) 140 beats per minute 
7. x=1,2 (iii) (a) 5.5 minutes 
8. x=2 (b) 10.5 minutes 
9. (i) x =0,3 (ii) x = 0,2 (iv) 50 beats per minute 
1€. (y (ii) 2y? 10. 1000 
(iii) Sy; x = —1,2 M. (i) 40 
11. x-—1,0 12. x= -1 0 (ii) b=1.2;b>1 -. the number of flies 
13. x 20.3 14. x= E is increasing 
fr ue Exercise 12.9 
Exercise 12.8 1 (02 (04 G3  (Qv)6 
A4 "ES me f 
1 (B (ii) A  (i)D (iv) C 2 (05 @5 (uz (Qv) -3 
2. (i) 1000 ha (v) -4 
(ii) (a) 4000 ha (b) 5278 ha 3. (0-3 (ii) 4 (iii) 64 (iv) 8 
(iii) A(ha) 4 (i (G3 (ii) V2 iv) -1 
pi s (03 (2 Git) 2 
4000 6. (i) 0 (ii) 2 
i peces ee (iv) 28-3 (v) 2a+1 
O 2 6 8 10 12 8. (i) 764 (ii) 386 Gii) 193 
Weeks (iv) —0.279 
(iv) 5 weeks 9, (i) x=1+ = 5 3) 
3. (i) decreasing (ii) decreasing . og 
(iii) increasing (iv) decreasing (ii) x = 3.3219 
4 (006 3 (iii) 8 (v6 10. Proof 
5. (iv) -2<x <0 (v) 0<x<4 T1. Proof . 7 
(vi) x =0 (vii) 0 cx «4 12. (i) 13 (ii) 10 (iii) —3 
6. (i) Decay 13. Proof 
(ii) (a) 3 days 14. (i) 0.602 (ii) 1.43 (iii) 2.55 
(b) 9 days (iv) 3.75 (v) 4.46 (vi) 5.54 
(iii) 3.9°C 15. Minimum = 10° = 1000 


Maximum = 10^ = 10000 


7. (a) (i) 97.6% 
16. (i) 0.143 (ii) 528 (iii) 0.504 


(b) 5780 years 


(ii) 94.296 


(c) 1964 years l7. (i) i (ii) i 
8. (i) 1000 ha 18. Proof 19. Proof 
(ii) (a) 2000ha (b) 4000ha (c) 5278ha 20. p = 2q° 21. a - /3 
22. 5.66 23. x =4 
24. x= +4 25. x=21 


26. x =3 27. x= 2 5 Exercise 12.12C 


3 
28. x = —2.6 29. x - 1 1. Proof 2. Proof 3. Proof 
. ] ; $ 
_ _ HE 2 4. Proof 5. Proof 6. Proof 
30. x =3,y orx=3y 15 ; 7. Proof 
31. (i) x —de? (ii) x 252 
Revision Exercise 12 (Core) 
Exercise 12.10 1. -35xxx1 
3. (i) 1 ig er eae le | 2. (a) (i) 3162 (ii) 0.65 
aa oe ees (iii) 1.32 (iv) 2.7 
y=logx|-2/-1| 0 | 1 | 2 | (b) (i) 30 (ii) 6.38 
(iii) 0.00823 (iv) 0.99 
(iii) 0.8 (iv) 0.834 a eae EE. 
4. One graph is the inverse of the other » Gans (i) b=5 
5. Graph 4. x=5,x=11 " 
6. Graph 5. (i n-1 Gi) n- —7 
à; log(y + 5) 6. (i)a+b=25,4a+b=4 
7. =- 75-2 or log(y + 5) —2 , 
() *— og 9E Toss) (i) a=05,b=2 
(ii) 1.236 7. C=Inx,A=Inx+1,B=In(x +1) 
8. Graph 8. x - 2,3 
9. Graph 9. A-2.p - Inf 
10. Graph 2 3 
10. k= 4 
Exercise 12.11 T p= 
1. (i) (a) €5030 (b) €5060.18 (c) 6509054 i5 | _ 4 9¢ 


(ii) €5000 (1.006): 

(iii) 116 months 
2. 0.25 
3. (ii) 8.8 minutes (ii) 15° 
4. (i) 0.1 Wm ? and 0.01 Wm? 


Revision Exercise 12 (Advanced) 
1. (üx«-2orx»5 (i) -5«x «3 
(iii) —5«x«-2 


(ii) 130 dB 2. (i) 30g (i) 1585 years (iii) 6644 years 
3. (i) 1000 (ii) 20 
5. Proof [E = A!5.10*5] 2.325: 
6. (i) €100(1.045)' (ii) €155.30 dio 
(iii) €80.25 5. xs 3.38 7 
7. (i) 06kg (ii) 15% (iii) 5 months 6. (ii) x= —1 Gi) -3,<*<0 
8. (i) My = 10g, k = 0.00495 7. x=e? +3 
(ii) 7g 8. —242x20 
(iii) 325 days 9. x*1 
10. Proof 
: 1 
-3 < k < 45 
Exercise 12.12A D» 9 : P 2 
1. Proof 2. Proof 3. Proof ii) —3«k«5 
4. Proof 5. Proof 6. Proof 14. u,.,7(n—-192^"*u,,5— (n — 182"? 
7. Proof 8. Proof 15. x= 1, y=1 
Exercise 12.12B 16. (i) An exponential function 
1. Proof 2. Proof 3. Proof (i) 57 030 
4. Proof 5. Proof 6. Proof (iii) 40 o 
7. Proof 8. Proof 9. Proof (iv) 23. A 
10. Proof 11. Proof 12. Proof 17. (i) P= Ae", where k = 0.078576 and 


t — number of years and A — 8000 
(ii) 17553 
(ii) 2016 


Revision Exercise 12 (Extended 
Response Questions) 
1. (i) £—0,N = 5000; t = 5, N = 2362; claim 
is valid 
(ii) 1115.65 
(iii) 5000 
(iv) 26.1 days 
2. (i) 0.02 (0.92) 
(ii) 0.0197 mm? 
(ii) 0.02 (0.92) - 259 
(iv) x > 2.59 
3. (i) A = (0.83y'I; B = (0.66) (0.89)"I 
(ii) 6 stations 


4. (i) A(1.11) (ii) 10A(0.95)' 
(iii) 14.8 years (iv) 29.6 years 
(v) Graphs 

5. (i) Growth (ii) Proof 
(ii) Proof (iv) a 1,4 


(vy) a=1,b=0;4a lp-lin2 
(vi) A — 20000 
(vii) 6.64 hours 


Text x Tests 


This substantially revised book is the first of two volumes that 
amalgamate the previous editions of Text & Tests 4, 5, 6 and 7 
into two books for the Higher Level Leaving Certificate Project 
Maths course. 


@ AsaFifth-Year book, it introduces students to all five strands 
of the course and fully reflects the overall approach to the 
teaching of Maths as stated in the learning outcomes for Project 
Maths. It encourages the development of not only the students' 
knowledge and skills but also the understanding necessary to 
apply these skills. 


@ The extensive range of imaginatively written and probing 
questions on each topic will help students understand the 
concepts involved and develop their problem-solving skills. 
Every attempt has been made to grade the questions in order 
of difficulty. 


@ At the beginning of each chapter, there is a list of Key Words 
that students are expected to know and understand when 
the chapter is completed. 


@ Each chapter concludes with a three-part revision exercise 
section consisting of (a) Core, (b) Advanced, and (c) Extended 
Response questions. 


